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PREFACE  TO  THIRD  EDITION 

The  principal  changes  in  the  third  edition  of  this  book  consist 
of  the  addition  of  many  new  problems  and  figures;  some  reduc- 
tion in  the  text  discussion  in  the  first  three  parts  (Statics,  Kine- 
matics, and  Kinetics),  although  the  number  of  problems  in  these 
three  parts  has  been  increased  considerably ;  more  emphasis  on  vari- 
able forces  in  Part  III  (Kinetics) ;  and  the  addition  of  a  new  chapter 
on  mechanical  vibrations  in  Part  IV,  which  consists  of  a  group  of 
special  topics  somewhat  more  advanced  than  those  treated  in  the 
first  three  parts. 

The  book  has  been  completely  reset,  and  many  detailed 
changes  in  the  presentation  of  the  subject  have  been  made  for 
the  purpose  of  giving  special  emphasis  to  various  ideas,  concepts, 
and  principles  that  experience  has  shown  are  especially  difficult 
for  the  student  to  grasp.  Likewise,  several  rather  comprehensive 
illustrative  problems  have  been  added,  particularly  in  Statics  and 
Kinetics,  for  the  purpose  of  emphasizing  the  great  importance  of 
a  general  method  of  attack  in  applying  the  principles  of  mechanics 
to  the  solution  of  problems. 

The  lists  of  review  questions  and  problems  at  the  end  of  chap- 
ters— a  feature  that  w^as  introduced  in  the  second  edition — have 
been  retained  in  this  edition  in  response  to  many  favorable  com- 
ments on  this  feature  of  the  book. 

As  in  the  previous  editions,  the  aim  in  this  revision  has  been 
to  present  the  subject  as  an  integrated  whole  and  to  encourage 
the  student  to  seek  the  meaning  and  significance  of  detailed 
knowledge  through  its  relation  to  the  larger  topic  or  the  more 
general  conditions. 

The  authors  wish  to  express  their  appreciation  of  the  many 
suggestions  offered  by  those  who  have  used  the  second  edition 
of  the  book.  These  suggestions  have  been  considered  carefully 
in  preparing  the  third  edition. 

Urbaka,  Illinois,  P-  B.  Seely. 

December,  1940.  N.  E.  EnSIGN. 
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PREFACE   TO   FIRST   EDITION 


This  book,  as  its  name  suggests,  presents  those  principles  of 
mechanics  that  are  beheved  to  be  essential  for  the  student  of  engi- 
neering. 

Throughout  the  book  the  aim  has  been  to  make  the  principles  of 
mechanics  stand  out  cleariy;  to  build  them  up  as  much  as  possible 
from  common  experience  (the  student's  experience);  to  apply  the 
principles  to  concrete  problems  of  practical  value;  and  to  emphasize 
the  physical  rather  than  the  mathematical  interpretation  of  the  prin- 
ciples. Important  equations  are  printed  in  bold-faced  type  and  the  state- 
ments of  the  more  important  principles  are  italicized. 

The  book  is  divided  into  three  parts;  namely.  Statics,  Kinematics, 
and  Kinetics.  Statics  is  presented  first  because  of  its  simplicity  and 
its  direct  relation  to  the  student's  experience.  However,  in  the  first  two 
chapters  are  developed  certain  concepts  and  elementary  principles  that 
are  fully  as  important  in  kinetics  as  in  statics,  and  the  authors  feel  that 
it  is  essential  to  a  satisfactory  grasp  of  mechanics,  as  a  whole,  that  sufl5- 
cient  time  and  care  be  taken  to  cause  these  elementary  concepts  and 
principles  to  crystalhze  in  the  student's  mind  before  the  more  general 
principles  and  problems  are  studied.  The  equihbrium  of  the  various 
types  of  force  systems  are  treated  both  by  the  algebraic  and  by  the 
graphical  method.  A  large  number  of  problems  involving  the  equi- 
hbrium of  the  simpler  structures  and  machines  are  given,  and  figures 
illustrating  the  structures  and  machines  are  used  freely. 

Although  kinematics  as  herein  developed  is  mainly  a  preliminary 
to  kinetics,  the  authors'  experience  indicates  that  the  kinematic  proper- 
ties of  motion  must  be  isolated  and  developed  with  care  if  they  are  to 
be  used  with  success  in  the  study  of  the  kinetics  of  the  motion. 

Both  kinematics  and  kinetics  have  been  developed  with  regard 
for  the  increasing  importance  of  dynamics  to  engineers.  The  geo- 
metric and  physical  conceptions  and  interpretations  of  the  quantities 
in  kinematics  have  been  emphasized  rather  than  the  mathematical  con- 
ceptions. A  treatment  of  acceleration  is  given  which,  it  is  hoped,  will 
help  to  overcome  some  of  the  difficulties  frequently  found  in  the  use  of 
this  quantity.    The  treatment  of  kinetics  has  been  restricted  to  the  more 
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common  types  of  motion  found  in  engineering  practice,  but  these 
motions  have  been  treated  more  fully  than  is  usual  in  elementary  texts 
on  mechanics.  This  is  particularly  true  of  plane  motion.  D'Alembert's 
principle  (involving  inertia  forces)  has  been  used  for  each  type  of  motion 
as  a  second  method  of  solution.  The  methods  of  procedure  used  in  the 
analysis  of  kinetics  problems  are  strongly  emphasized  both  in  the 
general  discussions  and  in  the  solutions  of  illustrative  problems. 

Illustrative  problems  are  given  at  the  end  of  the  more  important 
articles  and  many  problems  are  offered  for  solution.  Great  care  has 
been  exercised  in  selecting  problems  that  are  of  practical  interest  and 
yet  are  easily  comprehended  and  are  free  from  unimportant  details  so 
that  the  principles  used  in  their  solution  will  stand  out  clearly.  The 
answers  to  about  one-haK  of  the  problems  are  given. 

Graphical  methods  of  representation  and  of  solution  have  been  used 
frequently  in  all  three  parts  of  the  book.  A  knowledge  of  elementary 
calculus  is  assumed  although  little  use  is  made  of  it  in  the  first  four 
chapters. 

The  discussion  of  centroids  (Chapter  V)  is  developed  directly  from 
the  principle  of  moments — a  principle  given  much  emphasis  through- 
out the  book. 

Several  special  topics  are  discussed  in  Section  3  of  Chapter  IX. 
They  may  be  omitted  without  interfering  with  the  continuity  of  the 
book,  or  any  one  of  the  topics  may  be  studied  alone  without  studying 
the  whole  section.  Further,  if  it  is  desired  to  reduce  the  time  given  to 
kinetics,  the  second  method  of  analysis  of  the  motion  of  rotation  or  of 
plane  motion  (which  employs  D'Alembert's  principle  and  inertia  forces) 
in  Section  2  of  Chapter  IX  may  be  omitted.  And,  in  general,  the  last 
part  of  the  material  in  any  section  or  chapter  may  be  omitted  without 
interfering  with  the  student's  progress  in  the  first  part  of  the  next  sec- 
tion or  chapter. 

The  authors  wish  to  acknowledge  their  indebtedness  to  Professor 
A.  N.  Talbot  for  his  interest  in  the  book  during  its  preparation  and  for 
his  helpful  suggestions  on  the  treatment  of  certain  important  topics. 
The  authors  are  also  indebted  to  Professor  G.  A.  Goodenough  for  valu- 
able material  in  the  treatment  of  Governors  and  to  Professor  O.  A. 
Leutwiler  for  the  data  and  figures  for  a  number  of  valuable  engineering 
problems. 

rr  T  F.  B.  Seely. 

Urbana,  Illinois, 

December,  1920.  N.   E.   EnsiGN. 


CONTENTS 

PAGE 

Preface v 

PART  I.     STATICS 
Chapter  I.     Fundamental  Conceptions  and  Definitions 

1.  Introduction 1 

2.  Rigid  Body 2 

3.  Conception  of  a  Force 3 

4.  External  Effects  of  a  Force 3 

5.  Characteristics  of  a  Force 4 

6.  Principle  of  Transmissibilit  y 4 

7.  Measure  of  a  Force.     Units 4 

8.  Scalar  and  Vector  Quantities.     Vector  Representation  of  a  Force 5 

9.  Classification  of  Forces.     Definitions 6 

10.  Parallelogram  and  Triangle  Laws 7 

11.  Resolution  of  a  Force 11 

12.  Moment  of  a  Force 15 

13.  Principle  of  Moments.     Varignon's  Theorem 17 

14.  Couples 19 

15.  Characteristics  of  a  Couple 20 

16.  Transformations  of  a  Couple 21 

17.  Vector  Representation  of  a  Couple 23 

18.  Resolution  of  a  Force  into  a  Force  and  a  Couple 24 

19.  Methods  of  Solution  of  Prolilems 27 

20.  Dimensional  Equations 29 

Chapter  IT.     Resultants  of  Force  Systems 

21.  Introduction 34 

§  1.   Collinear  Forces 

22.  Algebraic  Method 34 

§  2.   Coplanar,  Concurrent,  Non-parnllel  Forces 

23.  Graphical  Methods 35 

24.  Algebraic  Method 36 

§  3.   Coplanar,  Non-concurrent,  Parallel  Forces 

25.  Graphical  Method 39 

26.  Principle  of  Moments 43 

27.  Algebraic  Method 44 


X  CONTENTS 

§  4.  Coplanar,  Non-concurrent,  Non-parallel  Forces 

PAGE 

28.  Graphical  Methods 48 

29.  Principle  of  Moments 49 

30.  Algebraic  Method 50 

§  5.  Non-coplanar,  Concurrent,  Non-parallel  Forces 

31.  Graphical  Method 53 

32.  Algebraic  Method 54 

§  6.  Non-coplanar,  Non-concurrent,  Parallel  Forces 

33.  Algebraic  Method 55 

§  7.  Couples  in  Space 

34.  Resultant  of  a  System  of  Couples 58 

35.  Composition  of  Couples  in  Space  by  IMeans  of  Vectors 60 

§  8.  Non-coplanar,  Non-concurrent,  Non-parallel  Forces 

36.  Algebraic  Method 61 

Chapter  III.     Equilibrium  of  Force  Systems 

§  1.  Introduction 

37.  Preliminary 64 

38.  Graphical  Conditions  of  Equilibrium 65 

39.  Algebraic  Conditions  of  Equilibrium 65 

40-  Free-Body  Diagram 66 

§  2.  Collinear  Forces 

41.  Equations  of  Equilibrium 70 

§  3.  Coplanar,  Concurrent,  Non-parallel  Forces 

42.  Equations  of  Equilibrium 71 

§  4.  Coplanar,  Non-concurrent,  Parallel  Forces 
43    Equations  of  Equilibrium 78 


CONTENTS  xi 

§  5.  Coplanar,  Non-concurrent,  Non-parallel  Forces 

PAGE 

44.  Equations  of  Equilibrium 83 

45.  Graphical  Solution  of  a  Typical  Problem 88 

46.  Procedure  in  the  Solution  of  Problems  in  Equilibrium 90 

§  6.  Equilibrium  of  Trusses  and  Cables 

47.  Stresses  in  Trusses 95 

48.  Graphical  Analysis  of  Trusses 101 

49.  Flexible  Cables 104 

50.  The  Parabolic  Cable 104 

51.  The  Catenary 107 

§  7.  Non-coplanar,  Concurrent,  Non-parallel  Forces 

52.  Equations  of  Equilibrium Ill 

§  8.  Non-coplanar,  Non-concurrent,  Parallel  Forces 

53.  Equations  of  Equilibrium 114 

§  9.  Non-coplanar,  Non-concurrent,  Non-parallel  Forces 

54.  Equations  of  Equilibrium 116 

Chapter  IV.     Friction 

55.  Friction  Defined 121 

56.  Coefficient  of  Friction 122 

57.  Angle  of  Friction 123 

58.  The  Laws  of  Friction 124 

59.  Types  of  Problems  Involving  Frictional  Forces 125 

60.  Pivot  Friction 132 

61.  The  Screw 134 

62.  Belt  Friction 136 

63.  Rolling  Resist  ncc 140 

Chapter  V.    First  Moments  and  Centroids 

64.  First  Moment 144 

65.  Centroids 146 

66.  Planes  and  Lines  of  Symmetry 148 

67.  Centroids  by  Integration 148 

68.  Centroids  of  Composite  Figures  and  Bodies 153 

69.  Theorems  of  Pappus  and  Guldinus 157 

70.  Center  of  Pressure 159 

71.  Graphical  Method  of  Determining  Centroids  of  Areas 161 

72.  Determination  of  Center  of  Gravity  by  Experiment 162 


xii  CONTENTS 

PART  II.  .  KINEMATICS 

Chapter  VI.     Motiox  of  a  Particle 

PAGE 

73.  Introduction 164 

74.  Vector  Addition  and  Subtraction 164 

75.  Types  of  Motion 165 

76.  Linear  Displacement 165 

77.  Angular  Displacement 166 

78.  Relation  between  Linear  and  Angular  Displacements 166 

79.  Linear  Velocity  and  Speed 167 

80.  Angular  Velocity 169 

81.  Relation  between  Linear  and  Angular  Velocities 172 

82.  Components  of  Velocity 174 

83.  Linear  Acceleration 177 

84.  Acceleration  in  Rectilinear  Motion 178 

85.  Vniforml}-  Accelerated  Rectilinear  Motion 182 

86.  Simple  Harmonic  ]\Iotion 186 

87.  Acceleration  in  Cm-vilinear  Motion.  Tangential  and  Normal  Accelerations .  190 

88.  Angular  Acceleration 192 

89.  Uniformly  Accelerated  Circular  INIotion 193 

90.  Relation  between  Linear  and  Angular  Accelerations 194 

91.  Axial  Components  of  Acceleration 196 

92.  Relative  Motion 199 

Chapter  Yll.     Motion  of  Rigid  Bodies 

93.  Introduction 206 

94.  Translation 206 

95.  Rotation 207 

96.  Plane  Motion 208 

97.  Instantaneous  Center 215 

PART  III.     KINETICS 

Chapter  VIII.     Force,  ]Mass,  axd  Acceleration 
§  1.  Preliminary  Considerations.     Kinetics  of  a  Partick 

98.  Introduction 220 

99.  The  General  Kinetics  Problem 221 

100.  Characteristics  of  a  Force  System 221 

101.  Inertia  and  ^lass 222 

102.  Newton's  Laws 223 

103.  Mathematical  Statement  of  Newton's  Second  Law.     Units 224 

104.  Equations  of  Motion  for  a  Particle 225 

105.  Procedure  in  the  Solution  of  Problems  in  Ivinetics 225 

106.  Inertia-Force  Method  for  a  Particle 231 

107.  Force  Proportional  to  Displacement.     Free  Vibration 232 


CONTENTS  xiii 

§  2.  Kinetics  of  Bodies 

PAGE 

108.  Introduction.      Methods  of  Analysis 237 

109.  Motion  of  the  Mass-Center  of  a  System  of  Particles 239 

Translation 

110.  Kinetics  of  a  Translating  Rigid  Body 242 

Rotation 

111.  Kinetics  of  a  Rotating  Rigid  Body 249 

112.  Second  Method  of  Analysis.     Inertia-Force  Method 256 

113.  Center  of  Percussion 262 

Plane  Motion 

114.  Kinetics  of  Plane  Motion  of  a  Rigid  Body 264 

Chapter  IX.     Work  axd  Energy 

1 15.  Introduction 274 

§  1.   Work  aiid  Power 

116.  Work  Defined 275 

117.  Algebraic  Expressions  for  Work  Done  by  a  Force 275 

1 18.  Work  Done  by  a  Couple 277 

119.  Work  a  Scalar  Quantity.     Sign  and  Units  of  Work 277 

120.  Graphical  Representation  and  Calculation  of  Work 278 

121.  Work  Done  on  a  Body  by  a  Force  System 279 

122.  Power  Defined 284 

123.  Special  Equations  for  Power 285 

§2.  Energy 

124.  Energy  Defined 287 

125.  Potential  Energy 288 

126.  Kinetic  Energy 290 

127.  Kinetic  Energy  of  a  Particle 291 

128.  Kinetic  Energy  of  a  Body 292 

129.  Non-mechanical  Energy 296 

§  3.  Principle  of  Work  and  Energy 

130.  Preliminary 297 

131.  Principle  of  Work  and  Kinetic  Energy 298 

132.  Conservation  of  Energy 306 


xiv  CONTENTS 

§  4.  Efficiency.     Dissipation  of  Energy 

PAGE 

133.  Efficiency  Defined . 307 

134.  Dissipation  of  Energy 308 

135.  A  Simple  Dynamometer.     Prony  Brake 308 

Chapter  X.     Impulse  aistd  Momentum 

136.  Preliminary 313 

§  1.  Impulse 

137.  Impulse  and  Impact  Defined.     I'nits 314 

138.  Components  of  Linear  Impulse 315 

139.  Moment  of  Impulse.     Angular  Impulse 315 

§  2.  Momentum 

140.  Momentum  of  a  Particle  Defined.     Units 317 

141.  Components  of  Momentum.     Angular  Momentum 318 

142.  Linear  Momentum  of  a  Body 319 

143.  Angular  Momentum  of  a  Rotating  Rigid  Body 319 

144.  Angular  Momentum  of  a  Rigid  Body  Having  Plane  Motion 320 

§  3.  Principles  of  Impulse  and  Movientu7n 

145.  Preliminary 323 

146.  Principle  of  Linear  Impulse  and  Linear  Momentum 323 

147.  Principle  of  Angular  Impulse  and  Angular  Momentum 324 

148.  Method  of  Analysis  of  the  Motion  of  a  Body  by  Means  of  Impulse  and 

Momentum 325 

149.  Conservation  of  Momentum 330 

150.  Impact 335 

151.  Impact  of  Two  Translating  Bodies 336 

PART  IV.     SPECIAL  TOPICS 

Chapter  XI.     Mechanical  Vibrations 

152.  Introduction 339 

153.  Free  Vibrations 339 

154.  Simple  Pendulum 345 

155.  Compound  Pendulum 346 

156.  Free  Torsional  Vibration 347 

157.  Analysis  of  Free  Vibrations  by  Principle  of  Work  and  Energy 352 

158.  Free  Vibration  with  Viscous  Damping 355 

159.  Forced  Vibrations  without  Damping 359 

160.  Vibration  Reduction 364 

Chapter  XII.    Balancing 

161.  Need  for  Balancing 369 

162.  Balancing  of  Rotating  Masses 370 

163.  Several  Masses  in  a  Single  Plane  of  Rotation 371 

164.  Masses  in  Different  Transverse  Planes 372 


CONTENTS  XV 

Chapter  XIII.     The  Gyroscope 

PAGE 

165.  The  Problem  Defined 37j^ 

166.  Analysis  of  Forces  in  the  Gyroscope 378 

167.  The  Moment  of  the  Gyroscopic  Couple 381 

168.  Gyroscopic  Couple  Found  by  Use  of  Principle  of  Impulse  and  Momentum .  383 

Chapter  XIV.    Further  Study  of  the  Acceleration  of  a  Point 

169.  Introduction 390 

170.  Transverse  and  Radial  Components  of  Acceleration 390 

171.  Coriolis'  Law 39I 

Chapter  XV.     Governors 

172.  The  Action  of  Governors 395 

173.  The  Conical  Pendulum 395 

174.  The  Loaded  Governor 398 

175.  The  Porter  Governor 399 

176.  The  Centrifugal  Shaft  Governor 400 

177.  The  Inertia  Shaft  Governor 401 

178.  Comparison  of  the  Two  Types  of  Governorj 402 

179.  Analysis  of  Forces  in  the  Rites  Inertia  Governor 402 

Appendix.    Second  Moment.     Moment  of  Inertia 
§  1.  Moments  of  Inertia  of  Areas 

180.  Moment  of  Inertia  of  an  Area  Defined 413 

181.  Polar  Moment  of  Inertia 414 

182.  Radius  of  Gyration 414 

183.  Parallel  Axis  Theorem  for  Areas 415 

184.  Moments  of  Inertia  by  Integration 416 

185.  Moments  of  Inertia  of  Composite  Areas 421 

186.  Moments  of  Inertia  of  Areas  by  Graphical  and  Approximate  Methods 424 

187.  Product  of  Inertia  Defined 425 

188.  Axes  of  SjTnmetry 425 

189.  Parallel  Axis  Theorem  for  Products  of  Inertia 426 

190.  Moments  of  Inertia  with  Respect  to  Inclined  Axes 428 

191.  Principal  Axes 429 

§  2.  Moments  of  Inertia  of  Bodies 

192.  Moment  of  Inertia  of  Mass  Defined 432 

193.  Radius  of  Gyration 433 

194.  Parallel  Axis  Theorem  for  Masses 433 

195.  Moments  of  Inertia  with  Respect  to  Two  Perpendicular  Planes 434 

196.  Moments  of  Inertia  of  Solids  by  Integration 435 

197.  Moments  of  Inertia  of  Composite  Bodies 440 

198.  Moments  of  Inertia  of  Bodies  by  Experimental  Methods 443 


ANALYTICAL  MECHANICS 
FOR  ENGINEERS 


PART  I.    STATICS 

CHAPTER  I 
FUNDAMENTAL  CONCEPTIONS  AND   DEFINITIONS  ^ 

1.  Introduction. — The  term  mechanics  is  used  in  a  broad  sense  tc 
denote  the  science  which  treats  of  the  motion  of  bodies,  rest  being  con- 
sidered as  a  special  case  of  motion.  The  science  of  mechanics  consti- 
tutes a  large  part  of  our  knowledge  of  the  laws  of  the  universe,  including 
the  laws  relating  to  gases  and  liquids  as  well  as  the  laws  relating  to 
solid  bodies,  and  it  takes  a  prominent  place  in  the  study  of  astronomy 
and  physics  as  well  as  in  the  study  of  machines  and  structures  which  are 
involved  in  engineering  practice. 

The  object  of  analytical  mechanics  as  developed  in  this  book  is  to 
determine  the  laws  by  which  the  motions  of  bodies  (mainly  solid  bodies) 
are  governed  and  to  apply  these  laws  to  conditions  met  in  engineering 
practice. 

In  the  development  of  the  laws  of  mechanics  certain  concepts  are 
assumed  to  be  fundamental,  that  is,  no  one  of  them  can  be  expressed  in 
terms  of  the  others  or  in  simpler  terms.  Such  concepts  groT/  out  of  our 
experiences,  and  other  ideas  and  laws  are  derived  from  these  condensed 
experiences. 

The  fundamental  concepts  involved  in  the  laws  of  mechanics  are: 
(1)  force,  which  is  made  known  to  us  tlu'ough  the  tensio&'fed  the  com- 
pression of  our  muscles  as  a  pull  or  a  push,  (2)  bodies  or  inert  material 

^  In  this  introductory  chapter  are  considered  certain  concepts,  deiinitions  and 
principles  which  are  used  not  only  in  the  following  pages  but  in  the  whole  field  of 
mechanics.  The  student  is  advised,  therefore,  to  master  thoroughly  the  contents  of 
this  chapter  in  order  to  have  a  sound  foundation  on  which  to  build  his  knowledge  of 
the  subject. 

1 


2  FUNDAMENTAL  CONCEPTIONS  AND   DEFINITIONS 

(matter)  on  which  forces  act  and  without  which  forces  cannot  exist, 
(3)  space,  and  (4)  time.  A  more  definite  understanding  of  force  and 
inert  bodies  can  be  obtained  only  after  the  laws  of  kinetics  have  been 
developed.  To  start  with,  however,  it  is  necessary  only  to  recognize 
the  existence  of  these  quantities. 

In  the  process  of  the  development  of  the  laws  of  mechanics,  con- 
siderable use  is  made  of  mathematics.  It  should  be  kept  in  mind,  how- 
ever, that  mechanics  is  a  physical  science  and  that  mathematics  is  used, 
mainly,  to  express  and  interpret  physical  laws. 

For  convenience,  the  study  of  mechanics  is  considered  under  three 
main  divisions:  namely,  Statics,  Kinematics,  and  Kinetics. 

Statics  is  that  branch  of  mechanics  which  treats  of  bodies  that  are 
acted  on  by  balanced  forces  and  hence  are  at  rest  or  have  uniform 
motion. 

Kinematics  is  that  branch  of  mechanics  which  treats  of  the  motion  of 
bodies  without  considering  the  manner  in  which  the  influencing  factors 
(force  and  matter)  affect  the  motion.  It  deals  with  the  fundamental 
concepts  of  space  and  time,  and  the  quantities,  velocity  and  accelera- 
tion, derived  therefrom.  It  is,  therefore,  sometimes  called  the  geometry 
of  motion.  Kinematics  forms  an  important  part  of  the  study  of  mechan- 
ics, not  only  because  it  treats  of  a  part  of  the  general  kinetics  problem 
in  which  forces  are  involved,  but  also  because,  in  many  problems  which 
involve  only  motions  of  parts  of  a  machine,  the  principles  of  kinematics, 
alone,  are  sufficient  for  the  solution  of  the  problem.  Such  problems 
are  discussed  in  treatises  on  kinematics  of  machinery,  in  which  subject 
the  motion  of  such  machine  elements  as  valve  gears,  quick-return 
mechanisms,  etc.,  are  considered. 

Kinetics  is  that  branch  of  mechanics  which  treats  of  bodies  which 
are  acted  on  by  unbalanced  forces  and,  hence,  have  non-uniform  or 
accelerated  motions.  In  particular,  it  treats  of  the  change  of  motion  of 
bodies  and  the  manner  in  which  the  change  is  related  to  the  factors  that 
affect  it,  namely,  the  actions  of  other  bodies  (forces),  and  the  properties 
(inertia,  etc.)  of  the  bodies  themselves.  Frequently  the  term  dynamics 
is  used  in  technical  literature  to  denote  those  subdivisions  of  mechanics 
with  which  the  idea  of  motion  is  most  closely  associated,  namely,  kine- 
matics and  kinetics. 

2.  Rigid  Body. — The  bodies  dealt  with  in  this  book  are,  in  general, 
considered  to  be  rigid.  A  rigid  body  is  defined  as  a  definite  portion  of 
matter  the  parts  (particles)  of  which  do  not  move  relative  to  each  other. 
Actual  solid  bodies  are  never  rigid.  The  relative  displacement  (deforma- 
tion) of  their  particles  forms  an  important  part  of  the  study  of  Strength 
of  Materials.    But  the  theoretical  laws  which  govern  the  motion  of  ideal 
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rigid  bodies  may  be  used,  usually  with  very  small  error,  or  with  modifi- 
cations, if  necessary,  to  determine  the  motion  of  actual  solid  bodies. 

3.  Conception  of  a  Force. — It  was  stated  in  Art.  1  that  force  is  one 
of  the  fundamental  concepts  on  which  the  subject  of  mechanics  is  built. 
A  force  is  the  action  of  one  body  on  another  body  which  changes  or 
tends  to  change  the  state  of  motion  of  the  body  acted  on.  The  idea  of 
force,  then,  implies  the  mutual  actions  of  two  bodies,  since  one  body 
cannot  exert  a  force  on  another  body  unless  the  other  offers  a  resistance 
to  the  one.  A  force,  therefore,  never  exists  alone.  Forces  always  occur 
in  pairs.  Furthermore,  as  will  be  seen  later  when  Newton's  laws  are 
discussed,  the  two  forces  are  of  equal  magnitude  and  opposite  sense. 

Our  conception  of  force  comes  mainly  from  our  experirnces  in  which 
we  have  been  one  of  the  bodies  between  which  mutual  actions  have 
occurred.  The  resistance  which  is  offered  by  one  body  to  the  action  of 
another  body  arises  out  of  the  ability  of  a  body  (1)  to  resist  a  change  of 
shape  (rigidity)  and  (2)  to  resist  change  of  motion  (inertia).  If  a  body 
is  acted  on  by  one  force,  only,  a  change  of  motion  of  the  body  will 
always  take  place ;  but  if  the  body  is  acted  on  by  two  or  more  forces,  it 
may  be  held  at  rest. 

Although  a  single  force  never  exists,  it  is  convenient  in  the  study  of 
the  motion  of  a  body  to  think  of  a  single  force  and  to  consider  only  the 
actions  of  other  bodies  on  the  body  in  question  without  taking  into 
account  the  reactions  of  the  body  in  question  on  the  other  bodies. 
However,  the  fundamental  nature  of  force  should  be  kept  in  mind. 

4.  External  Effects  of  a  Force. — When  a  force  is  applied  to  a  rigid 
body  the  external  effect  on  the  body  is  either  to  change  the  motion  of 
the  body  acted  on,  or  to  develop  resisting  forces  (reactions)  exerted  on 
the  given  body  by  other  bodies.  Both  the  foregoing  effects,  of  course, 
may  be  produced  simultaneously.  For  example,  consider  a  body  falling 
freely  under  the  action  of  gravity.  The  sole  external  effect  of  the  force 
acting  on  the  body  (its  weight)  is  to  produce  an  acceleration  g  (32.2  ft. 
per  sec.2  approximately).  If  the  same  body  is  placed  on  the  floor  of  an 
elevator  which  is  at  rest,  the  sole  external  effect  of  the  weight  is  to  pro- 
duce an  upward  reaction  of  the  floor  on  the  body.  If  now  the  elevator 
moves  downward  with  an  acceleration  less  than  g,  the  effect  of  the 
weight  is  partly  to  cause  an  acceleration  of  the  body  (the  same  as  that 
of  the  elevator)  and  partly  to  produce  an  upward  pressure  (reaction)  of 
the  floor  on  the  body. 

The  internal  effects  of  a  force  on  a  non-rigid  or  elastic  body  are  to 
produce  stress  and  deformation  in  the  body  on  wliich  the  force  acts. 
The  internal  effects  of  forces  are  discussed  in  books  on  Strength  of 
Materials. 
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5.  Characteristics  of  a  Force. — From  experience  we  learn  that  the 
external  effects  of  a  force  on  a  rigid  body  depend  on  (1)  the  magnitude 
of  the  force,  (2)  the  position  of  the  line  of  action  of  the  force  in  the  bod}^ 
and  (3)  the  sense  of  the  force,  that  is,  the  direction  along  the  line  of 
action.  These  three  properties  of  a  force  are  called  its  characteristics. 
A  change  in  any  one  of  them  causes  a  change  in  the  external  effect 
of  the  force.  A  discussion  of  the  exact  manner  in  which  these 
characteristics  influence  the  change  of  motion  of  a  body  forms  an 
important  part  of  the  study  of  kinetics,  and  their  influence  on  the 
reactions  developed  in  holding  a  body  at  rest  is  considered  in  the  study 
of  statics. 

6.  Principle  of  Transmissibility. — The  external  effect  of  a  force  on  a 
rigid  body  does  not  depend  on  the  point  of  application  of  the  force. 
This  fact,  the  truth  of  which  is  found  in  our  experience,  is  formallj^ 
expressed  in  the  principle  of  transmissibility.  This  principle  states  that 
the  external  effect  of  a  force  on  a  rigid  body  is  the  same  for  all  points  of 
application  along  its  line  of  action.  It  will  be  noted  that  the  external 
effect,  only,  remains  unchanged.  The  internal  effect  of  a  force  (stress 
and  deformation)  may  be  greatly  influenced  by  a  change  in  the  point  of 
application  along  the  line  of  action  of  the  force. 

7.  Measure  of  a  Force.  Units. — Although  we  are  conscious  of 
forces  of  varying  magnitudes,  we  are  not  able  to  compare  the  magnitudes 
with  precision  by  means  of  our  muscular  sense.  In  order  to  express  the 
magnitude  of  a  force,  some  standard  force  must  be  selected  as  a  unit  in 
terms  of  which  other  forces  may  be  expressed.  The  unit  of  force  com- 
monl}^  used  by  the  engineer  is  the  ep-rth-puU  (weight)  on  an  arbitrarily 
chosen  body,  as  found  at  a  specified  or  standard  position  on  the  earth's 
surface.  Examples  of  such  units  are  the  pound,  ton,  kilogram,  etc. 
The  earth-pull  on  any  body  varies  shghtly  with  its  position  (altitude 
and  latitude)  on  the  earth.  For  most  engineering  calculations,  however, 
the  variation  in  the  weight  of  a  body  may  be  neglected.^ 

There  are  two  common  methods  used  by  the  engineer  for  measuring 
a  force,  that  is,  for  finding  the  number  of  units  in  a  force:  (1)  b}^  use  of 
the  spring  balance  in  its  various  forms  such  as  steam  gages,  certain  forms 
of  dynamometers,  testing  machines,  etc. ;  (2)  by  use  of  a  beam  or  lever 
balance  or  S3^stem  of  levers  such  as  platform  scales,  screw  type  of  testing 
machines,  etc. 

^  The  earth-pnU  on  a  body  varies  directly  with  g,  the  acceleration  due  to  the 
earth-pull.  The  extreme  variation  in  the  value  of  g  corresponding  to  a  change  in 
the  position  of  the  body  on  the  earth's  surface  from  a  high  altitude  at  the  equator 
to  the  pole  is  O.G  per  cent.  Within  the  United  States  the  maximum  variation  is 
about  0.3  per  cent. 
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(1)  Owing  to  the  fact  that  many  materials  possess  nearly  perfect 
elasticity,  within  limits,  the  unit  of  force  may  be  considered  to  be  the 
force  required  to  produce  a  certain  stretch  or  deflection  of  an  elastic 
body.  A  properly  graduated  spring  balance,  therefore,  furnishes  one 
means  of  measuring  any  force  in  terms  of  the  arbitrarily  chosen  unit  of 
force. 

(2)  In  the  beam  or  lever  balance,  the  force  to  be  measured  is  applied 
at  one  end  of  a  lever  or  system  of  levers  and  an  arbitrarily  selected  body 
is  placed  at  such  a  position  on  the  other  end  of  the  lever  that  the  earth- 
pull  on  the  body  balances  the  force.  The  arbitrarily  selected  body  is  a 
body  on  which  the  earth-pull  at  a  standard  location  is  the  unit  of  force 
or  some  multiple  thereof.  The  lever  is  so  graduated  that  the  number  of 
units  in  the  unknown  force  may  be  read  off  directly  from  the  lever  or 
beam. 

Units  of  space  (length),  such  as  the  foot,  yard,  mile,  meter,  etc.,  and 
units  of  time,  such  as  the  second,  minute,  hour,  etc.,  are  assumed  to  be 
familiar  to  the  student. 

8.  Scalar  and  Vector  Quantities.  Vector  Representation  of  a  Force. — 
Quantities  which  possess  magnitude  only,  as,  for  example,  areas, 
volumes,  etc.,  are  called  scalar  quantities.  Many  quantities  involved 
in  the  study  of  mechanics,  however,  have  direction  as  well  as  magnitude. 
Any  quantity  which  has  direction,  as  well  as  magnitude,  as  an  inherent 
property  is  called  a  vector  quantity.  Thus,  as  stated  in  Art.  5,  the  effect 
of  a  force  depends  on  its  direction  as  well  as  its  magnitude,  and  hence 
force  is  a  vector  quantity.  Other  examples  of  vector  quantities  are 
velocity,  acceleration,  momentum,  etc. 

A  vector  quantit}^  may  be  conveniently  represented  wholly  or  in 
part  by  means  of  a  directed  straight  line-.  Any  such  line  is  called  a 
vector.  Thus,  the  direction  of  a  force  may  be  represented  by  a  straight 
Une  drawn  parallel  to  the  action  line  of  the  force,  the  sense  being  repre- 
sented by  an  arrow-head  on  the  line,  and  the  magnitude  by  the  length  of 
the  line  according  to  some  convenient  scale.  If  the  magnitude  and 
direction,  only,  are  to  be  represented,  the  vector  may  be  laid  off  along 
any  line  parallel  to  the  action  line  of  the  force.  Such  a  vector  is  called  a 
free  vector.  If,  in  addition,  the  action  line  of  the  force  is  to  be  repre- 
sented, the  vector  must  be  laid  off  along  the  Une  of  action.  Such  a 
vector  is  called  a  localized  vector.  Further,  if  it  is  desired  to  represent 
the  point  of  application  of  the  force,  the  point  of  application  may  be 
taken  as  one  end  of  the  vector. 

In  dealing  with  the  forces  which  act  on  a  body  it  is  frequently  con- 
venient to  represent  the  forces  by  free  vectors.  The  diagram  in  which 
are  represented  the  free  vectors  is  called  the  vector  diagram.     The  dia- 
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gram  which  represents  the  body  and  the  action  hnes  of  the  forces  that 
act  on  the  body  is  called  the  space  diagram.  Both  diagrams  as  a  rule 
play  an  important  part  in  the  complete  solution  of  a  problem  and  will 
be  used  frequently  in  the  subsequent  pages.  In  Fig.  1  is  shown  a  wall 
bracket,  the  horizontal  arm  of  which  is  acted  on  by  three  forces  having 
points  of  application  at  1,  2,  and  3,  the  action  lines  being  indicated  as 
dashed  Hnes  and  denoted  by  letters  on  the  two  sides  of  the  lines  as  ah, 
he,  and  cd,  in  the  space  diagram.  The  forces  are  represented  in  mag- 
nitude and  direction  in  any  convenient  place  by  the  vectors  AB,  BC, 
and  CD,  the  lengths  of  the  vectors  representing  the  magnitudes  of  the 

forces  according  to  a  convenient  scale. 
The  direction  cf  each  vector  is  the 
same  as  that  of  the  action  line  of  the 
force  which  it  represents,  and  the 
sense  is  indicated  by  the  arrow-head. 
The  notation  used  in  the  above 
illustration  is  known  as  Bow's  nota- 
tion and  will  be  used  frequently  in 
the  subsequent  pages.  According  to 
this  notation  the  action  line  of  a  force 
is  denoted  by  two  lower-case  letters, 
one  on  each  side  of  the  action  line, 
and  the  vector  which  represents  the 
magnitude  and  direction  of  the  force 
is  denoted  by  the  corresponding 
capital  letters;  the  sense  of  the  force 
may  be  indicated  by  the  order  of 
the  letters  (if  an  arrow-head  is  not  used) ;  thus  the  sense  of  the  vector 
BA  would  be  opposite  to  that  of  AB,  etc. 

9.  Classification  of  Forces.  Definitions. — Forces  may  be  classified 
as  surface  forces  and  body  forces,  sometimes  called  forces  of  contact  and 
forces  at  a  distance  according  as  the  action  of  one  body  on  another  is 
exerted  over  a  portion  of  the  surfaces  of  two  bodies  that  are  in  contact 
or  is  distributed  throughout  the  materials  of  the  bodies.  The  most 
important  body  force  considered  in  mechanics  is  the  earth-pull  (weight). 
Magnetic  forces  are  of  the  same  class.  A  surface  force  becomes  a  con- 
centrated force  when  the  area  over  which  the  force  is  distributed  is  so 
small  compared  to  the  surface  of  the  body  acted  on  that  it  may  be 
regarded  as  a  point.  This  point  is  called  the  point  of  application  of  the 
force.  The  action  line  of  a  concentrated  force  is  a  line  containing  the 
point  of  application  of  the  force  and  having  the  same  direction  as  that 
of  the  force. 


Fig.  1. 
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Any  number  of  forces  treated  as  a  group  constitute  a  force  system. 
A  force  system  is  said  to  be  concurrent  if  the  action  lines  of  all  the  forces 
intersect  in  a  common  point,  and  non-concurrent  if  the  action  lines  do 
not  intersect  at  a  point.  A  force  sj'stem  is  said  to  be  coplanar  when  all 
the  forces  lie  in  the  same  plane,  and  non-coplanar  when  the  forces  do  not 
lie  in  the  same  plane.  A  parallel  force  system  is  one  in  which  the 
action  lines  of  the  forces  are  parallel,  the  senses  of  the  forces  not  neces- 
sarily being  the  same,  and  a  non-parallel  system  is  one  in  which  the 
action  lines  of  the  forces  are  not  parallel.  If  the  forces  of  a  system  have 
a  common  line  of  action  the  system  is  said  to  be  collinear. 

If  a  force  sj-stem  applied  to  a  body  produces  no  external  effect  on  the 
body,  the  forces  are  said  to  balance  or  to  be  in  equilibrium,  and  the  body 
on  which  the  forces  act  is  also  said  to  be  in  equilibrium.  The  forces 
which  hold  a  body  at  rest  are  always  in  equilibrium.  If  a  body  is  acted 
on  by  a  force  system  which  is  not  in  equilibrium  there  always  is  a  change 
in  the  motion  of  the  bod}-.  Such  a  force  system  is  said  to  be  unbalanced 
or  to  have  a  resultant. 

Two  force  systems  are  said  to  be  equivalent  if  they  will  produce  the 
same  external  effect  when  applied  in  turn  to  a  given  body.  The  resultant 
of  a  force  system  is  the  simplest  equivalent  sj^stem  to  which  the  sj'stem 
will  reduce.  The  resultant  of  a  force  system  is  frequently  a  single  force. 
For  some  force  systems,  however,  the  simplest  equivalent  sj'stem  is 
composed  of  two  equal,  non-collinear,  parallel  forces  of  opposite  sense, 
called  a  couple.  And  still  other  force  sj-'stems  reduce  to  a  force  and  a 
couple  as  the  simplest  equivalent  system. 

The  process  of  reducing  a  force  system  to  a  simpler  equivalent 
system  is  called  composition.  The  process  of  expanding  a  force  or  a 
force  system  into  a  less  simple  equivalent  system  is  called  resolution. 
A  component  of  a  force  is  one  of  the  two  or  more  forces  into  which  the 
given  force  may  be  resolved.  The  anti-resultant  or  equilibrant  of  a  force 
system  is  the  simplest  force  system  which  will  balance  the  given  sj'stem. 

10.  Parallelogram  and  Triangle  Laws.  Parallelogram  Law. — The 
parallelogram  law  is  the  fundamental  principle  on  which  the  composition 
and  resolution  of  forces  is  based.  The  law  maj^  be  stated  as  follows: 
If  from  a  point  vectors  are  drawn  representing  in  direction  and  magnitude 
two  concurrent  forces,  and  if  a  parallelogram  is  constructed  having  these 
vectors  as  sides,  the  diagonal  of  the  parallelogram  drawn  from  the  point  to 
the  opposite  vertex  of  the  pai'allelogram  is  a  vector  that  represents  in  direction 
and  magnitude  the  resultant  of  the  two  forces. 

For  example,  in  Fig.  2(a)  P  and  Q  are  two  forces  acting  on  a  rigid 
body  MN.  If  from  any  point  0  in  Fig.  2(6)  vectors  OA  and  OB  are 
laid  off  representing  in  magnitude  and  direction  the  forces  P  and  Q,  the 
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vector  OC  represents  in  magnitude  and  direction  (but  not  in  line  of 
action)  the  resultant,  R,^  of  the  two  forces. 

If  the  point  0  is  taken  as  the  intersection  of  the  action  lines  of  P 
and  Q,  as  in  Fig.  2 (a),  then  the  diagonal  represents  the  line  of  action  of 
the  resultant  as  well  as  its  magnitude  and  direction  since  the  action  line 
of  the  resultant  of  two  concurrent  forces  must  pass  through  the  point  of 
intersection  of  the  action  lines  of  the  two  forces.  Thus  by  superimposing 
the  vector  diagram  (Fig.  26)  on  the  space  diagram  (Fig.  2a)  all  thi-ee  of 
the  characteristics  (magnitude,  line  of  action,  and  sense)  are  determined. 
However,  in  many  problems,  it  is  more  convenient  to  use  the  two  dia- 
grams separately,  in  which  procedure  the  vector  diagram  determines 
the  magnitude,  direction,  and  sense  of  the  resultant,  and  the  space  dia- 
gram determines  one  point  on  the  action  line  of  the  resultant;    the 


Fig.  2. 


direction  of  the  resultant  and  one  point  on  its  action  line  determine  the 
line  of  action. 

Triangle  Law. — The  triangle  law  is  a  corollary  of  the  parallelogram 
law.  The  law  may  be  stated  as  follows:  If  vectors  representing  in  mag- 
nitude and  direction  two  concurrent  forces  be  drawn  in  order  and  a  triangle 
he  constructed  ha:ing  these  vectors  as  sides,  the  third  side  of  the  triangle  {the 
vector  drawn  from  the  beginning  of  the  first  vector  to  the  end  of  the  second 
vector)  re-presents  the  resultant  of  the  two  forces  in  magnitude  and  direction. 
Thus  in  Fig.  2(c)  if  OA  and  AC  are  vectors  representing  P  and  Q  in 
magnitude  and  direction,  the  vector  OC  (not  CO)  represents  the  result- 
ant, R,  of  P  and  Q  in  magnitude  and  direction  but  not  in  line  of  action. 
The  line  of  action  ac  of  the  resultant  passes  through  0  (Fig.  2a)  as  dis- 
cussed under  the  parallelogram  law.  Although  the  triangle  law  is 
essentially  the  same  as  the  parallelogram  law,  its  extension  to  more  than 
two  forces,  leading  to  the  force  polygon,  frequently  makes  its  use  more 
convenient  than  that  of  the  parallelogram  law. 

'  The  fact  that  a  force  is  the  resultant  of  two  or  more  forces  is  frequently  indicated 
by  two  arrow-heads  on  the  vector  representing  the  force.  This  fact  will  also  be  indi- 
cated sometimes  by  drawing  the  resultant  force  vector  as  a  dashed  line. 


ILLUSTRATIVE   PROBLEM  9 

Algebraic  Method. — Instead  of  determining  the  resultant  of  two  con- 
current forces  gi-aphically,  from  the  parallelogram  or  the  triangle  of 
forces,  it  may  be  found  algebraically.  Thus  by  referring  to  Fig.  2(c) 
and  making  use  of  trigonometrj^,  the  magnitude  and  the  direction  of  the 
resultant  may  be  expressed  by  the  equations: 

R  =  Vp-  +  C>"  +  2Pg  cos  a 
Q  sin  a 


tane  = 


P  -[-  Q  cos  a 


where  « is  the  angle  between  the  action  lines  of  P  and  Q  and  6  is  the  angle 
between  the  action  lines  of  R  and  P. 

Although  it  is  not  necessary  to  draw  the  parallelo-        ) ;  .^^^\ 

gram  or  triangle  of  forces  to  scale  in  determining  the      Q  >^       ] 

resultant  by  the  algebraic  method,  the  student  should        \y^^ ^ 

always  make  a  free-hand  sketch  of  the  parallelogram  P 

or  triangle  of  forces  when  using  the  above  equations.  Fig.  3. 

In   a    special    case    of   considerable    importance, 
namely  that  in  which  the  action  lines  of  the  two  forces  are  perpen- 
dicular {a.  =  90°)  as  in  Fig.  3,  the  above  equations  reduce  to 

R  =  Vp-  +  Q' 

Q  P 

tan  6  =  —     or    cos  9  =  —  • 
P  R 

Another  special  case  is  that  in  which  the  two  concurrent  forces  have 
the  same  direction  (in  this  case  the  forces  are  said  to  be  collinear).  If 
the  two  collinear  forces  have  the  same  sense  (a  =  0),  R  =  P  -\-  Q  and 
if  the  forces  have  opposite  senses  {a  =  180°),  R  ^  P  —  Q. 

It  should  be  noted  that  two  equations  are  needed  to  determine  the 
magnitude  and  the  direction  of  the  resultant  force,  whereas  one  vector 
diagram  is  sufficient  for  the  same  purpose. 

ILLUSTRATIVE   PROBLEM 

Problem  1. — Two  forces  P  and  Q  (Fig.  4a)  act  on  a  rigid  bodj'  M.  Find  the 
resultant  of  the  two  forces.  In  other  words,  find  the  magnitude,  line  of  action,  and 
sense  of  the  single  force  that  will  produce  the  same  external  effect  on  the  body. 
(In  this  case  the  external  effect  of  the  forces  is  to  develop  reactions  as  A  and  B.) 

Graphical  Solution. — To  determine  the  resultant  of  the  two  forces  graphically,  a 
vector  diagram  is  drawn  (Fig.  46).  The  resultant  is  represented  in  magnitude  and 
direction  by  the  vector  DE.     The  magnitude  of  the  resultant  is  found,  by  measuring 
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DE  to  be  26.4  lb.  and  by  use  of  a  protractor  the  angle  6  is  found  to  be  41°, 
i.e.,  Ox  =  319°.  The  information  obtained  from  the  vector  diagram  (unless  super- 
imposed on  the  space  diagram)  is  not  sufficient  to  determine  the  line  of  action  of  R. 
If,  however,  one  point  on  the  action  line  of  R  is  found,  this  point  and  the  direction 
already  found  determine  the  action  Hne.  For  locating  one  point  on  the  action  line 
of  R,  the  space  diagram  is  used.  Thus  in  Fig.  4(c)  the  point  0  in  which  the  action 
lines  ah  and  he  of  P  and  Q  intersect  is  one  point  on  the  action  line  of  R.    Hence  if  R 


1/         4iN^H 


CH=i.7i      B 


Space  Diagram 
Scale:  1  =  3  ft. 

(c) 


is  applied  to  the  body  as  indicated  in  Fig.  4(c),  the  external  effect  (reactions  at  A 
and  B)  would  be  the  same  as  in  Fig.  4((7).  The  position  of  the  action  line  can  be 
indicated  by  stating  the  distance  from  C  to  H  which  is  found  by  measuring  (to  scale) 
to  be  1.71  ft. 

Algebraic  Solulion. — Referring  to  Fig.  4,  we  have: 

R  =  VsO^  +  20^  -  2  X  30  X  20  cos  60°  =  VtOO  =  26.4  lb. 


sin  6 
"20" 


sin  60 
26.4 


sin  6 


17.32 
26.4 


=  0.656 


.     0  =  41°     or     dx  =  319° 
CH  =  1  X  tan  30°  +  1  X  cot  41°  =  0.577  +  1.150  =  1.73  ft. 

PROBLEMS 


Note. — In  the  following  problems  in  which  the  resultant  of  two  forces  is  to  be 
determined,  as  well  as  in  subsequent  problems  in  which  the  resultant  of  any  system 
of  forces  is  to  be  determined,  the  resultant  should  always  be  completely  represented 
by  a  vector  in  the  diagram. 

2.  Determine  completely  the  resultant,  R,  of  the  two  forces  shown  acting  on  the 
body  in  Fig.  5. 

3.  The  forces  P  and  Q  in  Fig.  6  are  two  of  the  forces  of  an  unbalanced  system 
acting  on  the  body  M,  causing  a  change  of  motion  of  M  along  a  horizontal  plane 
indicated  by  the  dotted  hne.  The  magnitudes  of  P  and  Q  are  2  lb.  and  \/5  lb., 
respectively.  Replace  P  and  Q  by  a  single  force,  R,  so  that  the  change  of  motion 
of  (external  effect  on)  M  will  be  the  same  as  if  P  and  Q  were  acting.  (It  is  assumed 
the  other  forces  acting  on  M  are  not  changed  when  R  replaces  P  and  Q.) 

A71S.    R  =  1  lb.;  Ox  =  270°. 
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4.  When  the  semi-circle  in  Fig.  7  is  drawn  to  full-size  scale  (1  ft.  =  1  ft.),  the 
vectors  shown  represent  forces  P  and  Q  to  a  scale  of  1  ft.  =  10  lb.  Determine  com- 
pletely the  resultant  of  the  two  forces. 

5.  Two  forces  having  magnitudes  of  7  lb.  and  3  lb.,  respectively,  have  the  same 
point  of  appUcation  in  a  body.     The  action  line  of  the  3-lb.  force  is  horizontal  and  its 

I  CO  lb. 


n        I        r 
I      I       I 

.1 L. 


I       I       I 
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Fig.  5. 


Fig.  G. 


Fig.  7. 


sense  is  to  the  right;  the  action  line  of  the  7-lb.  force  makes  an  angle  of  45°  with  the 
horizontal  and  its  sense  is  upward  to  the  left.  Find  the  magnitude  and  direction  of 
the  resultant  of  the  two  forces.  Ans.     R  =  5.31  lb.;  6^  =  111°  28'. 

!i6,  A  force  P  of  10  lb.  in  the  xy-plane  passes  through  the  origin  and  makes  an 
angle  of  30°  with  the  x-axis.  Another  force  Q  of  8  lb.  in  the  same  plane  passes 
through  the  point  0,  2  and  makes  an  angle  of  150°  with  the  x-axis.  Find  the  result- 
ant of  the  two  forces  algebraically. 

11.  Resolution  of  a  Force. — In  the  two  preceding  articles  it  was 
assumed  that  a  body  was  acted  on  by  two  forces  and  a  third  force  was 
found  which  if  allowed  to  replace  the  two  would  have  the  same  external 
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Fig.  8. 


Fig.  9. 


effect  on  the  body.  The  reverse  of  this  process,  namely,  the  resolution 
of  a  force  into  two  components,  is  also  of  great  importance  in  mechanics. 
The  resolution  of  a  force  may  be  accompHshed  by  means  of  the  parallelo- 
gram law  or  the  triangle  law,  and  the  components  may  be  found  graphi- 
cally or  algebraically.     For  example,  in  Fig.  8(a)  let  Fi  be  the  weight  of 
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the  body  M,  and  let  it  be  required  to  resolve  Fi  into  two  components, 
one  along  the  line  DE  and  one  along  the  line  DG ;  the  action  lines  of  the 
components  are  represented,  using  Bow's  notation,  by  ah  and  he  as 
shown  in  the  space  diagram  (Fig.  8a)  and  similarly  the  action  hne  of  Fi 
is  indicated  by  ac. 

The  magnitudes  and  directions  of  the  components  are  represented 
graphically  hy  AB  and  BC  in  the  triangle  of  forces  (Fig.  86).  This 
triangle  was  constructed  by  laying  off  (to  scale)  AC  equal  to  Fi  parallel 
to  ac  and  by  drawing  from  A  a  line  parallel  to  ah  and  from  C  another  line 
parallel  to  he.  The  two  lines  intersect  at  B.  Thus  the  components  of 
Fi  are  represented  in  magnitude  and  direction  but  not  in  action  line  by 
AB  and  BC.  The  action  lines  of  the  two  components  must  intersect 
at  a  point  on  the  action  line  of  Fi. 

The  resolution  of  a  force  into  two  rectangular  components  is  of 
special  importance.  The  particular  value  of  resolving  into  rectangular 
components  lies  in  the  fact  that  these  components  may  be  found  from 
very  simple  algebraic  expressions.  Thus  in  Fig.  9(a)  let  it  be  required 
to  resolve  the  force  F2  into  two  rectangular  components  having  action 
lines  cd  and  de.  The  triangle  of  forces  shown  in  Fig.  9(6)  was  constructed 
in  the  same  way  as  in  Fig.  8(6).  The  horizontal  and  vertical  components 
of  F2  or  EC  are  represented  in  magnitude  and  sense  by  ED  and  DC, 
respectively. 

The  magnitudes  of  these  components  are  expressed  as  follows: 

ED  =  EC  cos  6    and    DC  =  EC  sin  d. 

Or,  in  general,  if  F  denotes  a  force  which  makes  an  angle  6x  with  the 
X-axis,  the  x-  and  ^/-components  of  the  force  are: 

F^  =  F  cos  Ox     and     Fy  =  F  sin  d^. 

Hence,  the  magnitude  of  the  coviponenl  of  a  foree  in  a  given  direction 
{the  other  component  heing  perpendicular  thereto)  equals  the  product  of  the 
magnitude  of  the  force  and  the  cosine  of  the  angle  which  the  force  makes  with 
the  given  direction.'^ 

It  is  frequently  convenient  to  resolve  a  force  into  three  rectangular 

^  In  specifying  the  direction  of  a  force  by  giving  the  angle  it  makes  with  a  given 
line,  the  x-axis  for  instance,  it  is  convenient  to  follow  a  definite  convention,  namely, 
to  indicate  the  angle,  Ox,  that  the  vector  representing  the  force  makes  with  the  posi- 
tive end  of  the  x-axis,  the  angle  being  measured  counter-clockwise  from  the  positive 
end  of  the  x-axis.  For  example,  for  a  force  directed  upward  to  the  right  at  an  angle 
of  30°  with  the  x-axis,  Ox  =  30°;  if  the  sense  of  the  force  is  reversed  dx  =  210°. 
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components.  This  involves  only  a  slight  extension  of  the  parallelogram 
law.  Thus,  the  force  F  (Fig.  10),  represented  by  OA,  may  be  resolved 
into  the  two  rectangular  components  OB  and  OC,  and  the  component  OC 
may  be  resolved  further  into  two  rectangular  components  OD  and  OE. 
The  magnitudes  of  the  compo- 
nents of  F  in  the  x-,  y-,  and 
2-directions,  respectively,  are 


F^  =  F  cos 


Fy  =  F  cos  dy 
F,  =  F  cos 


in  which  d^,  By,  6g  are  the  angles 
which  the  force  makes  with 
the  X-,  y-,  and  2-directions,  re- 
spectively. 

ILLUSTRATIVE   PROBLEM 


Fig.  10. 


Problem  7. — In  Fig.  11(a)  are  shown 
two  forces  P  and  Q^  acting  on  a  rigid 

body.     Determine  the  resultant  of  the  two  forces  (a)  by  resolving  Q  at  point  0  into 
horizontal  and  vertical  components,  then  finding  the  resultant  of  P  and  the  hori- 


P=3lb. 


Fig.  11. 

zontal   component  of  Q,   and  finally  combining  this  resultant  with  the  vertical 
component  of  Q;  and  (6)  by  use  of  the  equations  of  Art.  10. 


^  In  this  problem  the  direction  of  the  vector  representing  the  force  Q  is  denoted, 
not  by  indicating  the  angle  that  the  vector  makes  with  some  specified  line  (the  angle 
<i>  in  Fig.  11(a),  say),  but  by  indicating  the  slope  (or  bevel)  of  the  vector;  the  slope 
being  denoted  by  the  ratio  of  the  vertical  projection  of  any  segment  of  the  vector  to 
the  corresponding  horizontal  projection.  This  method  of  indicating  the  direction  of 
a  vector  or  line  is  frequently  used  in  engineering  problems;  for,  the  function  of  the 
angle  <i>  can  be  found  without  finding  the  angle  itself.  For  instance  in  Fig.  11(a), 
tan  <t>  =  %,  and  hence  cos  (/>  =  3/-\/T3  and  sin  <^  =  2/-\/l3. 
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Solution. — (a)  Referring  to  Fig.  11(6)  we  have 
Qx  =  -  Q  sin  .^  =  -  12  X  — ^ 


=  -  6.66  lb. 


=  Qcos<t>  =  12  X 


VT3 


=  9.98  lb. 


The  resultant  of  P  and  Q^  =  3  -  6.66  =  -  3.66  lb.     Referring  to  Fig.  11(c),  we 
have 

R  =  V(3.66)-  +  (9.98)2  ^  io.6  lb. 

,  3.66 
0x  =  90°  +  ^  =  90°  +  tan-i  — -  =  90°  +  20°  10'  =  110°  10' 

y.yo 

The  action  line  of  R  must  of  course  pass  through  the  point  0  (Fig.  1  la).     The 

method  of  procediu-e  used  here  is  of  considerable  importance  in  subsequent  chapters. 

(b)  Referring  to  Fig.  11    we    see   that    0  =  tan"-^  %  =  33°40'  and  hence  a  = 

90°  +  33°  40'.     Therefore  cos  a  =  -  sin  33°  40'  =  -  0.554  and  sin  a  =  cos  33°  40' 

=  0.832.     Hence  from  Art.  10  we  have 

R  =  Vp-  +  Q2  4-  2PQ  cos  a  =  Vl22  +  32-2X12X3X  0.554 

=  Vll3.ll  =  10.6  lb. 

Q  sin  a  12  X  0.832  9.984 


tan  Ox  = 


P  +  Q  cos  a 
Ox  =  110°  10' 


3  -  12  X  0.554 


3.648 


=  -  2.73 


PROBLEMS 


'8.  Resolve  the  force  R  showTi  in  Fig.  12  into  two  components,  P  acting  along  BC 
and  Q  having  an  action  Une  that  passes  through  D. 

Am.     P  =  2001b.;Q  =  2241b. 


R=i( 

■* 1 

Olb. 

Fig.  12. 


Fig.  13. 


Fig.  14. 


9.  The  magnitudes  of  forces  P  and  Q  acting  on  the  body  as  shown  in  Fig.  13  are 
30  lb.  and  40  lb.,  respectively.  Find  the  resultant  of  the  two  forces  by  the  first  of 
the  two  methods  used  in  Problem  7. 

10.  The  vector  OD  in  Fig.  14  represents  a  force  of  50  lb.  acting  on  the  rigid  body 
AE.     Resolve  the  force  into  components  along  the  lines  OB,  OC,  and  OA  (P,,  Fy, 


MOMENT  OF  A  FORCE 


15 


and  Fz).    If  the  body  AE  were  extended  to  include  the  point  D  would  the  external 
effect  on  the  body  be  the  same  if  these  components  were  applied  at  D1 

Am.     Fx  =  32.0  lb.;  Fy  =  32.0  lb.;  Fz  =  21.3  lb. 

11.  A  thin  board  in  a  vertical  plane  is  6  ft.  long  and  4  ft.  high.  The  board  is  acted 
on  by  a  force  of  60  lb.  along  a  line  joining  the  upper  left-hand  corner,  A,  to  a  point, 
B,  2  ft.  above  the  lower  right-hand  corner,  the  sense  being  downward  to  the  right. 
Resolve  the  force  into  two  components  (a)  parallel  to  the  horizontal  and  vertical 
edges  of  the  board,  and  (6)  parallel  to  the  vertical  edges  and  along  a  Une  joining  the 
lower  left-hand  corner  to  B.  ShoW  the  first  pair  of  components  acting  at  A  and  the 
second  pair  acting  at  B. 

12.  If  in  Fig.  10  the  magnitude  of  the  force  F  is  100  lb.  and  the  lengths  of  the 
edges  OE,  OD,  and  OB  of  the  parallelopiped  are  15  in.,  12  in.,  and  9  in.,  respectively, 
what  are  the  magnitudes  of  the  components  of  F  along  the  coordinate  axes? 

12.  Moment  of  a  Force. — The  moment  of  a  force  about    (with 
respect  to)  a  line  or  axis  that  is  perpendicular  to  the  action  hne  of  the 
force  is  defined  as  the  product  of  the  magnitude  of  the  force  and  the 
perpendicular    distance    from 
the  action  hne  of  the  force  to 
the  axis.     Thus  in  Fig.  15,  the 
moment  of  the  force  F  about 
the  axis  F  F  is  Fd.    The  phys- 
ical significance  of  the  moment 
of  a  force  about  an  axis  lies  in 
the  fact  that  it  is  a  measure  of 
the  tendency  of  the  force  to 
turn  the  body  on  which  the 
force  acts  about  that  axis. 

Since  the  moment,  Fd,  of 
the  force  F  about  FF  is  also 
the  product  of  F  and  its  per- 
pendicular distance  from  the  point  0  in  which  FF  intersects  the  plane 
in  which  F  lies,  Fd  maj^  also  be  regarded  as  the  moment  of  the  force 
absut  the  point  0  in  the  plane  of  the  force.  In  deahng  later  with 
coplanar  force  systems,  moments  of  the  forces  will  frequently  be  found 
with  respect  to  points  in  the  plane  of  the  forces.  However,  the 
physical  significance  of  a  moment  should  be  kept  in  mind,  for  in  prob- 
lems involving  physical  bodies  moments  about  lines  are  to  be  considered. 
In  Fig.  15  the  point  0  is  called  the  ynoment-center  and  the  distance  d 
the  moment  arm. 

Sign  and  Units. — The  sign  of  the  moment  of  a  force  about  a  point  in 
its  plane  is  regarded  as  positive  if  the  sense  of  rotation  is  comiter- 
clockwise.  Thus  in  Fig.  .15,  the  moment  of  F  about  0  is  positive. 
Considering  the  moment  of  F  about  the  axis  YY  (not  the  point  0)  the 


Fig.  15. 
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moment  would  be  positive  if  viewed  from  the  upper  end  of  the  YY  axis 
and  negative  if  viewed  from  the  lower  end.  Later,  in  dealing  with  the 
moment  of  a  force  about  an  axis,  it  will  be  found  convenient  to  select 
the  axis  as  one  of  a  set  of  coordinate  axes  and  to  regard  the  moment  of 
a  force  about  a  coordinate  axis  as  positive  if  the  sense  of  rotation  is 

counter-clockwise  when  viewed  from  the 
positive  end  of  the  axis. 

Since  the  moment  of  a  force  is  the 
product  of  force  and  a  length,  the 
dimensional  expression  for  a  moment  is 
Fh.  Hence  moments  maj'  be  expressed 
in  lb. -ft.,  lb. -in.,  etc. 

Force  not  Perpendicular  to  Moment 
Axis. — The  moment  of  a  force  about 
an  axis  that  is  not  perpendicular  to  the 
action  line  of  the  force  can  be  found  by  resolving  the  force  into  two 
components,  one  perpendicular  to  the  moment-axis  and  one  parallel 
to  the  axis,  and  then  finding  the  moment  of  the  perpendicular  compo- 
nent which  is  equal  to  the  moment  of  the  given  force,  since  the 
moment  of  the  parallel  component  about  the  axis  is  zero.  Thus  in  Fig. 
16,  the  moment  of  F  about  the  axis  OZ  is  Mz  =  Fy  X  OA. 

ILLUSTRATIVE   PROBLEM 

Problem  13. — Find  the  algebraic  sum  of  the  moments  about  the  x-axis  of  the 
30-lb.  and  40-lb.  forces  shown  in  Fig.  17(o).  Assume  the  unit  of  length  in  the  figure 
to  be  one  foot. 


Fig.  16. 


Fig.  17. 


Solution. — First  the  30-lb.  and  40-lb.  forces  are  resolved  into  rectangular  compo- 
nents as  indicated  in  Fig.  17(b).  The  magnitudes  of  the  components  are  found  to 
be  as  follows: 

F'^   =  30  cos  e'    =«  30  X  2/\/20  =  13.4  lb. 

F'^    =  30  sin  0'    =  30  X  4/\/20  =  26.8  lb. 

F"y  =  40  cos  0"  =  40  X  4  =  32  lb. 

F"t  =  40  sin  0"  =  40  X  4  =  24  lb. 
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Hence  the  moment  M'x  of  the  30-lb.  force  about  the  z-axis  is  M'x  =  F'g  X  4  = 
?6.8  X  4  =  107.2  lb. -ft.  counter-clockwise  and  hence  positive  and  M"z  =  —  F"z  X  4 
=  —  24  X  4  =  —  96  lb. -ft.  clockwise  and  hence  negative.  The  moments  of  F'x  and 
F"y  about  the  x-axis  are  zero. 

Mx  =  107.2  —  96  =  11.2  Ib.-ft.  counter-clockwise  as  indicated. 

PROBLEMS 

14.  Determine  the  moment  of  the  20-lb.  force  in  Fig.  17(a)  about  the  a>axis. 

15.  Find  the  algebraic  sum  of  the  moments  of  the  30-lb.  and  40-lb.  forces  in 
Fig.  17(a)  about  the  y-axis.  Ans.     My  =  90.3  Ib.-ft. 

i6.  A  force  of  20  lb.  is  exerted  on  the  knob  of  a  door  as  shown  in  Fig.  18.  If  the 
action  line  of  the  force  lies  in  a  plane  peqaendicular  to  the  door,  what  is  the  moment 
of  the  force  about  the  axis  YY? 

17.  Calculate  the  moment  about  the  x-axis  of  the  force  P  of  50  lb.  shown  in  the 
yz-plane  in  Fig.  19,  (a)  by  making  use  of  two  rectangular  components  of  P  acting  at 


rIB 


-^4-- 


FiQ.  18. 


Fig.  19. 


A 
Fig.  20. 


the  point  A,  (b)  by  making  use  of  two  rectangular  components  of  P  acting  at  the 
point  B,  and  (c)  by  finding  the  product  of  P  and  the  perpendicular  distance  of  P 
from  the  x-axis.     Assume  the  unit  of  length  in  the  figure  to  be  one  foot. 

Ans.     Mx  =  128.6  Ib.-ft. 

18.  If  the  force  P  in  Fig.  7  has  a  magnitude  of  40  lb.  determine  the  moment  of  P 
with  respect  to  point  A. 

19.  A  force  P  has  a  point  of  application  at  A  (Fig.  20)  in  the  xy-plane.  The  force 
lies  in  the  plane  AB  which  is  parallel  to  the  !/2-plane.  The  moment  of  the  force  about 
the  a;-axis  is  60  Ib.-ft.,  having  a  negative  sense  as  indicated;  the  ^/-component  of  the 
force  is  negative  and  has  a  magnitude  of  8  lb.  (a)  Find  the  magnitude  and  direction 
of  P.     (6)  Calculate  the  moment  of  P  about  the  ?/-axis. 

Ans.     (a)  P  =  10  lb.,  d,  =  53°  8';  (6)  My  =  36  Ib.-ft. 

13.  Principle  of  Moments.  Varignon's  Theorem. — The  principle 
of  moments  is  of  great  importance  in  mechanics.  It  applies  to  lines, 
areas,  volumes,  etc.,  as  well  as  to  forces.     As  appUed  to  forces  the 
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principle  states  that  the  moment  of  the  resultant  of  any  system  of  forces 
about  any  point  or  line  is  equal  to  the  algebraic  sum  of  the  moments  of 
the  forces  about  the  same  point  or  hne.  It  will  be  considered,  however, 
at  this  point  only  in  connection  with  two  concurrent  forces.  The  prin- 
ciple for  this  restricted  case,  which  is  known  as  Varignon's  theorem^ 

states  that  the  moment  of  the  resultant  of  two  concurrent  forces  about  any 

point  in  their  plane  is  equal  to  the  algebraic  sum  of  the  moments  of  the  two 

forces  about  the  same  point. 

The  fact  that  the  principle  of  moments  for  two  concurrent  forces  is 
in  agreement  with  the  parallelogram  law  may  be  shown  by  deducing  the 
principle  from  the  parallelogram  law  as  follows:  In  Fig.  21  let  P  and  Q 

represent  two  forces  concurrent 
at  A,  the  resultant  according 
to  the  parallelogram  law  being 
R.  Let  0  be  any  moment- 
center  in  the  plane  of  the  forces. 
It  is  required  to  prove  that 

Rr  =  Pp  +  Qq 

where  p,  q,  and  r  are  the 
moment-arms  of  P,  Q,  and  R, 
respectively.  Let  a  set  of  rec- 
tangular coordinate  axes  AX 
and  AY  he  chosen  as  shown  in  the  figure,  AY  passing  thi'ough  the 
moment-center  0.  Let  a,  /S,  and  d  denote  the  angles  which  the  action 
hues  of  P,  Q,  and  R,  respectively,  make  with  the  AX  axis.  From  the 
figure  it  is  seen  that  ^  =  pQ  -l.  Xf 

that  is,  Rcosd  =  P  cos  a  +  Q  cos  /S. 

By  multiplying  both  sides  of  this  equation  by  AO,  the  following  equation 

is  obtained :     e-AU  cos  d  =  P-AO  cos  a -\- Q-AO  cos  0. 

Hence,  Rr  =  Pp -{-  Qq. 

It  is  often  convenient  to  obtain  the  moment  of  a  force  about  a  point 
in  its  plane  (or  about  an  axis  through  the  point  perpendicular  to  the 
plane)  by  resolving  the  force,  at  any  point  on  its  action  line,  into  two 
rectangular  components  and  finding  the  algebraic  sum  of  the  moments 
of  the  two  components. 

In  finding  the  moment  of  a  force  about  any  axis  that  is  not  perpen- 
dicular to  the  action  line  of  the  force,  it  is  convenient  to  select  the 
moment-axis  as  one  of  a  system  of  coordinate  axes,  and  then  to  resolve 
the  force  into  tluee  rectangular  components  parallel  to  the  coordinate 
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axes  and  find  the  algebraic  sum  of  the  moments  of  the  three  components 
about  the  given  axis. 

PROBLEMS 

20.  In  Fig.  5  determine  the  resultant  of  the  30-lb.  and  40-lb.  forces,  and  by  the 
principle  of  moments  find  the  perpendicular  distance  from  A  to  the  action  line  of  the 
resultant.  Ans.     i2  =  501b.;  p  =  1  ft. 

21.  A  rectangular  board  in  a  vertical  plane  is  6  ft.  wide  and  4  ft.  high.  At  the 
upper  left-hand  corner  are  applied  two  forces;  one  force  has  a  magnitude  of  40  lb. 
and  acts  along  the  upper  edge  to  the  right,  and  the  other  force,  P,  is  unknown  in 
magnitude  and  acts  along  the  left-vertical  edge.  The  algebraic  sum  of  the  moments 
of  the  forces  about  the  lower  right-hand  corner  of  the  board  is  340  Ib.-ft.  in  a  clock- 
wise direction.     Find  the  resultant  of  the  two  forces. 

22.  Find  the  moment  about  the  x-axis,  of  a  100-lb.  force  apphed  at  A  in  Fig.  17(a) 
and  acting  along  AB  towards  B.     Assume  the  dimensions  to  be  in  feet. 

Ans.     Mx  =  212  Ib.-ft. 

23.  In  Fig.  6,  P  and  Q  have  magnitudes  of  20  lb.  and  40  lb.,  respectively.  Re- 
solve Q  into  rectangulir  components  at  B  and  then  find  the  algebraic  sum  of  the 
moments,  about  A,  of  these  two  components  and  P. 

24.  In  Fig.  7  the  magnitudes  of  P  and  Q  are  40  lb.  and  120  lb.,  respectively. 
Find  the  algebraic  sum  of  the  moments,  about  0,  of  the  two  forces  by  resolving  P  into 
rectangular  components  at  B,  and  Q  into  rectangular  components  at  A,  and  then 
finding  the  algebraic  sum  of  the  moments,  about  O,  of  the  four  rectangular  compo- 
nents. Ans.     Si/o  =  118.8  Ib.-ft. 

25.  If  F  in  Fig.  10  is  80  lb.  and  the  length  of  each  of  the  edges  of  the  parallel opiped 
is  4  ft.,  find  the  moment  of  F  about  the  lower  front  edge  of  the  parallelopiped. 

26.  A  room  is  20  ft.  long,  15  ft.  wide,  and  12.5  ft.  high.  A  rope  is  attached  at  one 
of  the  upper  corners  of  the  room  and  extends  towards  the  center  of  the  floor.  A 
downward  pull  of  120  lb.  is  exerted  on  the  rope.  Find  the  magnitude  of  the  moment 
of  the  force  about  one  of  the  longer  edges  of  the  floor.  Ans.     M  =  636  Ib.-ft. 

14.  Couples. — Two  equal  parallel  forces  which  are  opposite  in  sense 
and  are  not  collinear  are 
called  a  couple.  A  couple 
cannot  be  reduced  to  any- 
simpler  force  system.  The 
fact  that  the  only  external 
effect  of  a  couple  is  to  pro- 
duce or  to  prevent  turning  is 
obtained  intuitively.  The 
moment  of  a  couple  about 
any  point  in  the  plane  of  the 
couple  (or  any  axis  perpen- 
dicular to  the  plane  of  the 

Fig  2*^ 
couple)  is  defined  as  the  alge- 
braic sum  of  the  moments  of  the  forces  of  the  couple  about  the  point 
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(or  axis).  From  this  definition  it  follows  that  the  moment  of  a  couple 
about  any  point  in  the  plane  of  the  couple  (or  axis  perpendicular  to  its 
plane)  is  the  product  of  the  magnitude  of  either  force  of  the  couple  and 
the  perpendicular  distance  (moment-arm)  between  the  action  lines  of 
the  two  forces.  This  statement  may  be  proved  as  follows:  In  Fig.  22 
let  P,P  be  the  two  forces  of  a  couple,  and  let  0  be  an}^  point  in  their 
plane  and  YY  anj^  axis  perpendicular  to  their  plane.  The  algebraic 
sum  of  the  moments  of  the  two  forces  about  0  (or  Y  Y)  is 

P-OB  -  POA, 
which  may  be  written  thus : 

P{OB  -  OA)  =  p.AB  =  Pp. 

The  moment  of  a  couple  will  be  regarded  as  positive  if  the  sense  of 

rotation  is  counter-clockwise,  and  the  units  used  in  expres.sing  the 

moment  are  the  same  as  for  the  moment  of  a  force  (Ib-ft.,  Ib.-in.,  etc.). 

In  like  manner  the  moment  of  the  couple  may  be  shown  to  be  the 

same  about  any  other  point  in  the  plane  (or  any  other  axis  parallel  to 

YY).  Since  the  moment  of  a  couple 
depends  only  on  the  product  of  either 
force  of  the  couple  and  the  arm  of  the 
couple,  it  follows  that  the  turning  effect 
of  a  couple  on  a  rigid  body  about  an  axis 
in  the  body  is  the  same  for  different 
magnitudes  and  lines  of  action  of  the 
forces,  provided  that  the  moment  and 
sense  of  the  couple  remains  constant, 
and  the  direction  of  the  plane  of  the 
couple  does  not  change.  For  example, 
in  Fig.  23,  if  cords  are  wrapped  around 
two  pulleys,  of  radii  ri  and  r2,  which 
are  keyed  together,  and  if  equal  weights 
are  attached  to  the  ends  of  the  cords, 
the  pulleys  will  rotate  exactly  the  same 
as  they  would  if  forces  F,  F  were  applied 
as  shown  by  the  dotted  lines,  provided 
that  the  moments  of  the  two  couples  are  the  same,  that  is  if  Tr(r2  —  ri) 
is  equal  to  F-2r2.  On  the  other  hand  if  motion  is  to  be  prevented  a 
couple  having  a  moment  of  —{F-2r2)  would  be  required. 

15.  Characteristics  of  a  Couple. — The  external  effect  of  a  couple 
when  applied  to  a  rigid  body  is  either  to  cause  a  change  in  the  rotational 
motion  of  the  body  or  to  develop  a  resisting  couple  due  to  the  actions  of 
other  bodies  on  the  body  in  question.     Both  of  the  foregoing  effects 


Fig.  23. 
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may  of  course  be  produced  simultaneously.  From  experience  we  learn 
that  the  external  effect  of  a  couple  depends  on  (1)  the  magnitude  of  the 
moment  of  the  couple,  (2)  the  sense  or  direction  of  rotation  of  the  couple, 
and  (3)  the  aspect  of  the  plane  of  the  couple,  that  is,  the  direction  or 
slope  of  the  plane  (not  its  location).  These  three  properties  of  a  couple 
are  called  its  characteristics.  Since  parallel  planes  have  the  same  aspect 
it  follows  from  what  has  been  stated  above  that  two  couples  which  have 
the  same  moment  and  sense  are  equivalent  if  they  lie  in  parallel  planes. 
The  fact  that  the  external  effect  of  a  couple  is  independent  of  the  posi- 
tion of  the  plane  of  the  couple  and  depends  only  on  the  direction  of  the 
plane  is  amply  verified  by  experience.  Thus,  in  screwing  a  pipe  into  a 
joint  by  means  of  two  pipe  wrenches  the  forces  applied  at  the  end  of  the 
wrenches  constitute  a  couple,  and  it  is  a  matter  of  experience  that  the 
effort  required  is  the  same  regardless  of  the  position  along  the  pipe  at 
which  the  wrenches  are  applied. 

16.  Transformations  of  a  Couple. — It  should  be  noted  that  several 
modifications  in  a  couple  can  be  made  without  changing  any  of  the 
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Fig.  25. 


characteristics  of  the  couple;  namely,  (a)  a  couple  may  be  translated 
to  a  parallel  position  in  its  plane  or  to  any  parallel  plane;  (6)  it  may  be 
rotated  in  its  plane;  and  (c)  the  magnitude  of  the  two  forces  of  the 
couple  and  the  distance  between  them  may  be  changed  provided  that 
the  product  of  either  force  and  the  distance  between  the  two  forces 
remains  constant.  Although  our  acceptance  of  the  truth  of  these  state- 
ments is  a  direct  outgrowth  of  experience,  it  is  of  value  to  show  that  the 
transformations  of  a  couple  are  in  accordance  with  the  parallelogram 
law  and  the  principle  of  transmissibility. 

For  example,  in  Fig.  24  let  a  couple  consist  of  the  two  equal  forces  Fi 
and  F2  having  a  moment-arm  a.  The  forces  may  be  resolved  at  A  and 
B,  respectively,  into  components  so  that  one  component,  F"i,  of  Fi  is 
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equal  and  opposite  to,  and  collinear  with,  one  component,  F'2,  of  F2. 
These  two  components  will  therefore  cancel,  and  hence  the  couple  con- 
sisting of  the  forces  F\  and  ¥"2  {  =  F'i)  having  the  moment-arm  6  is 
equivalent  to  the  original  couple.  Further,  the  forces  F'\  and  F"2  may 
be  applied  at  any  points  along  their  action  hues,  as  at  A'  and  B' . 

It  follows  from  the  transformations  of  a  couple  that  the  resultant  of 
any  two  couples  in  a  plane  (or  in  parallel  planes)  is  a  couple  whose 
moment  is  the  algebraic  sum  of  the  moments  of  the  two  couples.  Con- 
sider for  example  the  two  couples  Pjp  and  Qq  in  Fig.  25(a).  By  means  of 
transformation  (c),  the  couple  Qq  may  be  replaced  by  an  equivalent 
couple  whose  forces  are  each  equal  to  P  if  the  moment-arm  is  changed 
from  g  to  p',  where  p'  =  Qq/P  since  Py'  =  Qq.  If  now  this  trans- 
formed couple  is  rotated  and  translated,  it  can  be  placed  in  the  position 
shown  in  Fig.  25(6)  so  that  the  two  collinear  forces  P,P  will  cancel, 
leaving  as  a  resultant  of  the  two  couples  a  couple  whose  moment  is 
P(p  -\-  Qq/P)  =  Pp  +  Qq,  the  sense  of  the  resultant  couple  in  this  case 
being  negative. 

By  the  same  procedure,  this  resultant  couple  could  be  combined  with 
a  third  couple,  and  so  on.  Hence  it  follows  that  the  resultant  of  any 
number  of  couples  in  a  plane  is  a  couple  whose  moment  is  equal  to  the 
algebraic  sum  of  the  moments  of  the  couples. 


ILLUSTRATIVE   PROBLEM 

Problem  27. — By  use  of  the  transformations  of  a  couple,  replace  the  couple 
shown  in  Fig.  26(a)  by  an  equivalent  couple  whose  forces  are  vertical  and  act 
through  the  points  C  and  D. 

6  lb.         6  lb. 

10  lb.  10  lb.  i 

C      2'     D 


10  lb.  10  lb. 


^Tl'fcl 


(c) 


(d) 


Fig.  26. 


Solution. — The  couple  shown  in  Fig.  26(a)  may  be  rotated  through  90°  in  its 
plane  and  then  translated  (in  its  plane)  into  the  position  shown  in  Fig.  26(6)  by  use 
of  transformations  (6)  and  (a)  of  Art.  16.  By  use  of  transformation  (c)  the  forces 
may  be  reduced  from  10  lb.  to  5  lb.  and  the  arm  increased  from  1  ft.  to  2  ft.  as  shown 
in  Fig.  26(c).  Finally  by  use  of  transformation  (o)  the  couple  in  Fig.  26(f)  may  be 
translated  into  a  parallel  plane  as  shown  in  Fig.  26(c?).  The  couple  in  Fig.  26(rf)  has 
the  same  moment,  aspect,  and  sense  as  the  couple  in  Fig.  26(a)  and  honcc  if  apphcd 
to  the  body  would  produce  the  same  external  eflfect  on  the  body  as  would  the  original 
couple. 
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10  lb. 


PROBLEMS 

28.  Show  by  use  of  the  transformations  of  a  couple  (applied  in  any  order)  that 
the  couple  consisting  of  two  20-lb.  forces  acting  on  the  body  at  A  and  B  in  Fig.  27 
may  be  replaced  by  the  two  10-lb.  forces  at  C  and  D  without  changing  the  external 
effect  on  the  body. 

29.  In  Fig.  27  let  a  couple  having  a  clockwise 
moment  of  60  lb. -ft.  be  applied  to  the  body  in  the  ver- 
tical face  AD,  the  forces  being  vertical  and  having 
points  of  application  at  A  and  B.  By  use  of  the  trans- 
formations of  a  couple,  find  an  equivalent  couple  con- 
sisting of  horizontal  forces  applied  at  E  and  C. 

30.  In  Fig.  27  replace,  by  use  of  the  transformations 
of  a  couple,  the  two  couples  shown  by  anj'  equivalent 
couple  and  show  this  couple  acting  on  the  Lody. 

31.  A  couple  consisting  of  two  horizontal  forces  of  20  lb.  each  and  having  a 
counter-clockwise  sense  acts  on  the  body  shown  in  Fig.  26(a).  The  forces  act  along 
the  lines  EK  and  HB,  the  distance  EH  being  L5  ft.  Transform  the  couple  into 
an  equivalent  couple  whose  forces  are  vertical  and  act  through  C  and  D. 

32.  A  couple  having  a  clo-kv/ise  moment  of  40  Ib-ft.  consists  of  two  forces  acting 
along  the  lines  CE  and  DK  in  Fig.  26(a).  Transform  the  couple  into  an  equivalent 
couple  consisting  of  forces  parallel  to  BH  and  acting  at  points  A  and  G,  the  length 
of  AG  being  3  ft. 


17.  Vector  Representation  of  a  Couple. — In  dealing  with,  couples  it 
is  convenient  to  represent  them  by  means  of  vectors.  In  order  to  repre- 
sent a  couple  completely  by  a  vector,  all  the  characteristics  of  the  couple 
must  be  represented.  The  moment  of  the  couple  may  be  represented 
to  scale  by  the  length  of  the  vector.  The  aspect  of 
the  couple  may  be  represented  by  drawing  the  vector 
perpendicular  to  the  plane  of  the  couple.  The  sense 
of  the  couple  may  be  represented  bj^  an  arrow-head 
on  the  vector,  the  usual  convention  being  to  direct  the 
arrow-head  away  from  the  plane  of  the  couple  in  the 
direction  from  which  the  rotation  appears  counter- 
clockwise. This  method  of  representing  the  sense  of  a 
couple  involves  the  so-called  convention  of  the  right- 
handed  screw,  since  a  right-handed  screw  having  an 
axis  perpendicular  to  the  plane  of  the  couple  would 
move  in  the  direction  of  the  arrow  if  given  a  rotation  which  agrees  in 
sense  with  that  of  the  couple.  Thus,  in  Fig.  28  the  vector  OA  com- 
pletely represents  the  couple  Fd,  provided  that  the  length  of  OA  repre- 
sents to  scale  the  product  F-d. 

The  fact  that  a  couple  can  be  completely  represented  by  a  vector  is 
of  considerable  importance  in  problems  involving  the  composition  and 


Fig.  28. 
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resolution  of  couples.  For  example  if  two  couples  in  different  planes  be 
represented  by  vectors  and  the  resultant  of  these  vectors  be  found  by 
the  parallelogram  law,  the  resultant  vector  completely  represents  a 
couple  that  is  the  resultant  of  the  two  couples. 


PROBLEMS 

33.  The  steering  wheel  of  an  automobile,  shown  in  Fig.  29,  is  18  in.  in  diameter. 
Forces  exerted  by  the  driver's  hands  on  the  wheel  constitute  a  couple  which  is  repre- 
sented by  the  vector  AB.  If  the  length  of  AB  is  1.5  in.  and  the  scale  used  is  1  in. 
=  60  Ib.-in.,  represent  the  forces  of  the  couple  on  the  circumference  of  the  wheel. 


Fig.  30. 


34.  A  couple  having  a  moment  of  60  Ib.-in.  is  required  to  open  the  blow-off  valve 
shown  in  Fig.  30.  Represent  the  couple  completely  by  a  vector,  using  a  scale  of 
1  in.  =  24  Ib.-in. 

35.  In  Fig.  17  (a)  let  a  30-lb.  force  be  applied  to  the  point  C  and  act  from  C  towards 
A.  Represent  by  a  vector  the  couple  composed  of  this  force  and  the  30-lb.  force 
shown  in  the  figure. 

36.  In  Fig.  27  represent  by  a  vector  the  couple  consisting  of  the  two  20-lb. 
forces. 

37.  If  each  force  P  in  Fig.  22  is  60  lb.  and  p  is  5  in.,  represent  the  couple  by  a 
vector. 


18.  Resolution  of  a  Force  into  a  Force  and  a  Couple. — In  many 
problems  in  mechanics  it  is  convenient  to  resolve  a  force  into  a  force 
parallel  to  the  given  force,  and  a  couple  in  the  plane  of  the  force.  Thus, 
in  Fig.  31,  let  P  represent  a  force  acting  on  a  body  at  A.  Let  two  equal, 
opposite,  and  collinear  forces  P,P  be  introduced  at  any  point  0,  each 
of  the  forces  being  parallel  to  the  original  force  and  of  the  same  mag- 
nitude. The  three  forces  are  equivalent  to  the  original  one,  since  the 
two  equal,  opposite,  and  collinear  forces  have  no  external  effect  on  the 
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body.  The  force  system  may  now  be  considered  to  be  a  force  P  acting 
at  0  (parallel  to  the  given  force  and  of  the  same  magnitude  and  sense), 
and  a  couple,  the  moment  of  which  is  the  same  as  the  moment  of  the 
original  force  about  0.  The  magnitudes  and  action  lines  of  the  forces 
of  this  couple,  however,  may  be  changed  in  accordance  with  the  trans- 
formations of  a  couple  discussed  in 
Art.  16. 

Since  a  force  may  be  resolved  into 
a  force  and  a  couple  lying  in  the  same 
plane,  it  follows  conversely,  that  a 
force  and  a  couple  lying  in  the  same 
plane  may  be  combined  into  a  resul- 
tant force  in  the  plane,  having  the  same 
magnitude,  direction,  and  sense  as  the 
given  force.     For  if  a  force  P  and  a  FiQ-  31. 

couple  lie  in  the  same  plane,  the  couple 

may  be  transformed  into  an  equivalent  couple  consisting  of  two  forces 
each  equal  to  P,  one  of  which  is  coUinear  with,  and  opposite  in  sense 
to,  the  given  force.  These  last  two  forces  cancel,  leaving  as  a  resultant 
of  the  system  the  remaining  force  P  of  the  couple. 

The  sole  effect,  then,  of  combining  a  couple  with  a  force  is  to  move 
the  action  line  of  the  force  into  a  parallel  position,  leaving  its  magnitude 
and  sense  unchanged. 

ILLUSTRATIVE   PROBLEM 

Problem  38. — In  Fig.  32(a)  is  shown  a  body  mounted  on  an  axle  O  and  acted  on 
by  a  force  P  of  20  lb.  at  C.  Resolve  the  force  P  into  a  force  acting  through  0  and 
a  couple  consisting  of  two  horizontal  forces  acting  at  A  and  B. 


Fig.  32. 


Solution. — By  introducing  two  equal  and  opposite  forces,  Pi,Pi  acting  at  0  and 
having  the  same  magnitude  as  P,  the  external  efifect  of  P  will  not  be  changed.  But 
the  force  system  may  now  be  considered  to  be  a  downward  force  Pi  (indicated  by 
the  dashed  line)  at  0  and  a  counter-clockwise  couple  having  a  moment  Pp  =  Pip  = 
20  X  10  =  200  Ib.-in.,  the  forces  of  which  are  represented  by  the  fiJl-lined  vectors. 
This  couple  may  be  transformed,  by  rotating  and  translating  the  couple  and  by 
changing  the  magnitude  of  the  forces  and  the  moment-arm  (without  changing  the 
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moment  of  the  couple),  to  the  couple  represented  by  the  40-lb.  horizontal  forces  at 
A  and  B  (Fig.  326).  Thus  the  three  forces  represented  by  dashed  lines  (the  down- 
ward 20-lb.  force  at  0  and  the  couple  consisting  of  the  two  40-lb.  forces  acting  at 
A  and  B)  are  equivalent  to  the  original  force  P  acting  at  C. 


PROBLEMS 

39.  If  the  force  P  in  Fig.  6  has  a  magnitude  of  30  lb.,  find  the  force  acting  at  C 
and  the  couple  having  horizontal  forces  acting  through  A  and  D  that  will  replace 
P  without  changing  the  external  effect  on  the  body.  The  squares  in  the  figure  have 
sides  1  ft.  long. 

40.  A  gusset  plate  B  (Fig.  33)  is  attached  to  another  plate  A  by  means  of  four 
rivets  as  shown.  A  force  of  10,000  lb.  at  the  point  0  (1.5  in.  below  the  horizontal 
dotted  line)  is  transmitted  to  the  member  A.  Resolve  this  force  into  a  force,  acting 
along  the  horizontal  dotted  Une,  and  a  couple. 


W-20  lb. 


Fig.  33. 


Fig.  34. 


41.  A  body  weighing  20  lb.  is  mounted  on  an  axle  0  (Fig.  34)  and  is  acted  on  by 
a  couple  as  shown  in  the  figure,  in  addition  to  its  weight  and  the  axle  reaction  at 
0  (not  shown).    Replace  the  weight  and  the  couple  by  an  equivalent  single  force. 

Ans.     i2  =  20  lb.  downward  and  9  in.  to  right  of  TF. 

42.  Resolve  the  60-lb.  force  in  Fig.  35  into  a  force  acting  at  A  and  a  couple 
whose  forces  are  horizontal  and  act  at  B  and  C 


60  lb 


40  lb. 


i-8^ 


CO  lb. 


A 

1 

Fig.  35. 


Fig.  36. 


43.  Replace  the  force  and  couple  shown  acting  on  the  body  in  Fig.  36  by  a  force 
that  will  produce  the  same  external  effect  (reactions  at  A  and  B).  Show  on  the 
body  the  vector  representing  this  force. 
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44.  Replace  the  30-lb.  force  in  Fig.  5  by  a  force  acting  at  A  and  a  couple  composed 
of  horizontal  forces  acting  at  the  upper  left-hand  corner  of  the  body  and  at  the  point 
of  application  of  the  40-lb.  force,  so  that  the  reactions  at  A  and  B  will  be  unchanged. 
The  squares  in  the  figure  have  sides  1  ft.  long. 


19.  Methods  of  Solution  of  Problems.  Algebraic  and  Graphical 
Methods. — In  the  analysis  and  solution  of  problems  in  mechanics,  two 
general  methods  may  be  used,  namely,  algebraic  and  graphical  methods. 
In  the  algebraic  method  of  solution  results  are  calculated,  whereas  in  the 
graphical  method  results  are  obtained  by  measuring  distances  and  angles 
in  geometric  constructions.  Simple  graphical  methods  have  already 
been  used  in  the  preceding  articles  in  connection  with  forces  and  couples. 
In  general,  either  of  the  two  methods  may  be  used  in  the  solution  of  a 
problem.  Some  problems,  however,  may  be  solved  more  easily  by  the 
algebraic  method,  whereas  other  problems  yield  more  readily  to  the 
graphical  method.  The  operations  involved  in  the  solution  of  a  prob- 
lem by  the  two  methods  are  so  different  that  one  method  of  solution 
serves  as  an  excellent  check  on  the  other  method. 

Method  of  Trial  and  Error. — A  common  engineering  method  used  for 
computing  an  approximate  result  for  an  unknown  quantity  in  an  alge- 
braic equation  is  called  the  method  of  trial  and  error  or  the  method  of 
successive  approximations. 

To  illustrate  the  method,  let  it  be  required  to  compute  the  value  of 
the  independent  variable  x  in  the  equation  y  =  2x^  —  Sx^  corresponding 
to  a  known  value  of  the  dependent  variable  y.  In  the  method  of  trial 
and  error,  a  trial  value  (a  first  guess  or  first  approximation)  for  x  is  sub- 
stituted in  the  equation  and  the  resulting  value  of  y  is  computed.  This 
value  of  y  is  compared  to  the  known  value  of  y  and  the  error  noted. 
If  the  first  trial  value  of  x  gives  a  value  for  y  different  from  the  known 
value,  a  second  trial  value  of  x  is  used  that  will  cause  the  corresponding 
computed  value  of  y  to  approach  closer  to  the  known  value  of  y.  This 
method  of  successive  approximations  may  be  continued  until  the  final 
trial  value  of  x  causes  the  corresponding  computed  value  of  y  to  differ 
from  the  knoTv^l  value  as  little  as  may  be  desired,  and  hence  a  value  of  x 
is  found  that  approaches  as  closely  as  desired  to  the  true  value  of  x. 

Frequently  by  plotting  several  trial  values  of  the  independent  vari- 
able as  abscissas  and  the  corresponding  computed  values  of  the  depend- 
ent variable  as  ordinates,  and  drawing  a  curve  through  the  plotted 
points,  a  relatively  small  number  of  trial  computations  may  be  required 
for  determining  a  final  value  having  a  specified  or  permissible  error, 
since  the  trend  of  the  curve  thus  obtained  is  an  aid  in  choosing  the  suc- 
cessive trial  values. 
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Degree  of  Accuracy. — In  making  computations  it  is  important  to 
keep  in  mind  the  degree  of  accuracy  which  should  be  obtained.  The 
degree  of  accurac}^  desired  will  depend,  in  general,  on  two  factors,  namely: 

(1)  The  degree  of  accuracy  of  the  original  data  or  quantities  on 
which  the  computation  is  based,  and 

(2)  The  use  wliich  is  to  be  made  of  the  computed  results. 

The  data  on  which  many  engineering  computations  are  based  are 
determined  from  experiments  and  hence  are  approximate  values,  the 
degree  of  approximation  depending  on  the  instruments  and  methods 
used,  and  on  the  care  and  skill  of  the  observer.  The  computed  results 
which  are  based  on  these  values  cannot  have  a  greater  degree  of  accuracy 
than  that  of  the  original  data.  In  general  a  sum,  difference,  product,  or 
quotient  of  two  approximate  values  will  not  have  a  greater  degree  of 
accuracy  than  that  of  the  less  accurate  of  the  two  numbers.  For 
example,  if  one  numerical  quantity  is  accurate  to  two  significant  figures 
and  another  quantity  to  three  significant  figures,  the  product  of  the  two 
numbers  will  not  be  accurate  to  more  than  two  significant  figures,  and 
hence  more  than  two  significant  figures  should  not  be  retained  in  the 
result. 

The  degree  of  accuracy  of  results  obtained  b}^  graphical  methods 
depends  on  the  care  with  which  the  gi-aphical  diagrams  are  constructed 
and  on  the  scale  (or  scales)  used  in  the  construction.  The  scale  should 
be  sufficiently  large  to  make  it  possible  to  obtain  results  whose  accuracy 
is  comparable  to  the  accuracy  of  the  original  data. 

ILLUSTRATIVE   PROBLEM 

Problem  45. — In  the  equation  i/  =  Ax-  —  Bx,  y  =  10,  A  =  16,  and  B  =  50. 
Compute  by  the  method  of  trial  and  error,  the  value  of  x  to  three  significant  figures. 

Solutio7i. — The  equation  becomes  ?/'  =  IGr^  —  50.r  and  since  the  value  of  y  is  10, 
a  value  of  x  must  be  found  that  will  make  the  value  of  //'  (or  16x-  —  50x)  equal  to 
1000.    As  a  first  trial  value  let  x  =  8.    The  first  trial  computation  then  gives 

?/3  =  16  X  64  -  50  X  8  =  624 
This  value  of  y^  is  too  small;  hence  try  x  =  9  and  we  then  obtain 

?/'  =  16  X  81  -  50  X  9  =  846 
This  value  of  y^  is  still  too  small.     By  trying  x  =  9.6  we  obtain 

2/^  =  16  X  92.2  -  50  X  9.6  =  995 

Thus  X  has  a  value  slightly  greater  than  9.6.     Assuming  x  =  9.63  as  a  fourth  trial 
value  of  X,  we  find 

?/  =  16  X  92.7  -  50  X  9.63  =  1001.7 

Further  approximations  will  not  change  the  value  of  the  third  significant  figure  and 
hence  x  =  9.63. 
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PROBLEMS 

46.  The  equation  Q  =  0.622  \/2g{b  -  0.2/i)/i^  is  used  to  determine  the  quantity 
of  water  flowing  per  unit  of  time  over  a  rectangular  weir  of  width  b  when  the  height 
of  water  above  the  weir  is  h,  g  being  the  acceleration  due  to  gravitj^  (32.2  ft./sec.^). 

If  Q  equals  24.4  cu.  ft.  per  sec.  and  b  equals  3  ft.,  compute,  by  the  method  of 
trial  and  error,  the  value  of  h  to  three  significant  figures.  Note:  This  formula  is 
valid  only  when  0.2h  is  small  compared  with  b.  Hence  the  term  0.2/i  may  be  omitted 
and  a  trial  value  of  h  may  be  found  by  solving  the  resulting  equation.  This  value 
of  h  may  now  be  used  in  the  term  0.2h  and  a  second  trial  value  of  h  may  be  obtained 
by  solving  the  resulting  equation.    This  process  may  be  repeated. 

Ans.     h  =  L48  ft. 

47.  Find  to  three  significant  figures,  by  the  method  of  trial  and  error,  the  value 
of  X  that  will  satisfy  the  equation  2x^  +  3x  =  20. 

48.  In  finding  the  diameter,  d,  of  a  pipe  required  to  discharge  a  given  quantity 
of  water,  the  formula  d^  =  Ad  +  5  is  used.  If  A  =  15.5  and  B  =  400,  compute, 
by  the  method  of  trial  and  error,  the  value  of  d  to  three  significant  figures. 

Ans.     d  =  3.39. 

49.  In  Prob.  45,  let  y  =  5,  A  =2,  and  B  =  4.  Find  to  three  significant  figures 
the  value  of  x,  using  the  method  of  successive  approximations. 

20.  Dimensional  Equations. — In  algebraic  equations  in  which  the 
variables  represent  physical  quantities,  all  the  terms  of  the  equation 
must  be  of  the  same  dimensions,  or,  to  express  the  same  idea  in  mathe- 
matical language,  an  algebraic  equation  which  expresses  a  relation 
between  physical  quantities  must  be  homogeneous.  The  use  of  this 
principle  is  of  assistance  in  checking  any  equation  for  correctness,  and  in 
determining  the  specific  units  in  which  a  result  is  expressed  when  com- 
puted from  a  given  equation.  For  each  of  these  purposes  the  given 
algebraic  equation  is  replaced  by  a  dimensional  equation. 

The  dimensional  equation  corresponding  to  any  algebraic  equation 
is  formed  by  replacing  each  term  of  the  given  equation  by  a  term  which 
indicates  the  kinds  of  fundamental  quantities  in  which  the  term  is 
expressed  and  which  also  indicates  the  degree  of  the  corresponding 
quantities  in  each  term. 

The  fundamental  quantities  used  in  engineering  are  force,  mass, 
length,  and  time  (F,  M,  L,  and  T).  Hence,  in  an  equation,  a  term 
which  represents  an  area  is  replaced  by  L^  in  the  dimensional  equation 
since  an  area  is  the  square  of  a  length.  A  velocity  is  a  length  divided  by 
time  and  hence  is  represented  in  the  dimensional  equation  by  LT~^, 
and  similarly  for  other  quantities.  It  should  be  noted  that  in  the 
dimensional  equation  onlj-  the  kinds  of  fundamental  quantities  are  indi- 
cated and  not  the  specific  units  used  in  measuring  these  quantities,  and 
also  that  the  number  of  such  units  is  not  indicated.     Hence,  numerical 
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constants  in  the  algebraic  equation  do  not  appear  in  the  dimensional 
equation. 

For  example,  consider  the  equation  ad^  +  d^  =  v,  in  which  a  repre- 
sents an  area,  d  a  length,  and  v  a  volume.  Since  an  area  is  the  square 
of  a  length  (L^)  and  a  volume  is  the  cube  of  a  length  (L^),  the  dimen- 
sional equation  is  L^  -\-  L^  =  L^,  and  hence  the  given  equation  is 
incorrect. 

Consider  also  the  equation  P  -\-  kv  =  as,  in  which  P  represents  a 
force,  k  a  weight  (force)  per  unit  volume,  v  a  volume,  a  an  area,  and  s 
a  force  per  unit  area.    The  dimensional  equation  then  may  be  written: 

F  +  L.L^^L^-^, 

That  is: 

F  -\-  F  =  F, 

and  hence  the  equation  is  dimensionally  correct. 

PI 
Furthermore,  consider  the  equation  E  =  —  ,  in  which  P  represents 

ae 

a  force  in  pounds,  I  a  length  in  inches,  a  an  area  in  square  inches,  and  e  a 
length  in  inches.  Let  it  be  required  to  determine  the  units  in  which  E 
is  expressed.     The  dimensional  equation  is 

j,_F  X  L  _  F 
L'XL       L^' 

Hence,  in  accordance  with  the  units  stated  (pound  and  inch),  E  is  ex- 
pressed in  pounds  per  square  inch  (Ib./sq.  in.  or  Ib./in.^). 

Further  use  is  made  of  dimensional  equations  in  applying  the  results 
obtained  in  experimental  investigations  on  models  to  their  full-scale 
counter-parts.  Space  in  this  book,  however,  does  not  permit  of  the 
discussion  of  this  subject,  commonly  referred  to  as  dimensional  anal^^sis. 

PROBLEMS 

50.  In  the  equation  s  =  ^{u  +  v)t,  s  is  a  length,  u  and  v  are  lengths  per  unit  time, 
and  t  is  time.     Is  the  equation  dimensionally  correct? 

51.  The  equation  s  =  Mc/I  is  dimensionally  correct.  What  are  the  dimensions 
of  M  if  s  is  a  force  per  unit  area,  c  is  a  length,  and  /  is  a  length  to  the  fourth  power? 

Ans.     FL. 

62.  In  the  equation  d^  =  A(f  +  Bd,  if  d  is  a  length,  what  are  the  dimensions  of 
A  and  B? 

53.  In  the  equation  given  in  Prob.  46,  what  are  the  units  in  which  Q  is  expressed 
if  b  and  h  are  expressed  in  feet? 
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64.  The  equation  6  =  ut  is  dimensionally  correct;  u  is  an  angle  (expressed  in 
radians)  per  unit  of  time,  and  I  is  time.  What  are  the  dimensions  of  6.  Note:  Since 
a  radian  is  a  length  along  the  arc  of  a  circle  divided  by  the  length  of  the  radius,  an 
angle  expressed  in  radians  has  no  dimensions. 

Ans.     6  is  a  dimensionless  number. 

55.  Is  the  equation  x^  +  ax^  +  bx  +  ab/x  =  0  dimensionally  correct  if  x,  a,  and 
6  represent  physical  quantities?  Ans.     No. 

REVIEW    QUESTIONS  AND   PROBLEMS 

Note:  The  following  review  questions  and  problems,  as  well  as  similar  ones  at 
the  close  of  subsequent  chapters,  are  meant  to  set  before  the  student  a  definite 
review  assignment  of  the  essential  parts  of  the  theory  and  applications  covered  in 
the  chapter,  by  the  use  of  which  the  student  may  test  for  his  own  satisfaction  his 
mastery  of  the  subject. 

56.  Correct  the  following  false  statement:  The  resultant  of  two  concurrent  forces 
that  act  on  a  rigid  body  is  a  single  force  that  will  replace  the  two  forces  and  produce 
the  same  internal  effect  on  the  body. 

57.  What  properties  of  a  force  are  represented  in  a  vector  diagram?  What 
properties  of  a  force  are  represented  in  a  space  diagram? 

58.  Is  the  following  statement  correct?  In  finding  the  resultant  of  two  con- 
current forces  graphically,  by  use  of  a  vector  diagram  and  a  space  diagram  (not 
superimposed),  onlj'  one  point  on  the  action  line  of  the  resultant  is  located  in  the 
space  diagram,  this  point  being  the  intersection  of  the  action  lines  of  the  two  given 
forces. 

59.  Is  it  true  that  the  action  lines  of  any  two  components  of  a  force  must  inter- 
sect on  the  action  line  of  the  force? 

60.  What  is  wrong  with  the  following  statement?  If  a  force  whose  action  hne 
lies  in  the  .ry-plane  and  passes  through  the  origin  is  resolved  into  two  components, 
one  of  which  lies  along  the  x-axis,  the  other  component  must  lie  along  the  y-axis. 

61.  The  following  statement  is  indefinite  and  incomplete:  The  moment  of  a 
force  with  respect  to  an  axis  is  the  product  of  the  component  of  the  force  that  is 
perpendicidar  to  the  axis  and  the  perpendicular  distance  from  the  axis  to  this  com- 
ponent.    Criticize  the  statement. 

62.  Part  of  the  following  statement  is  untrue;  indicate  the  part  that  should 
be  omitted.  If  the  algebraic  sum  of  the  moments  of  two  concurrent  forces  about  a 
point  O  in  their  plane  is  zero,  it  follows  from  the  principle  of  moments  that  (a)  the 
resultant  of  the  two  forces  is  equal  to  zero  and  (b)  the  action  line  of  the  resultant 
passes  through  the  point  0. 

63.  Is  the  following  statement  correct?  The  moment  of  a  couple  is  the  product 
of  one  of  the  two  forces  and  one-half  the  distance  between  the  two  forces. 

64.  Is  the  following  statement  correct?  The  moment  of  a  couple  about  a  point 
midway  between  the  two  forces  of  the  couple  is  one-half  as  large  as  the  moment  of  the 
same  couple  about  a  point  on  the  action  line  of  one  of  the  forces. 

65.  Three  of  the  five  parts  of  the  following  statement  are  wrong.     Correct  the 
errors.     If  a  force  P  acting  on  a  rigid  body  is  resolved  into  a  force  Q  and  a  couple  C,  ■ 
then  Q  must  (1)  have  the  same  magnitude  as  P,  (2)  be  perpendicular  to  P,  (3)  be 
opposite  to  P;   and  C  must  (4)  have  a  moment  equal  to  the  product  of  P  and  the 
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distance  between  P  and  Q,  (5)  have  a  sense  the  same  as  the  sense  of  rotation  of  Q 
about  a  point  on  P. 

66.  The  top  of  a  table  is  3  ft.  wide  and  5  ft.  long.  A  string,  attached  to  the 
table  at  the  center  of  the  top,  extends  towards  a  point,  B,  on  one  of  the  long  edges 
6  in.  from  a  corner.  A  puU  of  20  lb.  is  exerted  on  the  string.  Find  the  components 
of  the  pull  parallel  to  the  two  edges  of  the  table  and  draw  a  sketch  showing  the 
components  acting  on  the  top.  Ans.     16  1b.;  12  1b. 

67.  In  the  preceding  problem  find,  by  the  principle  of  moments,  the  moment  of 
the  20-lb.  force  about  the  corner  of  the  table  nearest  to  the  point  B.  Check  the 
result  by  finding  the  moment-arm  and  calculating  the  moment  of  the  20-lb  force 
directly.  Ans.     M  =  6  Ib.-ft. 

68.  A  force  P  of  20  lb.  acts  as  shown  in  Fig.  37.  Resolve  P  into  three  com- 
ponents along  the  edges  of  the  cube  and  find,  by  the  principle  of  moments,  the 
moment  of  P  with  respect  to  the  axis  YY.  Ans.     M  =  46.2  Ib.-ft. 


Fig.  37. 


■-■^0' 

Fig.  38. 


69.  The  point  of  application  of  a  force  P  that  is  parallel  to  the  .rz-plane  is  at  0' 
(Fig.  38).  The  moments  of  P  with  respect  to  the  x-,  y-,  and  2-axis  are  —20  Ib.-ft., 
+30  Ib.-ft.,  and  +40  Ib.-ft.,  respectively,  the  signs  of  the  moments  being  in  accord- 
ance with  the  convention  stated  in  Art.  12.  Find  the  force  P  and  represent  it  by  a 
vector  in  the  figure.  A)is.     P  =  22.4  lb. 


Rf-- 


_-M 


a' 


lU  lb.      " 


L 

Fig.  39. 


Fig.  40. 


\  70.  Replace  the  force  and  couple  acting  on  the  body  AB  hi  Fig.  39  by  a  single 
force  that  will  produce  the  same  reactions  at  A  and  B.  Solve  by  use  of  the  trans- 
formations of  a  couple. 

Ans.     A  horizontal  10-lb.  force  to  the  left  with  action  lino  26  in.  below  A. 
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71.  Do  the  vectors  C",  C",  and  C"  in  Fig.  40  correctly  represent  the  couples 
Ci,  C2  and  C3?     The  vector  C  lies  alonj?  the  y-axis. 

.4  ns.     Two  of  the  vectors  have  the  wrong  sense. 

72.  The  equation  Q  =  Tl/EJ  is  dimensionally  correct.  What  are  the  dimensions 
of  /,  if  d  is  an  angle  in  radians,  T  is  the  moment  of  a  force,  Z  is  a  length,  and  E  is 
a  force  per  unit  area?  Ans.     L^. 


CHAPTER  II 

RESULTANTS  OF  FORCE   SYSTEMS 

21.  Introduction. — The  determination  of  the  resultants  of  various 
force  systems  as  discussed  in  this  chapter  is  of  importance,  mainly, 
(1)  in  the  study  of  the  conditions  which  the  forces  of  a  system  satisfy 
when  they  hold  a  body  in  equilibrium  (Statics,  Chapter  III),  and  (2)  in 
the  study  of  the  laws  by  which  the  motions  of  bodies  are  governed 
(Part  III,  Kinetics). 

(1)  The  equations  of  equilibrium  for  a  given  type  of  force  system 
are  obtained  by  expressing  the  conditions  which  the  forces  must  satisfy 
in  order  that  the  resultant  of  the  system  shall  be  zero.  Therefore  the 
resultant  to  which  a  given  type  of  force  system  reduces  must  be  known 
before  the  conditions  which  are  required  to  make  the  resultant  equal  to 
zero  can  be  established.  Furthermore,  in  dealing  with  forces  in  equi- 
librium it  is  frequently  convenient  to  replace  several  of  the  forces  of  a 
balanced  system  by  the  resultant  of  the  several  forces  and  to  deal  with 
the  resulting  force  system  instead  of  the  original  system. 

(2)  The  motion  of  a  body  is  determined  by  the  resultant  of  the  forces 
which  act  on  the  body.  In  the  study  of  the  motions  of  physical  bodies, 
therefore,  a  knowledge  of  the  resultants  of  the  various  force  systems  and 
of  methods  of  expressing  the  characteristics  of  resultants  in  terms  of  the 
forces  of  the  system  must  be  understood.  The  force  systems  to  be  con- 
sidered in  the  following  pages  may  be  classified  as  follows : 


Force  Systems 


Coplanar 


Non-coplanar 


Concurrent 


j  Parallel  (Collinear  Forces) 
I  Non-parallel 


I  Parallel 

I  Non-parallel 


Non-concurrent 

Concurrent         |  Non-parallel 

,,  ^  f  Parallel 

Non-concurrent  {^^  „  , 

Non-parallel 


§  1.     Collinear  Forces 

22.  Algebraic  Method. — The  resultant  will  be  found  first  for  two 
collinear  forces,  P  and  Q,  having  the  same  sense.  It  is  a  matter  of 
*xperience  that  the  two  forces  are  equivalent  to  a  single  force  wliich  has 
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a  magnitude  equal  to  P  +  Q  and  a  line  of  action  and  sense  which  are 
the  same  as  the  line  of  action  and  sense  of  the  given  forces.  This  propo- 
sition, moreover,  follows  directly  from  the  parallelogram  law  (Art  10). 
Similarly,  the  resultant  of  two  collinear  forces  P  and  Q  having  opposite 
senses  (P  being  the  larger  of  the  two  forces)  is  a  force  the  magnitude  of 
which  is  given  by  the  equation  R  =  P  -  Q^  the  sense  of  R  being  the 
same  as  that  of  the  larger  force  P.  Hence,  the  resultant  of  any  two 
collinear  forces  is  a  single  force  having  the  same  line  of  action  as  the 
given  forces,  the  magnitude  and  sense  being  indicated  by  the  algebraic 
sum  of  the  forces.  The  extension  of  this  method  to  any  number  of 
collinear  forces  may  easily  be  made.  Thus  the  resultant  of  two  of  the 
forces  may  be  combined  with  a  third  force;  the  resultant  thus  obtained 
may  then  be  combined  with  a  fourth  force,  and  so  on,  until  the  entire 
system  is  reduced  to  a  single  resultant  force.  Therefore  the  magnitude 
of  the  resultant  of  a  coUinear  force  system  is  given  by  the  equation 

R  =  JIF. 

The  sense  of  R  is  determined  by  the  sign  of  the  SF. 

§  2.     CoPLANAR,  Concurrent,  Non-parallel  Forces 

23.  Graphical  Methods.  First  Method.— The  resultant  of  an  unbal- 
anced system  of  concurrent  forces  in  a  plane  is  a  force  which  may  be 
found  by  means  of  the  parallelogram  law.  In  Fig.  41  are  shown  three 
forces  Fi,  F2,  and  Fs,  which  act  on  a  body  at  the  point  0.  The  forces 
Fi  and  F2  may  be  combined  into  a  force 
Ri  by  means  of  the  parallelogram  law. 
Similarly  Ri  and  F^  may  be  combined 
into  a  force  R2.  R2  then  is  the  resultant 
of  the  given  forces.  By  continuing  this 
process,  any  number  of  concurrent  forces 
may  be  combined  into  a  single  force.  The 
order  in  which  the  forces  are  taken  is 
immaterial.     If  the  resultant  force  ob-  p       ., 

tained  by  combining  all  except  one  of  the 

forces  of  a  concurrent  system  is  equal  to  that  one,  collinear  with  it, 
and  of  opposite  sense,  the  two  forces  cancel  and  hence  the  resultant  of 
the  given  system  is  equal  to  zero. 

Second  Method. — Another  graphical  method  of  determining  the 
resultant  of  a  system  of  concurrent  forces  in  a  plane  involves  the  appli- 
cation of  the  triangle  law.  Consider,  for  example,  the  three  forces 
Fi,  F2,  and  F3  which  act  on  a  body  and  concur  at  a  point  0  as  shown  in 
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Fig.  42(a).  In  order  to  determine  the  resultant  of  the  three  forces,  draw 
from  any  arbitrary  point  A  (Fig.  426)  a  vector  representing  the  magni- 
tude and  the  direction  of  the  force  Fi ;  from  the  end  of  this  vector  draw 
another  vector  representing  the  magnitude  and  the  direction  of  the 
force  F2.  Ri,  the  resultant  of  Fi  and  F2,  is  represented  in  direction  and 
magnitude  by  the  vector  drawTi  from  A  to  the  end  of  F2.  To  find  the 
resultant  of  i?i  and  F3,  and  hence  of  the  three  given  forces,  di'aw  from 
the  end  of  Ri  (or  F2)  a  vector  representing  F3  in  magnitude  and  in 
direction.  The  resultant  of  7?i  and  F3  is  then  represented  in  magnitude 
and  in  direction  by  the  vector  R2  drawn  from  A  to  the  end  of  F3.  It 
should  be  noted  that  this  vector  R2  represents  the  magnitude  and  the 
direction,  only,  of  the  resultant  of  the  given  forces  and  not  the  action 

A 

/ 


^ 


/ 


/ 


(b) 


(a) 


Fig.  42. 


line  of  the  resultant.  The  action  line  of  the  resultant  must  pass  through 
the  point  0  in  the  body  at  which  the  forces  are  concurrent. 

This  method  01  determining  the  resultant  may  be  stated  formally 
as  follows :  In  order  to  find  the  resultant  of  a  system  of  concurrent  forces 
in  a  plane,  construct  a  polygon  (called  a  force  polygon)  the  sides  of  which 
are  vectors  representing  the  given  forces  in  magnitude  and  in  direction ; 
a  line  drawn  from  the  beginning  of  the  first  vector  to  the  end  of  the  last 
vector  represents  the  magnitude  and  the  direction  of  the  resultant  of  the 
given  system.  If  the  force  polygon  closes,  that  is,  if  the  end  of  the  last 
vector  coincides  with  the  beginning  of  the  first  vector,  the  resultant  of 
the  given  system  is  equal  to  zero. 

24.  Algebraic  Method. — In  Fig.  43(a)  is  represented  a  coplanar  force 
system  which  is  concurrent.  Each  of  the  four  forces  of  the  system 
may  be  resolved  into  two  components,  one  lying  along  the  .r-axis  and 
one  along  the  y-&xis.  The  a'-componcnts  of  the  forces  constitute  a 
collincar  system  the  resultant  of  which  is  a  force  along  the  j-axis.  The 
magnitude  of  this  resultant  is  equal  to  SF^.  The  ^-components  of  the 
forces  likewise  constitute  a  collinear  system  the  resultant  of  which  is  a 
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force  along  the  y-axis  of  magnitude  ZFy.     Since  the  system,   by  this 
method,  is  reduced  to  two  forces,  the  resultant  of  the  given  system  is  the 
resultant  of  these  two  forces.     If  the  magnitude  of  this  resultant  is 
Y 


(a) 


Fig.  43. 


denoted  by  R  and  the  direction  which  its  action  makes  with  the  x-axis 
by  the  angle  0^  as  shown  in  Fig.  43(b),  the  resultant  may  be  found  from 
the  equations:  

The  direction  of  the  resultant  could  also  be  determined  from  the  equation 


cos  Ox  = 


R 


or    sm  dx  = 


R 


The  action  line  of  the  resultant  must,  of  course,  pass  through  the  point 
of  concurrence  of  the  forces.  If  ZF^  =  0  and  ZFy  =  0,  the  resultant 
of  the  system  is  zero. 

ILLUSTRATIVE   PROBLEM 

Problem  73. — Find  the  resultant  of  the  sj-stem  of  concurrent  forces  shown  in 
Fig.  44(a). 

Algebraic  Solution: 

ZFx  =  20  cos  30°  -  30  cos  60°  -  10  cos  45°  +  25  cos  45° 

=  17.32  -  15  -  7.07  +  17.67  =  12.92  lb. 
ZFy  =  20  cos  60°  +  30  cos  30°  -  10  cos  45°  -  25  cos  45" 

=  10  +  25.98  -  7.07  -  17.67  =  11.24  lb. 
R  =  V(12.92)2  +  (11.24)-  =  17.1  lb.     (Fig.  446) 
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and 


,  11.24 

6x  =  tan-i =  41' 

12.92 


Graphical  Solution: 

To  determine  the  resultant  of  the  system  graphically,  a  force  polygon  ABCDE 
is  constructed  as  showTi  in  Fig.  44(c),  using  a  scale  of  1  in.  =  30  lb.  The  resultant 
is  represented  by  the  vector  AE.    The  magnitude  of  the  resultant,  R,  is  found,  by 
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2  F^=  12.92  lb. 
(6) 

Fig.  44. 


(c) 


measuring  the  length  of  AE,  to  be  17.1  lb.,  and  the  angle  which  the  resultant  makes 
with  the  X-axis  is  found  by  use  of  a  protractor  to  be  41°.  The  action  line  of  R,  of 
course,  passes  through  the  origin. 


PROBLEMS 

74.  Figure  45  repr?sents  a  body  acted  on  by  four  forces.  Determine  completely 
the  resultant  of  the  four  forces  by  the  graphical  method  and  check  the  results  by  the 
algebraic  method. 


40  1b. 


fr 


130  lb. 
0 


Fig.  46. 


Fig.  47. 


76.  In  Fig.  46,  R  is  the  resultant  of  the  other  four  forces  shown.  Find  the 
magnitude  and  direction  of  the  force  F  algebraically. 

Ans.    F=  16.71b.;  e^  =  342°  35'. 

76.  The  body  represented  in  Fig.  47  is  acted  on  by  four  forces  as  shouTi.  Replace 
the  four  forces  by  a  single  force  that  will  have  the  same  external  effect  on  the  body. 
Solve  by  the  algebraic  method.  Ans.     R  =  234  lb.;  e^,  =  45°  20'. 
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In  the  following  three  problems  the  forces  are  concurrent  at  the  origin.  The 
values  of  F  are  the  magnitudes  of  the  forces  and  the  values  of  O^  are  the  angles 
which  the  action  hnes  of  the  forces  make  with  the  positive  end  of  the  x-axis,  the  angles 
being  measured  in  a  counter-clockwise  direction.  In  each  problem  it  is  required  to 
find  the  resultant  of  the  forces  specified. 

77.  F      100  lb.      60  lb.       40  lb.      50  lb. 
e,     30°  135°        240°        330° 


78. 
79. 


80. 

Fig.  48 
tude  of 


F      20  lb.    10  1b.   15  1b.   5  1b. 
e^     0°      45°    120°    270° 

F      25  1b.    10  1b.   30  1b.   401b. 
e^     0°      20°    135°    240° 

Am.    ii;  =  11.3  1b.;  0x  =  228°  10'. 

The  moment,  about  the  point  0,  of  the  resultant  of  the  three  forces  shown  in 
is  140  Ib.-ft.,  counter-clockwise.  Find,  by  the  algebraic  method,  the  magni- 
P,  and  the  resultant  of  the  three  forces. 

Am.     P  =  20  lb.;  fi  =  28.6  lb.;  e^  =  114°  45'. 


201b. 
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Fig.  48. 


Fig.  49. 


Fig.  50. 


81.  Find,  by  the  graphical  method,  the  resultant  of  the  four  forces  shown  in 
Fig.  49. 

82.  Find,  by  the  graphical  method,  the  resultant  of  the  four  forces  shown  in 
Fig.  50.  Am.     R  =  37.6  lb.;  ^x  =  213°  10'. 

§  3.    CoPLANAR,  Non-concurrent,  Parallel  Forces 

25.  Graphical  Method. — Let  a  system  of  parallel  forces  Fi,  F2, 
and  F3,  having  action  lines  ab,  be,  and  cd  (Fig.  51a)  act  on  a  body. 
It  is  requu-ed  to  find  the  resultant  of  the  forces.  The  resultant  of  a 
coplanar  parallel  force  system  may  be  a  force  or  a  couple;  the  case 
in  which  the  resultant  is  a  force  will  be  considered  first.  By  means  of 
the  parallelogram  law  Fi  may  be  resolved  into  two  components  F'l 
and  F"i  at  any  point,  ^i,  on  the  action  line  of  Fi  as  shown  in  (c)  of 
Fig.  51.  Furthermore,  F2  may  be  resolved  at  the  point  B2  into  com- 
ponents F'2  and  F"2  so  that  F"2  is  equal  and  opposite  to  F'l  and  collinear 
with  it.  Sunilarly,  F3  may  be  resolved  mto  components  F'3  and  ^"3 
so  that  F"3  and  F'2  are  equal,  opposite,  and  collinear.  Since  the  two 
pairs  of  equal,  opposite,  and  collinear  forces  cancel,  the  six  forces  into 
which  the  original  system  was  resolved  are  now  reduced  to  the  two 
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forces  F"i  and  F'^,  and  the  resultant  of  the  given  system  is  the  resultant, 
R,  of  these  two  forces.  The  action  line  of  R  will,  of  course,  pass  through 
the  point  of  intersection,  A',  of  the  action  hnes  of  F"i  and  F'^.  The 
magnitude  and  direction  of  R  may  be  found  by  means  of  the  parallelo- 
gram law  as  shown  in  Fig.  51(c). 

A  more  convenient  graphical  method,  especially  when  a  relatively 
large  number  of  forces  is  involved,  makes  use  of  two  diagrams  as  dis- 
cussed in  the  next  paragraph. 


Fx 


.^String  polygon 


(a)     String  polygon 
^x  and  space 

^  N  diagram 


(6) 

Force  polygon 

and  vector 

diagram 


Fig.  51. 


Force  and  String  Polygons. — The  resultant  of  the  force  system  here 
considered  is  a  force  (a  parallel  force  system  for  which  the  resultant 
is  a  couple  will  be  considered  later).  The  magnitude,  direction,  and 
sense  (but  not  action  line)  of  the  resultant  force  may  be  found  by  di-awing 
first  a  force  polygon  (Fig.  516),  and  then  one  point  on  the  action  line  of 
the  resultant  force  may  be  obtained  in  the  space  diagram  by  drawing  a 
string  or  funicular  polygon  (Fig.  51a).  These  diagrams  are  explained 
in  the  following  paragraphs,  but  it  is  important  to  observe  that  all  the 
facts  necessary  for  an  understanding  of  the  two  diagrams  have  already 
been  brought  out  in  the  explanation  of  Fig.  51(c). 
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The  force  polygon  ls  constructed  as  follows:  On  a  lino  parallel  to  the 
action  lines  of  the  forces  are  laid  off,  to  scale  (Fig.  516),  vectors  AB, 
BC,  and  CD  which  represent  the  given  forces  in  magnitude  and  direction, 
the  sense  of  each  force  being  indicated  by  the  order  of  the  letters  accord- 
ing to  Bow's  notation  (Art.  8) ;  the  vector  AD  drawn  from  the  beginning 
of  the  first  vector  to  the  end  of  the  last  vector  represents  the  magnitude, 
dkection  and  sease  (but  not  action  hne)  of  the  resultant  force.  Now  if 
one  point  on  the  action  line  of  the  resultant  force  can  be  found,  this 
point  together  with  the  direction  of  the  resultant  determines  its  line  of 
action.  A  point  on  the  line  of  action  of  the  resultant  force  may  be  found 
as  follows :  From  any  arbitrarily  chosen  point  0  (Fig.  51b)  hnes  are  drawn 
to  the  points  A,  B,  C,  and  D.  These  lines  are  called  rarjs  and  the  point  0 
is  called  the  pole.  The  complete  diagram  composed  of  the  rays  and  the 
hne  ABCD  is  frequently  called  the  vector  diagram  or  force  -polygon, 
although  the  line  ABCD  is  sometimes  called  the  force  polygon.  From 
the  triangle  law  it  follows  that,  by  this  construction,  the  force  AB 
(Fig.  516)  is  resolved  into  two  components  represented  in  magnitude 
and  direction  (but  not  in  action  hne)  by  the  rays  AO  and  OB.  Simi- 
larly, the  rays  BO  and  OC  represent  the  magnitude  and  direction  of  the 
components  of  BC,  etc.  The  hnes  of  action  of  AO  and  OB  must,  of 
course,  intersect  on  the  action  line  a6  of  AB;  similarly  the  forces  BO 
and  OC  must  intersect  on  he,  etc.  The  action  hnes  of  the  components 
represented  by  the  rays  are  called  strings  and,  of  course,  the  strings  are 
drawn  in  the  space  diagram;  the  diagram  having  strings  as  its  sides  is 
called  the  string  polygon  or  funicular  polygon. 

The  string  polygon  which  is  constructed  for  the  purpose  of  locating 
one  point  on  the  action  line  of  the  resultant  force  is  drawn  as  follows: 
From  any  point  on  ah  in  the  space  diagram  (Fig.  51a)  strings  ao  and  oh 
are  drawn  parallel  to  the  rays  AO  and  OB.  From  the  point  of  inter- 
section of  oh  and  he  the  string  ho  (which  will  coincide  with  string  oh)  and 
the  string  oc  are  draw^n.  From  the  intersection  of  oc  and  cd  are  drawn 
CO  and  od.  Since  by  this  construction  oh  and  ho,  the  action  lines  of  the 
equal  and  opposite  forces  OB  and  BO,  are  collinear  the  two  forces  OB 
and  BO,  if  laid  off  along  their  action  hnes  as  was  done  in  Fig.  51(c),  will 
cancel;  similarly  for  OC  and  CO.  The  system  then  is  reduced  to  two 
forces  represented  in  magnitude  and  direction  by  the  rays  AO  and  OD 
and  in  action  line  by  the  strings  ao  and  od;  and  the  point  of  intersection 
of  ao  and  od  {Or  in  Fig.  51a)  must  be  one  point  on  the  action  line  of  the 
resultant.  In  Fig.  51(c)  the  equal  and  opposite  forces  were  laid  off  as 
vectors  along  their  action  lines,  and  it  will  be  noted  that  Fig.  51(c)  would 
be  obtained  if  the  triangle  of  forces  for  each  force  in  Fig.  51(6)  were 
superhnposed  on  the  string  polygon  in  Fig.  51(a)  and  the  corresponding 
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parallelogram  of  forces  completed.  For  example  the  triangle  AiOiBi  in 
Fig.  51(c)  is  the  triangle  AOB  in  Fig.  51(6)  superimposed  on  Fig.  51(c), 
etc.  Likewise  the  triangle  A'O'D'  in  Fig.  51(c)  is  the  triangle  AOD  in 
Fig.  51(6)  superimposed  on  Fig.  51(c). 

If  the  force  polygon  closes,  that  is,  if  Z)  (Fig.  516)  coincides  with  A, 
the  rays  AO  and  OD  represent  two  forces  which  are  equal  in  magnitude 
and  which  have  parallel  action  lines  and  opposite  senses.  The  resultant 
in  this  case  is  a  couple  provided  that  the  string  polygon  does  not  close. 
If,  however,  the  string  polygon  also  closes,  that  is,  if  ao  and  od  coincide, 
the  two  forces  AO  and  OD  will  balance  and  the  resultant  of  the  given 
system  will  be  equal  to  zero. 

In  coiLstructing  the  force  and  string  polygons  any  point  may  be  taken 
for  the  pole  and  the  string  polygon  may  be  started  at  any  point  on  the 
action  line  of  any  one  of  the  forces.  A  change  in  the  positions  of  these 
points  has  the  effect,  only,  of  locating  a  different  point  on  the  action  line 
of  the  resultant  if  the  resultant  of  the  system  is  a  force.  If  the  resultant 
of  the  system  is  a  couple,  the  effect  is  to  change  both  the  magnitude  of 
the  forces  constituting  the  resultant  couple  and  the  length  of  its  moment- 
arm.  The  couples  wdll  be  equivalent,  however;  that  is,  they  will  have 
the  same  moment  and  sense. 

ILLUSTRATIVE   PROBLEM 

Problem  83. — Find  by  the  graphical  method  the  resultant  of  the  four  parallel 
forces  shown  in  Fig.  52(a),  the  scale  used  in  the  space  diagram  being  1  in.  =  2  ft. 


10  lb. 

b 


20  lb. 
6 


25  lb. 
c  d 


15  lb. 
de 


NO 


■-<- 


(ci) 
Scales;   lin.=  2ft. 


D 
B 

E,A 


\ 


\ 


(h) 


lln.=  20  1b. 


Fig.  52. 


Solution. — The  force  polygon  ABCDE  is  drawn  to  a  scale  of  1  in.  =  20  lb.  as 
shown  in  Fig.  52(6).  Since  the  force  polygon  closes,  the  resultant  is  not  a  force  and 
hence,  if  the  force  system  has  a  resultant,  it  is  a  couple.  In  constructing  the  rays 
(Fig.  526)  it  is  convenient  to  take  the  pole  0  so  that  the  force  represented  by  OA 
has  an  integral  value.  OA  here  represents  to  scale  20  lb.  The  string  polygon  in 
Fig.  52(a)  is  constructed  according  to  the  method  described  in  Art.  25.     The  resultant 
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is  a  couple  consisting  of  the  two  20-lb.  forces  AO  and  OE.  The  arm  as  scaled  from 
the  string  polygon  is  1.25  ft.  Hence  the  moment  of  the  resultant  couple  is  —25  Ib.-ft., 
the  minus  sign  indicating  a  clockwise  direction  of  rotation. 

26.  Principle  of  Moments. — The  principle  of  moments  as  discussed 
in  Art.  13  for  the  special  case  of  two  concurrent  forces  may  be  extended 
to  all  force  systems.  Briefly,  the  principle  states  that  the  moment  of 
the  resultant  of  a  force  system  is  equal  to  the  algebraic  sum  of  the 
moments  of  the  forces  of  the  system.  The  principle  is  of  great  impor- 
tance in  the  determination,  by  the  algebraic  method,  of  (a)  the  action 
hne  of  the  resultant  of  a  system  of  forces  when  the  resultant  is  a  force, 
and  (b)  the  moment  and  sense  of  the  resultant  of  the  force  system  w^hen 
the  resultant  is  a  couple.  A  formal  statement  and  proof  of  the  principle 
of  moments  will  not  be  given  for  each  of  the  force  systems  considered 
since  the  method  of  proof  is  substantially  the  same  for  all  the  force 
systems.  As  applying  to  a  system  of  parallel  forces  in  a  plane  the 
principle  may  be  stated  formally  as  f ollow^s :  The  moment  of  the  resultant 
of  any  system  of  coplanar,  non-concurrent,  'parallel  forces  about  any  point 
in  the  plane  of  the  forces  is  equal  to  the  algebraic  sum  of  the  moments  of  the 
forces  about  the  same  point. 

In  demonstrating  the  truth  of  this  statement  use  will  be  made  of  the 
diagrams  (a)  and  (b)  in  Fig.  51,  and  of  the  methods  of  the  preceding 
article.  The  given  system  of  three  forces  (Fig.  51)  was  replaced  by 
another  system  of  six  forces  which  were  represented  in  magnitude  and  in 
du'ection  by  the  rays  of  the  force  polygon  and  in  line  of  action  by  the 
strings  of  the  string  polygon.  Four  of  these  forces  occur  in  pairs,  the 
two  forces  of  each  pair  being  collinear,  equal  in  magnitude,  and  opposite 
in  sense.  Obviously,  the  sum  of  the  moments  of  the  two  forces  of  each 
pair  with  respect  to  any  point  in  their  plane  is  equal  to  zero.  For  any 
moment-center  in  the  plane,  by  use  of  Varignon's  theorem,  the  following 
relations  may  be  written, 

moment  oi  AB  =  moment  oi  AO  -\-  moment  of  OB, 
"  BC  =        "        "  BO  +       "         "  OC, 

If  the  two  sides  of  the  above  equations  are  added,  the  result  obtained 
may  be  stated  as  follows : 

The  sum  of  the  moments  of  the  forces  of  the  system 

=  moment  of  ^0  -f-  moment  of  OD, 

since  the  remaining  terms  on  the  right  side  of  the  equations  cancel  in 
pairs.     But  AO  and  OD  are  the  components  of  the  resultant  force  of  the 
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system,  and  hence,  by  Varignon's  theorem,  the  sum  of  the  moments  of 
AO  and  OD  is  equal  to  the  moment  of  the  resultant  of  the  system. 
Hence,  the  proposition  is  proved  for  a  parallel  force  system  in  which  the 
resultant  is  a  force. 

If  the  resultant  of  the  force  system  is  a  couple,  that  is,  if  the  forces 
AO  and  OD  are  parallel,  equal,  and  opposite  as  in  Fig.  52,  the  proposition 
also  holds,  since  the  sum  of  the  moments  of  AO  and  OD  is  equal  to  the 
moment  of  the  resultant  couple. 

27.  Algebraic  Method. — A  system  of  coplanar  parallel  forces  is 
shown  in_Fig.  53,  the  forces  being  parallel  to  the  y-axis.  In  the  graphical 
determination  of  the  resultant  of  such  a  system  it  was  seen  that  the 
resultant  was  either  a  force  or  a  couple.  If  the  resultant  is  a  force,  R, 
its  action  line  is  parallel  to  the  action  lines  of  the  forces  of  the  system 

and  its  magnitude  and  sense  are 
pj  indicated  by  the  algebraic  sum  of 

n     _  the  forces,  that  is,  R  =  2F.     In 

order  to  locate  the  line  of  action 
of  the  resultant  force,  the  prin- 
ciple of  moments  will  be  applied. 
For  convenience  the  origin,  0,  will 
~^  be  taken  as  the  center  of  moments. 
The  moment  of  R  then  with  respect 
to  0  is  equal  to  the  algebraic  sum 
Fig.  53.  of  the  moments  of  the  forces  w^ith 

respect  to  the  same  point.  If  the 
distance  from  the  action  line  of  R  to  the  y-axis  is  denoted  by  x,  the 
moment  of  R  with  respect  to  the  origin  is  equal  to  Rx.  Furthermore, 
if  the  algebraic  sum  of  the  moments  of  the  forces  of  the  system  with 
respect  to  the  origin  is  denoted  by  2(F.r)  or  I,Mo,  the  principle  of 
moments  may  be  expressed  by  the  equation  R^  =  'ZMq.  The  resultant, 
then,  if  a  force,  is  parallel  to  the  ?/-axis  and  is  determined  by  the  follow- 
ing equations : 

R  =  ^F, 

Rx  =  SMo. 

The  sign  of  x  may  be  determined  by  inspection,  since  the  resultant  force 
must  he  on  that  side  of  the  moment-center  which  wUl  make  the  sense  of 
its  moment  agree  with  that  of  the  moment  of  the  system. 

If  the  resultant  of  all  except  one  of  the  forces  of  the  system  is  equal 
to  that  one  and  of  opposite  sense,  2F  then  equals  zero  and  the  resultant 
is  a  couple,  the  moment  of  which,  according  to  the  principle  of  moments, 
is  equal  to  the  algebraic  sum  of  the  moments  of  the  forces  of  the  system. 
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Hence,  if  the  resultant  of  a  coplanar  parallel  force  system  is  a  couple  the 
moment,  C,  of  the  couple  may  be  determined  from  the  expression 

C  =  HM, 

the  aspect  of  the  couple,  of  course,  is  the  same  as  that  of  the  plane  of  the 
forces  and  the  sense  is  indicated  by  the  sign  of  the  algebraic  summation. 
If  both  2/^  and  XM  equal  zero  the  resultant  is  equal  to  zero. 


ILLUSTRATIVE  PROBLEMS 

Problem  84. — Figure  54  represents  a  beam  resting  on  two  supports  and  carrying 
four  loads  as  indicated.     Find  the  resultant  of  the  loads. 


2000  lb. 


1000  lb. 


Solution. — 
R  =ZF  = 


Fig.  54. 


1000  -  1500  -  1000  -  2000  =  -  5500  lb.  (do^raward) 


In  order  to  locate  the  action  line  of  the  resultant,  the  point  -4  will  be  selected  as 
the  moment-center.     Thus: 

Rx  =  ZMa  =  -  1000  X  2  -  1500  X  5  -  1000  X  8  -  2000  X  12 
=  -  41,500  Ib.-ft.  (clockwise) 
Therefore 

41,500 


5500 


=  7.54  ft. 


Hence  a  single  load  of  5500  lb.  at  a  point  7.54  ft.  from  A  as  shown  will  produce 
the  same  external  efTect  (reactions  at  A  and  B)  as  the  four  given  forces.  R,  being  a 
downward  force,  must  lie  to  the  right  of  A  since  the  moment  of  R  about  A  must 
agree  in  sense  mth  that  of  "ZMa  and  hence  must  be  clockwise. 

Problem  85. — An  arm  mounted  on  an  axle  at  0  (Fig.  55)  is  acted  on  by  the  four 
forces  represented  by  the  vectors  shown  as  full  lines.  Determine  the  resultant  of 
the  forces. 


Solution. 


/?  =  2F  =  15  +  15  -  20  -  10  =  0. 
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Therefore  the  resultant  is  not  a  force,  but  is  a  couple,  C,  the  moment  of  which 
may  be  found  bj-  taking  moments  about  0  (any  other  point  could  have  been  selected). 
Thus, 

C  =  S3/o  =  20  X  10  -  15  X  6  -  10  X  5  +  15  X  12  =  240  Ib.-in. 

Since  the  sign  of  23/ o  is  positive,  the  sense  of  C  is  counter-clockwise.  Hence  any 
couple  having  a  counter-clockwise  moment  of  240  Ib.-in.  will  produce  the  same 
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241b. 
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20  1b. 
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24  1b. 
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10  lb. 


Fig.  55. 


external  effect  on  the  arm  (change  in  the  rotational  motion)  as  the  four  given  forces. 
One  such  couple  having  forces  equal  to  24  lb.  is  shown  in  the  figure. 


PROBLEMS 

86.  Three  forces  which  act  vertically  downward  are  spaced  at  one-foot  intervals. 
Reading  from  left  to  right,  the  magnitudes  of  the  forces  are  1  lb.,  2  lb.,  and  3  lb. 
Determine  the  resultant  of  the  forces  algebraicallj-. 

Ans.     R  =  —  6  lb.,  1^  ft.  to  right  of  1-lb.  force. 

87.  In  Fig.  56  are  shown  five  forces  acting  on  a  beam.  Find  algebraically  the 
resultant  of  the  five  forces. 


200  lb. 


501b. 


Mm 


80  1b. 


150  lb. 


1-4- 


60  lb. 


20  1b. 


Fig.  56. 


Fig.  57. 


88.  Solve  the  preceding  problem  graphically  by  use  of  a  force  polygon  and  a 
string  polygon. 

89.  Determine  the  resultant  of  the  forces  shown  in  Fig.  57. 
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90.  Determine  the  resultant  of  the  forces  acting  on  the  body  as  shown  in  Fig.  58. 
Solve  algebraically  and  check  the  result  l)y  use  of  the  transformations  of  a  couple 
(see  Art.  18).  Ans.     R  =  20  lb.  to  right  and  1  ft.  above  20-lb.  force. 


^10  lb. 


Fig.  58. 


,m^w 


3     >l<  2- 


B 


A 


Fig.  59. 


91.  Three  bodies  A,  B,  and  C  are  hung  on  a  frame  .If  as  shown  in  Fig.  59.  The 
frame  is  supported  at  D  by  a  fixed  plane  and  at  the  point  E  by  the  spring  S.  The 
resultant  of  the  four  forces  consisting  of  the  earth-pulls  (weights)  of  A,  B,  and  C 
and  the  pull  P  of  the  spring  on  M  is  a  force  of  70  lb.  acting  vertically  downward 
through  the  point  D.  Find  the  value  of  P  and  the  horizontal  distance  x.  The 
weights  oi  A,  B,  and  C  are  20  lb.,  80  lb.,  and  20  lb.,  respectively. 

Ans.     P  =  501b.;  X  =  4.4  ft. 

92.  Determine  the  resultant  of  the  five  forces  shown  in  Fig.  60.  Each  space  rep- 
resents 1  ft. 

40  Ih. 


10  1b, 


—  X 


t 


Fig.  61. 


93.  The  40-lb.  force  shown  in  Fig.  61  is  the  resultant  of  the  10-lb.  force  and  a 
force  P  not  shown.  Determine  P  completely  by  means  of  a  force  polygon  and  a 
string  polygon,  and  check  the  result  by  the  algebraic  method. 

Ans.     P  =  30  lb.  upward  and  1  ft.  to  right  of  40-lb.  force. 

In  each  of  the  following  three  problems  find  the  resultant  of  the  force  system. 
The  forces  in  each  problem  are  parallel  to  the  y-axis.  The  values  of  F  given  are  the 
magnitudes  of  the  forces  (expressed  in  pounds),  and  the  values  of  x  are  the  distances 
of  the  action  lines  of  the  forces  from  the  y-axis  (expressed  in  feet). 


94. 

F 

+  10 

-20 

+25 

-15 

X 

-  2 

+  1 

+  3 

+  4 

95. 

F 

-10 

+  5 

-20 

+  15 

X 

_  2 

4-  1 

+  3 

+  5 

96. 

F 

+  40 

-60 

+80 

-70 

+  10 

X 

0 

+  4 

+  9 

+  12 

+  14 

Alls.     C  =  -220  Ib.-ft. 
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97.  A  bar  10  ft.  long  is  acted  on  by  the  forces  shown  in  Fig.  62.     Find  the  sim- 
plest equivalent  force  system. 
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Fig.  62. 


Fig.  63. 


98.  A  bar  6  ft.  long  is  hinged  at  A  (Fig.  63)  and  is  acted  on  by  five  forces  as  shown. 
Determine  the  resultant  of  the  five  forces  by  use  of  a  force  polygon  and  a  string 
polygon.  Am.     C  =  90  Ib.-ft. 

99.  A  force  of  10  lb.  acts  along  the  y-ax'is,  the  sense  of  the  force  being  positive. 
Resolva  the  force  into  components  P  and  Q  along  the  lines  x  =  1  and  x  =  3. 

§  4.     CopLANAR,  Non-concurrent,  Non-parallel  Forces 

28.  Graphical  Methods.  First  Method. — The  resultant  of  a  system 
of  non-concuiTent,  non-parallel  forces  in  a  plane  is  either  a  force  or  a 
couple.    If  the  resultant  is  a  force  it  may  be  determined  by  use  of  the 

^^^  parallelogram  law.   In 

Fig.  64  are  shown  three 
non-concurrent,  non- 
parallel  forces  Fi,  Fo, 
and  F^  acting  on  a 
f""  f         1^^  I  ^^    ^  body.    The  forces  Fx 

and  F2  may  be  com- 
bined into  a  resultant 
force  Rx.  Rx  and  F3 
may  be  combined  into 
a  force  R2  which  is  the 
Pjq  q4  resultant  of  the  given 

system  of  forces. 
If  the  resultant  obtained  by  combining  all  except  one  of  the  forces  of 
such  a  system  is  equal  to  that  one  and  is  parallel  to  it  and  of  opposite 
sense,  the  two  forces  constitute  a  couple.     Furthermore,  if  the  action 


PRINCIPLE   OF   MOMENTS 


49 


lines  of  these  two  forces  are  collinear  the  forces  cancel  and  the  resultant 
of  the  system  is  equal  to  zero. 

Second  Method. — The  resultant  of  a  system  of  non-concurrent,  non- 
parallel  forces  in  a  plane  may  also  be  found  by  the  construction  of  a  force 
polygon  and  a  funicular  polygon.  The  method  of  construction  of  these 
polygons  is  the  same  as  that  described  in  connection  with  a  system  of 
parallel  forces  (Art.  25)  and  will  not  here  be  discussed  in  detail  for  the 
non-parallel  force  system.  The  method  will  be  illustrated,  however,  by 
the  following  problem. 

ILLUSTRATIVE  PROBLEM 

Problem  100. — A  beam  9  ft.  long  is  acted  on  by  four  forces  as  shown  in  Fig.  65. 
Determine  the  resultant  of  the  forces  by  use  of  the  force  and  string  polygons. 


Scale.  1  in.  =8  ft. 

(a) 


Scale.  1  in. =  2000  lb. 

(6) 


Fig.  65. 


Solution. — The  force  polygon  as  shown  in  Fig.  65(6)  is  constructed  by  laying  off 
the  vectors  AB,  BC,  CD,  and  DE  which  represent  the  magnitudes  and  the  directions 
of  the  given  forces.  The  closing  side  AE  of  the  polygon  represents  the  resultant  force 
in  magnitude  and  in  direction.  By  measuring  AE  to  scale  the  magnitude  of  the 
resultant  force  is  found  to  be  2450  lb.  and  the  line  AE  is  found  to  make  an  angle  of 
80°  with  the  horizontal,  as  indicated  in  Fig.  65(6). 

In  Fig.  65(a)  is  shown  the  string  polygon  in  which  one  point  on  the  action  line  of 
the  resultant  is  found,  namely,  the  intersection  of  oa  and  oe.  Thereiore  the  action 
line  of  the  resultant  passes  through  this  point  and  is  parallel  to  AE.  By  measure- 
ment the  action  line  is  foimd  to  intersect  the  beam  at  a  point  3.6  ft.  from  the  left 
end  of  the  beam.  Hence,  if  the  four  forces  were  replaced  by  a  single  force,  R,  of 
2450  lb.  as  shown  in  Fig.  65(a),  the  reactions  at  the  ends  of  the  beam  (external  effects) 
would  be  unchanged. 

29.  Principle  of  Moments. — The  algebraic  sum  of  the  moments  of 
the  forces  of  a  coplanar,  non-concurrent,  non-parallel  force  system 
about  any  point  in  the  plane  of  the  forces  is  equal  to  the  moment  of  the 
resultant  of  the  system  about  the  same  point.  The  proof  is  identical 
■with  that  given  for  a  system  of  parallel  forces  (Ai"t.  26),  and  the  principle 
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will  be  used,  in  the  algebraic  method,  for  finding  the  action  line  of  the 
resultant  force  or  the  moment  of  the  resultant  couple  similar  to  the  way- 
it  was  used  for  parallel  forces. 

30.  Algebraic  Method. — The  resultant  of  a  system  of  non-concurrent, 
non-parallel  forces  in  a  plane  is  either  a  force  or  a  couple.  If  the 
resultant  is  a  force  it  may  be  determined  as  follows:  In  Fig.  66(a)  is 
represented  a  body  acted  on  by  four  forces  F',  F",  F'",  and  F"".  Let 
each  force  be  replaced  by  its  x-  and  ^/-components.  The  original  force 
system  is  now  resolved  into  two  systems  of  parallel  forces.  According 
to  Art.  27  the  resultant  of  the  components  in  the  x-direction  is  a  force 


(6) 


Fig.  66. 


parallel  to  the  a:-axis  whose  magnitude  is  l^Fx,  and  whose  sense  is  indi- 
cated by  the  sign  of  S/^^;  the  sense  is  assumed  to  be  positive  in  Fig.  66(6). 
Similarly,  the  resultant  of  the  components  in  the  ^/-direction  is  a  force 
parallel  to  the  ?/-axis  whose  magnitude  is  '^Fy.  Hence,  the  magnitude 
and  the  direction  of  the  resultant  of  these  two  forces  (which  is  also  the 
resultant  of  the  original  forces)  may  be  found  from  the  equations 

R  =  V(SF,)2  +  {^Fyf    and    tan  e.  = —^  (Fig.  666), 

in  which  dx  is  the  angle  which  the  action  line  of  R  makes  with  the  a:-axis. 
In  order  to  obtain  the  position  of  the  line  of  action  of  the  resultant  force 
R,  the  principle  of  moments  may  be  used.  The  principle  is  expressed 
by  the  equation  Ra  =  SM,,,  in  which  a  (Fig.  66a)  is  the  perpendicular 
distance  from  the  moment-center,  0,  to  the  action  line  of  the  resultant, 
and  2ilf o  is  the  algebraic  sum  of  the  moments  of  the  forces  with  respect 
toO. 

Hence,  if  the  resultant  of  a  coplanar,  nun-concurrent,  non-parallel 
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system  of  forces  is  a  force,  it  may  be  determined  completely  by  the 
equations 

R=  V(ZFJ'  +  {^Fyf, 

Ra  =  SMo. 


tane. 


The  sense  of  the  moment  of  R  (sign  of  Ra)  must,  of  course,  agree 
with  that  of  HMo.  If,  for  instance,  the  sign  of  Sil/o  is  negative,  and  R 
has  the  direction  and  sense  as  indicated  in  Fig.  66(6),  the  position  of  the 
action  line  of  R  is  indicated  in  Fig.  66(a). 

If  both  ^Fx  and  liFy  are  equal  to  zero  the  resultant  is  not  a  force 
and  hence  is  a  couple  the  moment  C  of  which,  according  to  the  principle 
of  moments,  is  the  algebraic  sum  of  the  moments  of  the  forces  of  the 
system;  that  is: 

C  =  SM. 

The  center  about  which  the  moments  of  the  forces  are  taken  may  be  any 
point  in  the  plane  of  the  forces  since  the  moment  of  a  couple  is  the  same 
about  all  points  m  the  plane.  The  sense  of  rotation  of  the  resultant 
couple  is  indicated  by  the  sign  of  the  algebraic  summation,  and  the 
aspect  of  the  couple,  of  course,  is  the  same  as  that  of  the  plane  of  the 
forces. 

If  Si^x  and  HiFy  are  equal  to  zero  and  Silf  is  also  equal  to  zero,  the 
resultant  is  equal  to  zero. 

ILLUSTRATIVE  PROBLEM 

Problem  101. — Find  the  resultant  of  the  system  of  four  forces  which  act  on  the 
body  represented  in  Fig.  67(a).     Each  space  represents  1  ft. 


1^  J 


22.4  lb 


30  lb. 

L 


|28.3  lb.' 


(W 


vp- 35.9  lb. 


(c) 


Fig.  67. 


Solution. — In  finding  the  moments  of  the  40-lb.  and  50-lb.  forces  about  O  it  will 
be  convenient  to  resolve  the  forces  at  any  point  on  their  action  lines  into  horizontal 
and  vertical  components  as  shown  in  Fig.  67(6)  and  find  the  algebraic  sum  of  the 


52 


RESULTANTS   OF  FORCE  SYSTEMS 


moments  of  the  two  components  of  each  force  about  0.     The  solution  may  be  put  in 
tabular  form  as  follows: 


Fx  =  F  cos 


Fy  =  F  sin 


Mo 


50 

1 

V5 

2 

V5 

-22.4 

44.8 

134.4 

20 

0 

-1 

0.0 

-20.0 

-60.0 

30 

1 

0 

30.0 

0.0 

-30.0 

40 

1 

V2 

1 
V2 

28.3 

28.3 

56.6 

2Fx  =  35.9 

J^Fy  =  53.1 

S.lfo  =  101. G 

Therefore 

R  =  V (35.9)2  ^  (53  1)2  =  64  1  j^^^ 

,53.1  „  101 

e^  =  tan-^ =  56°,     o  = ■  =  1.57  ft. 

35.9  64.1 

Alternaiive  Method. — Since  the  given  system  maj^  be  replaced  by  two  parallel  force 
sj'stems  as  showni  in  Fig.  67(6),  the  problem  could  have  been  solved  bj^  fhiding  the 
magnitude,  line  of  action,  and  sense  of  the  resultant  of  each  of  the  parallel  sj'stems. 
The  resultant  of  the  given  system  then  is  the  resultant  of  these  two  resultants. 


PROBLEMS 

102.  Find,  bj^  the  algebraic  method,  the  resultant  of  the  three  forces  shown  in 
Fig.  68.  Ans.    R  =  32.81b.;  6^  =  340°  30';  a  =  5.28  ft. 

103.  Solve  Prob.  101  graphically  bj^  use  of  a  force  polygon  and  a  string  polygon. 
,Y 


401b. 


Fig.  68. 


Fig.  69 


104.  Find  the  resultant  of  the  three  forces  shown  in  Fig.  69. 

Ans.     R  =  7.9  lb.;  e^  =  180°;  a  =  4.8  ft. 

105.  Find,  by  the  use  of  a  force  polygon  and  a  string  polygon,  the  resultant  of  the 
four  forces  acting  on  the  body  as  shown  in  Fig.  70. 

106.  Find  the  resultant  of  the  three  forces  shown  in  Fig.  71  by  the  following 
method:  (1)  Resolve  each  force  into  a  force  through  0  and  a  couple  (Art.  IS);  (2)  find 
the  resultant  of  the  concurrent  forces  at  0  (Art.  24)  and  the  resultant  of  the  system 
of  couples  (Art.  16);  and  (3)  by  use  of  the  transformations  of  a  couple  (Art.  16), 
combine  the  resultant  of  the  concurrent  forces  and  the  resultant  of  the  couples  into 
a  single  force.  Ans.     R  =  35.4  lb.;  6^  =  40°  15';  a  =  1.45  ft. 
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107.  Find  the  resultant  of  the  four  forces  shown  in  Fig.  72. 

108.  Replace  the  four  forces  shown  in  Fig.  73  bj'  the  simplest  force  sj'stem  that 
will  produce  the  same  external  effect  on  the  body  on  which  the  forces  act. 

Am.     R  =  41.5  lb.;  0z  =  142°  25';  a  =  0.96  ft. 


Y      i 

,  :o  lb. 

201b. 



1 
1 

1 

1 
1 

1     ■          ^ 

X 

Fig.  71. 


Fig.  72. 


Fig.  73. 


109.  The  forces  of  a  coplanar  system  are  specified  below,  the  magnitudes  of  the 
forces  being  expressed  in  pounds  and  the  coordinates  x  and  y  oi  a  point  on  the  action 
line  in  feet.  6^  denotes  the  angle  that  the  action  line  of  any  force  makes  with  the 
positive  end  of  the  x-axis,  the  angle  being  measured  counter-clockwise. 


F 

20 

15 

10 

15 

a-,  y 

0,2 

0,2 

4,2 

6,2 

Sx 

0° 

45° 

90° 

135 

Find  the  resultant  of  the  system. 

110.  Find  algebraically  the  resultant  of  the  five  forces  shown  in  Fig.  74. 

Ans.     R  =  5.83  lb.;  0x  =  42°  40';  a  =  3.22  ft. 


lib 


.\^:. 


I  ^ 


I      y     I 


4  1b. 


0 

Fig.  74. 


"X 


:t:^ 


111.  Solve  the  preceding  problem  by  use  of  a  force  polygon  and  a  string  polygon. 

112.  In  Fig.  75,  assume  that  the  20-lb.  force  is  removed  and  show  h\  means  of  a 
force  polygon  and  a  string  polygon  that  the  resultant  of  the  remaining  four  forces  is 
a  force  equal  to  the  20-lb.  force  and  coUinear  with  it  but  of  opposite  sense. 


§  5.      NON-COPLANAR,   CONCURRENT,   NON-PARALLEL  FORCES 

31.  Graphical  Method. — The  resultant  of  a  system  of  non-coplanar, 
concurrent  forces  is  a  force  (acting  through  the  point  of  concurrence  of 
the  forces)  that  may  be  found  by  constructing  a  force  polygon  as  was 
done  in  finding  the  resultant  of  a  system  of  coplanar,  concurrent  forces. 
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The  line  drawn  from  the  beginning  of  the  first  vector  to  the  end  of  the 
last  vector  of  the  polygon  is  a  vector  that  represents  the  resultant  of 
the  system  in  magnitude  and  direction.  The  force  polygon,  however,  is 
not  a  plane  polygon  and,  hence,  the  graphical  method  of  determining  the 
resultant  of  this  system  or  of  any  non-coplanar  force  system  is  not 
convenient.  Graphical  methods,  therefore,  will  not  be  discussed  in 
connection  with  any  of  the  non-coplanar  force  systems. 

32.  Algebraic  Method. — Before  discussing  the  method  of  determin- 
ing the  resultant  of  any  number  of  non-coplanar,  concurrent  forces,  the 
special  case  of  three  concurrent  forces  having  action  lines  which  are 
mutually  perpendicular  will  be  considered.     In  Fig.  76  are  represented 

three  such  forces,  P,  Q,  and  S, 
the  action  lines  of  the  forces 
being  taken  as  the  coordinate 
axes.  The  forces  P  and  Q  may 
be  combined  into  a  single  force 
(represented  by  the  vector  0.4) 
the  magnitude  of  which  is 
Vp2  +  Q2_  ^j^g  resultant  of  this 
force  and  the  force  S  is  also  the 
resultant  of  the  given  system  of 
three  forces  and  is  represented  by 
the  vector  OB,  its  magnitude 
beingVp2-f-Q2^^2_      jjgjj^jg 

the  magnitude  of  the  resultant, 
R,  of  the  three  forces  and  the  angles  dx,  dy,  and  dz  which  the  line  of  ac- 
tion of  the  resultant  makes  with  the  coordinate  axes  may  be  found 
from  the  equations. 

R   =    VP2  +  Q2  _^  ^2^ 


Fig.  76. 


COS  dx  =  —  ,     cos  dy 
R 


Q  ^        S 


In  finding  the  resultant  of  any  number  of  non-coplanar,  concurrent 
forces  by  the  algebraic  method  it  will  be  convenient  to  take  the  point  of 
concurrence  of  the  forces  as  the  origin  of  a  set  of  rectangular  axes. 
Each  force  of  the  system  may  be  resolved  into  components  along  the 
coordinate  axes  (Art.  11).  The  system  is  thus  replaced  by  three  coUinear 
systems  each  of  which  may  be  repla  ccd  by  a  single  force  (Art.  22) .  Thus, 
the  resultant  of  the  components  along  the  a--axis  is  a  single  force  along 
the  X-axis,  the  magnitude  of  which  is  expressed  by  'ZFx-  Similarly,  the 
y-components  may  be  replaced  by  a  single  force  of  magnitude  2Fy  along 
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the  y-axis,  etc.  (Fig.  77).  These  three  forces  may  be  combined  into  a 
single  force  which  is  the  resultant  of  the  given  system  and  which  is  com- 
pletely defined  by  the  following  equations : 


cos    9r     = 


COS    Qy     = 


COS  6,  = 


R 
R 
R 


where  dx,  Qy,  and  6^  are  the  angles 
which  the  action  line  of  the  re- 
sultant makes  with  the  coordinate 
axes  as  shown  in  Fig.  77. 


Fig.  77. 


PROBLEMS 

In  the  following  problems  the  forces  are  concurrent  at  the  origin.  F  denotes  the 
magnitude  of  a  force  and  x,  y,  z  are  the  coordinates  of  a  point  on  the  action  line  of 
a  force.     It  is  required  to  find  the  resultants  of  the  systems. 


113.  F 


114. 


115. 


F 

F 

x,y,z 


101b. 
12  1 
100  lb. 
2,2,1 

10  1b. 
1,2,1 
Ans. 


20  1b. 
2,2,3 
150  lb. 
3,  2,  -2 

30  1b. 
1,4,2 


151b. 
3,1,2 

501b. 

-4,  -3,  -5 
20  1b. 
2,  3,3 


200  lb. 
3,  -2,  4 


R  =  59.0  lb.;  ^x  =  71°  5';  By  =  37°  2';  d,  =  59°  32'. 


§  6.      NoN-COPLANAR,   NoN-CONCURRENT,   PARALLEL  FORCES 

33.  Algebraic  Method. — The  resultant  of  a  system  of  'lon-coplanar, 
parallel  forces  is,  in  general,  a  force  parallel  to  the  system  whose  mag- 
nitude and  sense  are  found  from  the  algebraic  sum  of  the  forces 
{R  =  HF).  In  determining  the  resultant  of  such  a  system  by  the 
algebraic  method  it  is  convenient  to  select  coordinate  axes  so  that  one 
axis  is  parallel  to  the  forces.  In  Fig.  78  is  shown  a  system  of  parallel 
forces  referred  to  such  a  set  of  axes.  The  line  of  action  of  the  resultant 
force  is  found  by  applying  the  principle  of  moments.  Thus,  if  the 
algebraic  sum  of  the  moments  of  the  forces  with  respect  to  the  rc-axis 
be  denoted  by  1<Mx  and  the  distance  of  the  resultant  from  the  a:-axis  be 
denoted  by  y,  then  the  principle  of  moments  is  expressed  by  the  equation 
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Ry  =  SMx.     In  a  similar  manner,  Rx  =  llMy.     The  resultant,  if  a 
force,  will  then  be  completely  defined  by  the  following  equations : 

R  =  IIF, 

Ri     =     ^My 

Ry  =  SM^ 

If  the  resultant  Ri  of  all  except  one  (P,  say)  of  the  forces  of  a  non- 
coplanar,  parallel  system  is  equal  to  P,  of  opposite  sense,  and  not  collin- 
ear  with  P,  then  R  and  P  form  a  couple  which  is  the  resultant  of  the  sys- 
tem.   (In  this  case  SF  =  0).    The  resultant  couple  will,  of  course,  lie  in  a 

plane  parallel  to  the  forces  of  the 
system  (parallel  to  the  z-axis  in 
Fig.  78).  According  to  the  prin- 
ciple of  moments,  the  moment 
Cx  of  the  resultant  couple  with 
respect  to  the  a;-axis  is  equal  to 
the  algebraic  sum  of  the  moment  of 
the  forces  of  the  system  with  re- 
spect to  the  X-axis,  that  is,  Cx  = 
1:Mx.  Similarly,  Cy  =  SM^,.  C^ 
and  Cy  are  couples  (components  of 
the  resultant  couple)  which  lie  in 
(or  parallel  to)  the  yz  and  xz  planes, 
respectively.  The  moment  of  the  resultant  couple  is  given  by  the 
expression  C  =  ^  Cx  +  Cy  which  follows  from  the  vector  representa- 
tion of  couples  (Art.  17)  and  the  use  of  the  parallelogram  law.  Hence 
the  moment  of  the  resultant  couple  is 

C  =  V(2M^)2  +  i^Myf 

ILLUSTRATIVE   PROBLEM 

Problem  116. — Find  the  resultant  of  the  system  of  parallel  forces  shown  in 

Fig.  79.     Each  space  in  the  figure  represents  1  ft. 

Soluiion: 

72  =  Si?"  =  10  +  15  -  20  -  30  =  -  25  lb. 

'ZM^  =  20  X  2  +  30  X  3  -  10  X  1  -  15  X  1  =  105  Ib.-ft. 

2ilf  J,  =  10  X  1  +  15  X  3  -  20  X  2  -  30  X  5  =  -  135  ft.-lb. 

135       _  , 
A  X  =  —  =  5.4  ft. 
25 


and 


105 


Hence  the  resultant  is  a  downward  force  of  25  lb.  as  shown  in  Fig.  79. 
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Caution. — Care  must  be  exercised  in  finding  x  and  y.  For  instance,  in  the  above 
example  if  the  value  of  2.1/x  (  +  105  lb. -ft.)  be  divided  by  R  (—25  lb.)  the  quotient 
is  — 4-g-  ft.,  which  is  nol  the  value  of  y,  since  a  downward  force  of  25  lb.  in  this  position 
would  have  a  moment  of  —105  lb. -ft.  with  respect  to  the  x-axis.  The  magnitudes 
of  X  and  y  should  be  obtained  by  dividing  the  magnitudes  of  S.l/j,  and  Sil/j  by  the 


R=25  lb.  I  ^30  lb. 

Fig.  79. 


magnitude  of  R,  and  their  signs  should  be  determined  by  inspection.  The  signs  of 
X  and  y,  of  course,  must  be  such  that  the  moment  of  the  resultant  will  have  the 
same  sense  of  rotation  as  is  indicated  by  the  algebraic  sum  of  the  moments  of  the 
forces  of  the  system. 

PROBLEMS 

117.  A  board  6  ft.  square  is  acted  on  by  five  forces  as  shown  in  Fig.  80.  Deter- 
mine the  resultant  of  the  forces. 

Ans.     R  =  +10  lb.;  x  =  +2.5  ft.;  y  =  +3.5  ft 

118.  A  table  5  ft.  square  carries  four  concentrated  loads  as  shown  in  Fig.  81. 
Find  the  resultant  of  the  four  loads. 

Find  the  resultant  of  each  of  the  following  systems  of  forces  which  are  parallel 
to  the  z-axis.  The  values  of  x  and  y,  expressed  in  feet,  are  the  coordinates  of  the 
points  where  the  action  lines  of  the  forces  intersect  the  xy-plane. 

119.  i?"  20  1b.         10  1b.  25  1b.         -151b.         -101b. 

6,  6  2,  5  6,  4 

R  =  +30  lb.;  X  =  +3.67  ft.;  y  =  +3.83  ft. 

120.  F         201b.         -151b.        301b.         -101b. 

4,2  2,2 

121.  Assume  in  Fig.  80  that  a  downward  force  of  40  lb.  acting  at  the  point 
X  =  1,  ?/  =  2  is  substituted  for  the  15-lb.  force  and  the  other  forces  remain  as  shown. 
Find  the  resultant  of  the  system. 

Ans.     R  =  -15  lb.;  x  =  -2  ft.;  y  =  +2  ft. 


F 

20  1b. 

10  1b. 

x,y 

1,3 

3,2 
Ans. 

F 

201b. 

-151b. 

x,y 

1,1 

1,4 
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122.  Assume  in  Fig.  80  that  the  10-lb.  force  is  removed  from  the  system  of  forces 
shown.     Find  the  resultant  of  the  remaining  four  forces. 


Fig.  81. 


§  7.     Couples  in  Space 

34.  Resultant  of  a  System  of  Couples.  Proposition. — The  resultant 
of  any  number  of  couples  is  a  couple. 

Proof. — It  is  sufficient  to  prove  this  proposition  for  two  couples,  only, 
since  if  two  couples  can  be  combined  into  a  single  resultant  couple  this 


Fig.  82. 


couple  can  be  combined  with  a  third  couple  in  exactly  the  same  way, 
and  so  on.    Thus,  consider  the  two  couples  Pp  and  Qq  in  planes  making 
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an  angle  a  with  each  other  as  shown  in  Fig.  82(a).     The  forces  Q,  Q  of 

Qq 
the  couple  Qq  can  be  made  equal  to  P,  P  if  the  arm  be  changed  to  — 

(Art.  16)  as  shown  in  Fig.  82(6).  Each  couple  can  then  be  rotated  in  its 
plane  until  the  forces  of  the  couples  are  parallel  to  the  line  of  intersection 
of  the  two  planes  (Art.  16)  as  shown  in  Fig.  82(c).  Now  let  the  two 
couples  be  translated  until  one  force  of  each  couple  lies  in  the  line  of 
intersection  of  the  two  planes.  This  translation  can  always  be  made 
so  that  the  two  forces  in  this  line  are  opposite  in  sense  and  hence  will 
cancel,  thereby  leaving  a  couple  the  forces  of  which  are  P,  P  (Fig.  S2d). 
The  arm  of  this  couple  (as  found  by  use  of  trigonometry)  is 


4 


2^2 


P'  + 


(^q 
P' 


—  2  -—  cos  a. 


Special  Cases. — I.     If  the  angle  a  equals  90°,  that  is,  if  the  planes  of 
the  couples  are  perpendicular  (Fig.  83),  the 
moment,  C,  of  the  resultant  couple  is 


Fig.  83. 


C  =  P  \y  +  p  g'  =  V(Pp)2  +  (Qqf 

That  is,  the  moment  of  the  resultant  couple 
is  the  square  root  of  the  sum  of  the  squares 
of  the  moments  of  the  two  couples.  The 
plane  of  the  resultant  couple  makes  an 
angle  </>  (Fig.  83)  with  the  plane  of  the  couple 
Pp  such  that 

P^       Qq 
tan  0  =  —  =  —  , 
p        Pp' 

and  the  sense  of  rotation  of  the  resultant  couple  is  indicated  in  Fig.  83. 
II.  If  a  equals  180°,  the  couples  are  in  the  same  or  in  parallel  planes 
and  hence  have  the  same  aspect.     The  moment  of  the  resultant  couple 
then  is 

'  '  ■  Q' 


C  =  P 


yJp'  +  $e  +  2pfq  =  p(^p  +  q^)  =  Pp  +  Q,. 


That  is,  the  moment  of  the  resultant  couple  is  the  algebraic  sum  of  the 
moments  of  the  two  couples,  and  its  aspect,  of  course,  is  the  same  as 
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Fig.  84. 


that  of  each  of  the  couples,  the  sense  of  rotation  being  indicated  by  the 

sign  of  the  algebraic  summation. 

Parallelogram  Law  Applied  to  Couples.— It  is  frequently  convenient  to 

represent  couples  by  vectors  (see  Art.  17)  and  to  use  the  parallelogram 

law  for  the  composition  and  resolution  of  couples.     The  method  will 

here  be  illustrated  for  Case  I  above;  namely,  for  couples  lying  in  two 

planes  that  are  perpen- 
dicular to  each  other.  For 
example  in  Fig.  84  (a),  couple 
Cz,  which  Ues  in  (or  parallel 
to)  the  xy-pl&ne  and  has 
a  moment  only  about  the 
2- axis,  is  represented  by  the 
vector  that  is  also  denoted 
as  C  in  Fig.  84(6).  Simi- 
larly Cx  is  a  vector  repre- 
senting the  couple  Cx-    By 

the  parallelogram  law  the  vector  C  (Fig.  84b)  represents  the  resultant 

couple  whose  moment  is 

c  =  Vc7~+c7 

This  resultant  couple  must  lie  in  a  plane  perpendicular  to  the  vector 

Cz 
C  whose  du-ection  may  be  found  from  the  relation  tan  (/>  =  — -  as  indi- 

cated  in  Fig.  84  and  the  sense  of  rotation  is  determined  by  the  arrow  on 
the  vector  C,  according  to  the  convention  stated  in  Art.  17. 

35.  Composition  of  Couples  in  Space 
by  Means  of  Vectors. — In  order  to  com- 
bine a  system  of  couples  in  space  into  a 
single  resultant  couple,  each  couple  can 
first  be  resolved  into  three  component 
couples  by  representing  the  couple  by  a 
vector,  C,  drawn  for  convenience  from  the 
origin  of  a  set  of  rectangular  axes,  as  sho\\n 
in  Fig.  85.  The  vector  can  then  be  resolved 
into  components  Cx,  Cy  and  Cz  along  the 
coordinate  axes.  These  vector  compo- 
nents represent  couples  lying  in  the  ijz-,  zx-, 

and  x7/-planes,  respectively.  In  this  way,  then  each  of  the  couples  of 
the  system  may  be  resolved  into  three  component  couples  lying  in  the 
three  coordinate  planes  and  represented  completely  by  vectors  along 
the  coordinate  axes.     The  couples  lying  in  the  ?/2-plane  may  now  be 
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combined  into  a  single  couple  lying  in  the  yz-plane  and  represented  by  a 
vector  along  the  x-axLs.  This  vector  is  of  course  the  resultant  of  the 
x-components  of  the  vectors  that  represent  the  couples  of  the  original 
system  and  may  be  designated  by  2Cx.  In  a  similar  manner  the  systems 
of  couples  lying  in  the  zx-  and  xjz-planes  may  be  replaced  by  equivalent 
couples  lying  in  the  respective  planes  and  represented  by  vectors  ZC^ 
and  HCz  along  the  y-  and  z-axes.  The  original  system  of  couples  is  thus 
reduced  to  three  couples  lying  in  the  coordinate  planes  and  the  resultant 
of  the  system  is  the  resultant  of  these  three  couples  and  is  represented 
by  a  vector  which  is  the  resultant  of  the  three  vectors  SCa;,  SCj,  and 
2C^.  This  resultant  is  V^SC^^pTT^C^PTTscy^.  But  since  HC^ 
is  equal  to  SM^,  the  sum  of  the  moments  about  the  x-axLs  of  the  forces 
constituting  the  original  system  of  couples,  the  moment  of  the  resultant 
couple  may  be  expressed  by  the  equation 

C  =  V(23/,)2  +  {llMyf  +  {^M,f 

The  aspect  of  the  resultant  couple  may  be  defined  by  the  angles  6x,  4>y 
and  02  which  the  vector  representing  the  couple  makes  with  the  coordi- 
nate axes.     Thus 

Sikf^  SMy  2M, 


cos  c/)x  =  —7-  ,  cos  <i>y  =   -—  ,      COS  <i>z  = 
§  8.      NON-COPLANAR,    NoN-CONCURRENT,    NoN-PARALLEL   FORCES 

36.  Algebraic  Method. — The  resultant  of  a  system  of  non-coplanar, 
non-concurrent,  non-parallel  forces  is  a  force  (whose  action  line  may  be 
made  to  pass  through  any  arbitrary  point)  and  a  couple.  In  order  to 
find  the  resultant  force  and  couple,  each  force  of  the  system  may  be 
resolved  into  an  equal  parallel  force  through  any  point  (taken  for  con- 
venience as  the  origin  of  a  system  of  coordinate  axes)  and  a  couple 
(Art.  18).  Thus  the  given  system  may  be  replaced  by  two  systems; 
(1)  a  system  of  non-coplanar,  concurrent  forces  through  the  origin 
having  the  same  magnitudes  and  directions  as  the  forces  of  the  original 
system;  and  (2)  a  system  of  non-coplanar  couples.  The  resultant  of  the 
concurrent  force  system  is  a  force  through  the  origin  which  may  be 
completely  defined  by  the  equations  of  Art.  32.  The  resultant  of  the 
system  of  couples  is  a  couple  which  may  be  completely  defined  by  the 
equations  of  Art.  35.  The  resultant  force  and  resultant  couple  together 
constitute  the  resultant  of  the  system.  In  special  cases  the  resultant 
couple  may  vanish,  leaving  the  force  as  a  resultant  of  the  system.  Again 
in  special  cases  the  resultant  force  may  vanish  leaving  the  couple  as  the 
resultant  of  the  system.  If  the  resultant  force  and  the  resultant  couple 
both  vanish,  the  resultant  of  the  system  is  zero. 
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REVIEW   QUESTIONS  AND   PROBLEMS 


123.  Correct  the  error  in  each  of  the  following  statements:  (a)  A  ray  is  a  line 
in  the  vector  diagram  that  represents  the  magnitude  and  action  line  of  a  component 
of  one  of  the  forces  in  the  given  force  sj'stem.  (b)  A  string  (or  funicular)  polygon 
is  drawn  in  the  space  diagram  in  order  to  obtain  the  direction  of  the  resultant  force 
of  a  coplanar  force  system. 

124.  If  the  resultant  of  a  coplanar  force  system  is  a  couple,  how  is  the  magnitude 
of  each  of  the  forces  of  the  couple  determined  graphically  by  use  of  a  force  polygon 
and  a  string  polygon?     How  is  the  moment-arm  determined? 

125.  The  force  polygon  for  a  given  coplanar,  non-concurrent,  parallel  force  system 
closes.  Which  of  the  following  conclusions  can  be  drawn?  (a)  The  resultant  of  the 
sj'stem  is  zero,  (b)  The  resultant  is  a  couple,  (c)  The  resultant  may  be  zero  or  a 
couple. 

126.  In  finding,  by  the  algebraic  method,  the  resultant  of  a  coplanar,  non- 
concurrent  force  system,  what  information  about  the  resultant  is  found  by  applying 
the  principle  of  moments  (o)  when  the  resultant  is  a  force  and  (b)  when  the  resultant 
is  a  couple? 

127.  If  it  is  known  that  the  resultant  of  a  coplanar  force  system  is  a  force  and  that 
the  algebraic  sum  of  the  moments  of  the  forces  about  a  point  in  the  plane  of  the 
forces  is  zero,  what  can  be  said  about  the  resultant  force? 

128.  A  force  system  consisting  of  two  couples  acts  on  a  body,  (a)  If  the  force 
system  has  a  resultant,  must  it  be  a  couple?  (6)  If  the  system  has  no  resultant  must 
the  two  couples  lie  in  the  same  plane? 

129.  Given  two  systems  of  forces  that  lie  in  the  same  plane,  one  of  the  systems 
being  concurrent  and  the  other  non-concurrent.  For  each  force  in  the  concurrent 
system  there  is  a  corresponding  force  in  the  non-concurrent  system  having  the  same 
magnitude,  direction,  and  sense.  "\Miich  two  of  the  following  statements  concerning 
the  resultants  of  the  two  systems  are  correct?  (a)  If  the  resultant  of  the  concurrent 
system  is  a  force,  the  resultant  of  the  non-concurrent  system  is  an  equal  parallel 
force,  (b)  If  the  resultant  of  the  concurrent  system  is  zero,  the  resultant  of  the  non- 
concurrent  system  is  also  zero,  (c)  If  the  resultant  of  the  concurrent  system  is  zero, 
the  resultant  of  the  non-concurrent  system  is  a  couple,  (d)  If  the  resultant  of  the 
concurrent  system  is  zero,  the  resultant  of  the  non-concurrent  system  is  either  zero 
or  a  couple. 


40  lb.        20  lb. 


^ 


R=coib 


I  ^^y 


10  lb. 


no  lb. 


Fig.  86. 


Fig.  87. 


130.  Show  that  the  force  R  in  Fig.  86  is  the  resultant  of  the  other  four  forces 
acting  on  the  body. 

131.  Replace  the  four  forces  acting  on  the  bar  AB  (Fig.  87)  by  a  single  force  that 
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will  produce  the  same  reactions  at  A  and  B.     Solve  by  the  algebraic  method. 
Represent  the  resultant  force  by  a  vector  in  the  diagram. 

Ans.     R  =  53.9  lb.;  Oj,  =  205°  47';  a  =  2.G7  ft. 

132.  Solve  the  preceding  problem  by  use  of  a  force  and  a  string  polygon. 

133.  Determine  the  resultant  of  the  three  forces  shown  in  Fig.  88.     Each  side  of 
the  triangle  is  2  ft.  in  length.  Ans.     C  =  17.3  Ib.-ft. 


R  =  50  1b. 


Fig.  89. 


Fig.  90. 


134.  Show  that  the  force  R  in  Fig.  89  is  the  resultant  of  the  other  five  parallel 
forces  shown. 

135.  The  values  of  P  and  Q  in  Fig.  90  are  40  lb.  and  15  lb.,  respectively.  Repre- 
sent each  of  the  two  couples  by  a  vector  and,  by  the  parallelogram  law,  determine 
the  vector  that  represents  the  resultant  couple.  Would  the  couple  consisting  of  the 
two  12.5-lb.  forces  shown  in  Fig.  90  have  the  same  external  effect  on  the  body  as 
would  the  two  given  couples? 


CHAPTER  III 
EQUILIBRIUM   OF  FORCE  SYSTEMS 

§  1.     Introduction 

37.  Preliminary. — In  the  preceding  ciiapter  equations  and  graphical 
constructions  were  developed  by  the  use  of  which  the  resultants  of  the 
various  force  systems  may  be  determined.  In  the  present  chapter  are 
determined  the  algebraic  and  graphical  conditions  of  equilibrium  for 
the  various  force  systems,  that  is,  the  conditions  which  the  forces  of  the 
various  systems  must  satisfy  in  order  that  the  resultants  of  the  systems 
shall  be  equal  to  zero.  These  conditions  may  be  expressed  by  means  of 
algebraic  equations  which  the  forces  must  satisfy,  called  the  equations 
of  equilibrium,  or  by  stating  the  conditions  which  graphical  diagrams 
involving  the  forces,  such  as  force  and  string  polygons,  must  satisfy. 
Diagrams  w^hich  satisfy  these  conditions  are  sometimes  called  equilibrium 
diagrams  or  equilibrium  ^polygons. 

Many  problems  in  engineering  practice  involve  bodies  which  are  in 
equilibrium  under  the  action  of  a  system  of  forces  as,  for  example,  a 
bridge,  roof-truss,  crane,  etc.  In  such  problems  certain  characteristics 
of  the  forces  acting  on  the  body  may  be  unknown,  as,  for  example,  the 
magnitude  or  the  du-ection  of  one  or  more  of  the  forces.  If  the  number 
of  unknown  characteristics  in  a  force  system  that  is  in  equiUbrium  is  not 
greater  than  the  number  of  equations  of  equilibrium  for  that  system,  the 
system  is  said  to  be  statically  determinate  and  all  the  unlcnown  charac- 
teristics may  be  found  from  the  equations  of  equilibrium  for  the 
system. 

If  the  number  of  unknown  characteristics  m  a  force  system  is  greater 
than  the  number  of  equations  of  equilibrium  for  that  particular  force 
system,  the  force  system  is  said  to  be  statically  indeterminate,  as,  for 
example,  the  forces  which  act  on  a  horizontal  beam  which  rests  on  three 
or  more  supports  and  carries  known  vertical  loads.  The  beam  is  in 
equilibrium  under  the  action  of  a  system  of  coplanar,  parallel  forces  all 
of  which  are  known  except  the  three  upward  reactions  of  the  supports. 
As  is  shown  in  Art.  43,  there  are  only  two  independent  equations  of 
equiUbrium  for  such  a  force  system,  and  hence  the  three  reactions  can- 
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not  be  found  from  the  equations  of  equilibrium  alone.  The  force 
system  is  therefore  statically  indeterminate. 

38.  Graphical  Conditions  of  Equilibrium. — In  the  previous  chapter 
it  was  shown  that  the  resultant  of  an  unbalanced  force  system  in  a 
plane  is  either  a  force  or  a  couple.  Furthermore,  it  was  shown  that  if 
the  resultant  is  a  force,  it  is  represented  iti  magnitude  and  in  direction 
by  the  closing  side  of  the  force  polygon,  and  that  if  the  resultant  Ls  a 
couple,  the  two  forces  of  the  couple  act  along  the  first  and  last  strings 
of  the  string  polygon.  Hence,  if  the  force  polygon  closes,  the  resultant 
cannot  be  a  force  but  may  be  a  couple.  If,  however,  the  string  polygon 
also  closes,  that  is,  if  the  first  and  last  strings  along  which  the  two  forces 
of  the  couple  act  are  coUinear,  the  two  forces  cancel  and  hence  the 
resultant  couple  vanishes.  There  are,  then,  two  conditions  which  the 
forces  of  a  coplanar  force  system  must  satisfy  if  they  have  no  resultant, 
that  is,  if  the  forces  are  in  equilibrium. 

(1)  The  force  polygon  must  close.  If  this  condition  is  satisfied  the 
resultant  cannot  be  a  force. 

(2)  The  string  or  funicular  polygon  must  close.  If  this  condition 
is  satisfied  the  resultant  cannot  be  a  couple. 

39.  Algebraic  Conditions  of  Equilibrium. — The  two  conditions  which 
the  graphical  diagrams  for  a  balanced  force  system  must  satisfy,  as 
stated  in  the  preceding  article, 
may  also  be  expressed  alge- 
braically. Thus,  if  the  force 
polygon  closes,  the  projections 
(components)  of  the  forces  on 
any  line  also  form  a  closed 
polygon,  as  shown  in  Fig.  91, 
and  since  these  components  are 
collinear  their  vector  sum  is 
the  same  as  their  algebraic  sum. 
Hence,  the  fact  that  the  force 

polygon  for  the  components  closes  may  be  expressed  by  stating  that 
the  algebraic  sum  of  the  components  of  the  forces  in  any  direction  is 
equal  to  zero. 

If  the  string  or  funicular  polygon  closes,  the  resultant  cannot  be  a 
couple,  since  the  first  and  last  strings  of  the  funicular  polygon  are 
collinear  and  hence  the  algebraic  sum  of  the  moments,  about  any  point, 
of  the  two  equal  and  opposite  forces  which  act  along  these  strings  is 
equal  to  zero.  But  the  algebraic  sum  of  the  moments  of  .these  two 
forces  is  equal  to  the  algebraic  sum  of  the  moments  of  the  forces  of  the 
system.     Therefore,  the  statement  that  the  funicular  polygon  must 
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close  is  equivalent  to  the  statement  that  the  algebraic  sum  of  the 
moments  of  the  forces  of  the  system  must  equal  zero.  Hence  the 
algebraic  conditions  of  equilibrium  are : 

(1)  The  algebraic  sum  of  the  components  of  the  forces  in  any  direc- 
tion must  equal  zero. 

(2)  The  algebraic  sum  of  the  moments  of  the  forces  about  any  point 
must  equal  zero. 

An  infinite  number  of  equations  could  be  written  in  accordance  with 
these  conditions  by  taking  different  directions  of  resolution  and  different 
moment  centers,  but  not  all  of  the  equations  would  be  independent. 
The  number  of  independent  equations  is  different  for  the  various  force 
systems,  as  will  be  discussed  in  the  succeeding  articles,  but  for  any  force 
system  the  independent  equations  of  equilibrium  are  the  equations 
which  are  necessary  and  sufficient  to  ensure  that  the  resultant  of  that 
particular  force  system  shall  be  equal  to  zero. 

If  a  given  body  is  in  equilibrium  under  the  influence  of  a  system  of 
forces  some  of  which  are  unlcnown,  wholty  or  ui  part,  these  unknowns 
may  be  found  by  applymg  the  equations  of  equilibrium  which  apply  to 
that  particular  system  of  forces. 

If  the  number  of  unlcnowns  in  a  system  of  forces  which  is  in  equi- 
librium is  equal  to  the  number  of  independent  equations  of  equilibrium 
for  that  particular  system,  the  determination  of  all  the  unknowns 
involves  the  use  of  all  the  equations  of  equilibrium.  Frequently,  how- 
ever, it  is  not  required  to  determine  all  the  unknowns  in  such  a  system, 
for  a  single  unknown  only  may  be  required,  as,  for  example,  the  magni- 
tude of  a  certam  force,  the  line  of  action  and  sense  of  which  is  known. 
In  such  cases  the  unlcnown  may  frequently  be  found  by  using  only  one 
of  the  equations  of  equilibrium.  In  applying  the  equilibrium  equations, 
the  work  may  be  materially  simplified  by  properly  selecting  the  dii'ec- 
tions  of  resolution  and  the  moment  axes  or  moment  centers. 

Before  applying  the  equations  of  equilibrium  to  any  system  of  forces 
which  holds  a  body  in  equilibrium  it  is  important  to  have  a  clear  idea 
of  the  forces  which  act  on  the  body.  For  this  purpose  it  is  necessary  to 
construct  a  free-body  diagram  which  will  be  explained  in  the  following 
article. 

40.  Free-Body  Diagram. — A  free-body  diagram  is  a  diagram  in  which 
are  shown  an  isolated  (free)  body  and  all  the  forces  exerted  by  other  bodies  on 
the  given  body.  It  does  not  show  the  forces  exerted  by  the  given  body  on 
other  bodies.  It  is  important  to  note  that  all  the  forces  acting  on  the 
body  considered  must  be  shown;  the  student  is  likely  to  overlook  and 
omit  a  force  from  the  free-body  diagram.  On  the  other  hand  it  must 
be  remembered  that  a  force  cannot  exist  unless  there  is  a  body  to  exert 
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the  force;  the  student  frequently  shows  a  force  in  the  free-body  diagram 
when  there  is  no  body  present  to  exert  the  force  shown.  The  number  of 
forces  in  the  free-body  diagram  is  determined  by  noting  the  number  of 
bodies  that  exert  forces  on  the  given  body;  these  forces  may  be  either 
forces  of  contact  or  body  forces,  the  most  important  body  force  being 
the  earth-pull  on  (or  weight  of)  a  body. 

The  word  free  in  the  name  "free-body  diagram"  emphasizes  the 
idea  that  all  the  bodies  exerting  forces  on  the  given  body  are  removed 
or  withdrawn  and  are  replaced  by  the  forces  they  exert ;  it  is  considered 
undesirable  to  show  both  the  bodies  and  the  forces  exerted  by  them. 
However,  it  is  sometimes  convenient  to  indicate,  by  light-weight  dotted 
lines,  the  faint  outlines  of  the  bodies  removed,  in  order  to  make  more 
evident  the  geometry  and  dimensions  involved  in  the  problem. 

Types  of  Reaction  Involved. — In  drawing  a  free-body  diagram  of  a 
given  body,  certain  assumptions  are  frequently  made  as  to  the  nature 
of  the  forces  (reactions)  exerted  by  other  bodies  on  the  given  body.  The 
more  common  assumptions  are  the  following :  (a)  If  a  surface  of  contact 
at  which  a  force  is  applied  by  one  body  to  another  body  has  only  a  small 
degree  of  roughness,  it  may  be  assumed  to  be  smooth  (f rictionless) ,  and 
hence  the  action  (or  reaction)  of  the  one  body  on  the  other  is  directed 
normal  to  the  surface  of  contact.  (One  method  of  indicating  a  smooth 
surface  is  shown  at  point  B  in  Fig.  94) ;  (b)  A  body  that  possesses  only 
a  small  degree  of  bending  stiffness,  such  as  a  cord,  rope,  chain,  etc.,  may 
be  considered  to  be  perfectly  flexible,  and  hence  the  pull  of  such  a  body 
on  any  other  body  is  directed  along  the  axis  of  the  flexible  body. 

Further,  in  drawing  the  free-body  diagram  of  a  body,  if  one  of  the 
forces  acting  on  the  body  is  unknown  in  direction,  as  well  as  in  magni- 
tude (such  as  a  pm  reaction  in  a  pin-connected  structure),  it  is  frequently 
convenient  to  show  two  rectangular  components  of  the  force  instead  of 
the  single  force,  and  thus  deal  with  two  forces  each  being  known  m 
du'ection  but  unknown  in  magnitude.  After  solving  for  the  two  rec- 
tangular components  their  resultant,  which  is  the  original  force,  may  be 
found  both  in  magnitude  and  in  direction. 

Method  of  Showing  an  Internal  Force  in  the  Free-Body  Diagram. — The 
term  "given  body"  used  in  the  definition  of  a  free-body  diagram  may 
mean  any  definite  portion  of  material  and  frequently  is  taken  as  a  por- 
tion, only,  of  a  physical  object  such  as  an  eye-bar  in  a  bridge  or  a  connect- 
ing rod  in  a  gas  engine.  Likewise,  the  given  body  may  be  taken  as  a 
group  of  physical  bodies  joined  together  (considered  as  one  body),  such 
as  the  whole  bridge  or  the  whole  engine. 

The  forces  in  a  free-body  diagram,  however,  are  external  forces, 
that  is,  forces  exerted  by  other  (outside)  bodies  on  the  given  body.     The 
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question  then  arises:  How  can  a  portion  of  a  phj^sical  body  be  con- 
sidered as  the  body  in  a  free-body  diagram  when  such  a  diagram  involves 
only  external  forces?  The  method  is  as  follows :  Let  a  plane  be  assumed 
to  pass  through  the  body  severing  from  the  body  that  portion  of  it 
which  is  to  be  considered  in  the  free-body  diagram.  This  severed 
portion  is  now  coiLsidered  as  the  "free"  body,  and  the  force  (or  forces) 
that  was  exerted  on  it  at  the  severed  (or  cut)  section  by  the  other  part 
of  the  body  (before  the  severed  portion  was  removed)  is  now  external 
to  the  severed  portion  and  will  be  shown  in  the  free-body  diagram  of  the 
severed  portion  together  with  all  the  original  external  forces  that  act 
on  this  severed  portion. 

Most  of  the  ideas  discussed  in  this  article  are  illustrated  in  the 
following  problem. 

ILLUSTRATIVE  PROBLEM 

Problem  136. — A  homogeneous  cjdinder  weighing  100  lb.  and  having  a  radius 
of  1  ft.  rests  between  two  smooth  planes  OA  and  OB,  as  shown  in  Fig.  92(a). 


Member  OB  is  attached  to  the  vertical  wall  at  0  by  a  smooth  pin.  Similarly  the 
horizontal  cable  is  attached  at  A  and  B  by  smooth  pins.  The  weights  of  OB  and  AB 
may  be  assumed  to  be  negligible.  Draw  a  free-body  diagram  of  (a)  the  cj'linder  and 
(b)  the  bar  OB  with  one-half  of  the  cable  AB  attached  (considered  as  one  body). 

Solution. — (a)  The  cyhnder  is  acted  on  by  three  (and  only  three)  bodies;  namely, 
the  earth,  the  vertical  plane  and  the  bar  OB.  There  will  be,  therefore,  three  (and 
only  three)  forces  in  the  free-body  diagram.  Further,  since  all  the  surfaces  of  con- 
tact are  assumed  to  be  smooth,  the  force  P  exerted  by  the  vertical  wall  on  the  cylinder 
will  be  normal  to  the  wall  and  hence  horizontal  as  shown  in  Fig.  92(6);  for  the  same 
reason  Q,  the  force  exerted  by  the  bar  OB  on  the  cylinder,  is  normal  to  OB.  Figure 
92(b)  is  then  the  free-bodj'  diagram  of  the  cylinder  since  it  shows  the  cylinder  alone 
or  free  from  the  other  bodies  (even  though  the  bodies  of  contact  are  shown  faintly 
as  dotted  lines)  with  all  the  forces  acting  on  it.  It  will  be  observed  that  the  forces 
whose  magnitudes  are  unknown  are  represented  b.y  dashed-line  vectors,  and  the  forces 
whose  magnitudes  are  known  by  solid-line  vectors;  this  method  or  some  other  con- 
venient method  (such  as  representing  the  unknown  forces  by  colored  lines)  for  dis- 
tinguishing between  known  and  unknown  forces  is  very  desirable. 
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(b)  The  body  for  which  a  free-body  diagram  is  required  is  shown  as  OBC  in 
Fig.  92(c).  A  plane  is  assumed  to  have  been  passed  through  the  cable  at  its  mid- 
point C,  and  the  force  exerted  at  the  severed  section  (or  cut  section)  by  the  left  half 
(that  has  been  removed)  on  the  body  OBC  is  shown  as  T;  this  force  acts  along  the 
cable  since  the  cable  is  assumed  to  be  flexible.  There  are,  then,  three  bodies  acting 
on  OBC;  namely,  the  left  half  of  the  cable,  the  cylinder,  and  the  pin  at  0.  Hence 
there  are  three  (and  only  three)  forces  acting  on  the  body  OBC;  namely,  the  force  T, 
the  force  Q  perpendicular  to  OB  (equal  and  opposite  to  Q  in  Fig.  926);  and  the 
pressure  of  the  pin  at  0;  this  pin  pressure  is  unknown  in  direction  as  well  as  in 
magnitude,  for  although  it  is  directed  normal  to  the  surfaces  of  contact  since  the  pin 
is  smooth,  the  point  (or  line)  of  contact  on  the  two  surfaces  is  unknown.  It  will  be 
convenient  to  replace  the  pin  pressure  by  its  two  components  Ox  and  Oy  as  shown 
in  Fig.  92(c).  It  should  be  noted  that  the  force  at  0  is  denoted  by  the  same  letter 
as  the  point,  and  that  the  components  of  the  force  are  denoted  by  subscripts  on  the 
letter.  This  has  the  disadvantage  of  using  a  letter  for  two  purposes  but  is  otherwise 
convenient.  Another  convenient  notation  is  to  denote  the  horizontal  component  of 
a  force  (or  component  parallel  to  the  x-axis)  at  a  point  (0,  say)  as  Ho  and  the  vertical 
component  (or  component  parallel  to  the  y-axis)  as  Vo.  Another  convention  is  to 
designate  the  reaction  at  a  point  (0,  say)  by  Ro-  This  latter  method  has  the  dis- 
advantage of  requiring  two  subscripts  to  denote  a  component  of  a  force.  For  exam- 
ple, the  x-component  of  a  force  at  O  would  be  designated  by  iRo)x  or  Box-  Some 
consistent  and  convenient  notation  is  highly  desirable  in  designating  forces  in  free- 
body  diagrams,  especially  for  problems  involving  many  forces. 

PROBLEMS 

137.  A  cylinder  weighing  100  lb.  is  supported  by  a  flexible  cable  and  a  smooth 
inclined  plane  as  shown  in  Fig.  93.  Consider  as  a  free  body  the  cylinder  and  one- 
half  of  the  attached  cable,  and  draw  the  free-body  diagram  of  this  body. 


Fig.  93. 


Fig.  94. 


c 

Fig.  95. 


e=p 


mcj 


138.  In  Fig.  94  is  shown  a  truss  supported  by  a  smooth  pin  at  C  and  a  smooth 
surface  at  B.  Draw  a  free-body  diagram  of  the  whole  truss,  considered  as  a  free 
body.     Neglect  the  weight  of  the  truss. 

139.  In  Fig.  95,  two  bars  HD  and  EB  are  connected  bj'  a  smooth  pin  at  C.  At 
//  and  E  are  smooth  rollers,  and  the  surface  at  K  is  smooth.  A  body  M  weighing 
100  lb.  is  attached  to  the  bar  EB  by  a  flexible  cable.  Draw  a  free-body  diagram  of 
(a)  the  two  bars  and  the  roller  at  E,  considered  as  one  body;  (b)  the  bar  EB,  the 
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cable,  and  the  attached  body  M,  considered  as  one  body;  and  (c)  the  bar  HD.     Neg- 
lect the  weights  of  the  bars. 

§2.     CoLLiNEAR  Forces 

41.  Equations  of  Equilibrium. — A  system  of  collinear  forces  is  in 

equilibrium  if  the  forces  of  the  system  satisfy  either  of  the  following 

equations : 

HF  =  0 (A) 

or 

j:ma  =0 (B) 

where  A  is  any  point  not  on  the  action  line  of  the  forces. 

Proof. — As  shown  in  Art.  22,  if  a  collinear  force  system  is  not  in 
equilibrium,  the  resultant  of  the  force  system  is  a  force  having  the  same 
action  line  as  the  forces  and  having  a  magnitude,  R,  which  is  given  by 
the  equation,  R  =  HF.  If  the  forces  of  the  sj^stem  satisfy  the  equation 
XF  =  0,  the  resultant  is  not  a  force  and  therefore  the  system  is  in 
equilibrium.  The  equation  '^Ma  =  0  is  also  sufficient  to  ensure  equi- 
hbrium,  for  if  the  forces  of  the  system  satisfy  this  equation,  the  resultant 
force  must,  in  accordance  with  the  principle  of  moments,  pass  through 
the  point  A.  But  this  is  impossible  since  the  resultant  force,  if  there 
be  one,  has  the  same  line  of  action  as  the  forces  and  hence  cannot  pass 
through  A .  i 

Therefore,  if  either  one  of  the  equations  (^4)  and  (B)  is  satisfied,  the 
resultant  is  equal  to  zero  and  hence  there  is  but  one  independent  equa- 
tion of  equilibrium  for  a  collinear  force  system. 

ILLUSTRATIVE  PROBLEM 

Problem  140.^Two  men  pull  on  the  ends  of  a  rope  with  forces  of  100  lb.  each 
(Fig.  96a).     What  is  the  tensile  stress  in  the  rope? 

Solution. — Suppose  the  rope  to  be  divided  into  two  parts  A  and  B  as  shown  in 
Fig.  96(6).  Consider  as  a  free  body  the  part  A.  The  forces  acting  on  A  are  two  in 
number,  namelj^  the  100-lb.  force  and  the  force  exerted  by  B  on  A.    The  latter  is 

the    internal    stress    required. 

100  lb.    ^ I  ^  loom.  Let  ttus  stress  be  denoted  by  S. 

I        (ctj  The    equation    of    equilibrium 

then  becomes: 


100  lb.  ft  S    S  fa  100  lb 


Fig.  96. 


XF  =  S  -  100  =  0. 
Therefore 

S  =  100  lb. 


Obviously,  B  could  have  been  taken  as  the  free  body  and  the  same  result  would  have 
been  obtained. 

It  should  be  noted  that  while  S  is  an  internal  force  (stress)  when  the  rope  as  a 
whole  is  considered,  it  becomes  an  external  force  acting  on  part  A  when  A  is  consid- 
ered as  a  free  body. 
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Two-Force  Member. — If  a  body  or  a  member  of  a  structure  is  held  in 
equilibrium  by  two  forces  only,  the  two  forces  must  be  equal,  opposite, 
and  collinear.  If  the  body  on  which  the  two  forces  act  Ls  of  prismatic 
form  such  as  a  straight  bar  or  a  cable  and  the  forces  are  applied  at  the 
ends  of  the  member,  the  internal  stress  in  the  member  Is  numerically 
equal  to  each  of  the  applied  forces  and  is  collinear  with  them  as  was 
found  in  Prob.  140.     Such  a  member  is  called  a  two-force  member. 

Examples  of  two-force  members  will  be  encountered  in  many  subse- 
quent problems,  especially  in  determining  stresses  in  pin-connected, 
pin-loaded  trusses.  Stresses  in  members  that  are  acted  on  by  more 
than  two  forces  are  considered  in  the  subject  of  Resistance  of  Materials. 

§  3.     CoPLANAR,  Concurrent,  Non-parallel  Forces 

42.  Equations  of  Equilibrium. — A  sj'stem  of  coplanar,  concurrent 
forces  is  in  equilibrium  if  the  forces  of  the  system  satisfy  the  following 
equations : 

U) 

SF,  =  o] 

w^here  x  and  y  denote  any  two  non-parallel  lines  in  the  plane.  It  is 
convenient,  however,  to  take  as  the  two  lines  a  set  of  rectangular  axes 
with  the  point  of  concurrence  of  the  forces  as  origin. 

Proof. — In  Art.  24  it  was  shown  that  if  a  concurrent  system  of 
forces  in  a  plane  is  not  in  equilibrium  the  resultant  is  a  force  whose 
components  are  equal  to  l^Fx  and  ^Fy.  If,  then,  the  forces  of  the  system 
satisfy  the  equation  HFx  =  0  the  resultant  cannot  have  a  component 
along  the  2;-axis,  and  if  the  equation  XFy  =  0  is  satisfied  the  resultant 
cannot  have  a  component  along  the  y-ax\s.  Therefore,  if  both  of  these 
equations  are  satisfied,  the  resultant  cannot  be  a  force  and  hence  the 
system  must  be  in  equilibrium.  There  are,  then,  only  two  independent 
equations  of  equilibrium  for  a  coplanar,  concurrent  system  of  forces. 

Another  set  of  independent  equations  which,  if  satisfied  by  the  forces 
of  a  coplanar,  concurrent  force  system,  are  sufficient  to  ensure  equilibrium 
may  be  expressed  as  follows : 

SF.  =  01 


SM.4  =  0 


0) 


where  x  denotes  any  line  in  the  plane  (taken  for  convenience  as  one  of 
two  rectangular  axes  through  the  point  of  concurrence  of  the  forces) 
and  A  is  any  point  in  the  plane  not  on  the  i/-axis. 

Proof. — If  the  forces  of  the  system  satisfy  the  equation  'ZFx  =  0, 
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the  resultant  cannot  have  a  component  along  the  a;-axis,  that  is,  the 
resultant,  if  there  be  one,  must  he  along  the  y-axis.  If  the  equation 
2iMa  =  0  is  satisfied,  the  resultant,  if  there  be  one,  must  pass  through 
the  point  A  in  accordance  with  the  principle  of  moments.  It  is 
impossible  for  a  force  to  satisfy  these  two  conditions  simultaneously 
and  hence,  if  both  the  equations  are  satisfied  by  the  forces  of  the  system, 
the  system  is  in  equilibrium. 

A  thu'd  set  of  equations  of  equilibrium  for  a  coplanar,  concurrent 
force  system  is  as  follows : 

SM4  =  Ol 

(C) 

SM5  =  oj 

where  A  and  B  are  any  two  points  in  the  plane  of  forces,  provided  that 
the  line  joining  A  and  B  does  not  pass  through  the  point  at  which  the 
forces  are  concurrent.  The  proof  that  these  equations  are  sufficient  to 
ensure  equilibrium  will  be  left  to  the  student. 

Three  Forces  in  Equilibrium. — If  three  coplanar,  non-parallel  forces 
are  in  equilibrium  the  forces  must  be  concurrent.     In  order  that  the 

three  forces  shall  be  in  equilibrium,  the 
resultant  of  any  two  of  the  forces  must  be 
a  force  which  is  collinear  with  the  thkd 
force,  of  equal  magnitude,  and  of  opposite 
sense.  But  the  resultant  of  the  two  forces 
will  have  the  same  line  of  action  as  the 
third  force  only  if  the  two  intersect  on 
J  ^^uj  the  action  line  of  the  third  force  in  which 

/  case  the  three  forces  are  concurrent.     This 

/  *  principle    is    of    considerable    importance. 

Fig.  97.  as  it  simplifies  the  solution  of  many  prob- 

lems. Consider,  for  example,  the  crane 
shown  in  Fig.  97(a).  The  forces  acting  on  the  crane  are  the  reaction  7?i 
at  the  upper  end  (assumed  to  be  horizontal),  the  load  W,  the  weight  of 
the  crane  (not  shown),  and  the  reaction  R2  at  the  lower  end,  the  dhection 
of  the  latter  force  being  unlcnown.  The  load  W  and  the  weight  of  the 
crane  may  be  replaced  by  a  single  resultant  force,  R,  and  the  system  will 
then  consist  of  three  forces,  Ri,  R2,  and  R.  Since  the  three  forces  must 
be  concurrent,  R2  must  pass  through  the  point  of  intersection  of  /?i 
and  R,  and  hence  its  action  line  is  determined  as  indicated  by  the  dotted 
line.  The  magnitudes  of  the  reactions  Ri  and  i?2  may  now  be  deter- 
mined by  drawing  the  force  polygon  (Fig.  976).  The  force  polygon  is 
constructed  by  drawing  AB  to  represent  the  known  force  R  and  by 
drawing  from  A  and  B  lines  parallel  to  Ri  and  Roy  respectively,  which 
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intersect  at  C.  The  reaction  Ri  is  represented  by  CA ,  and  R2  is  repre- 
sented by  BC. 

Convention  Concerning  Direction  and  Sense  of  an  Unknown  Force. — In 
many  problems  that  involve  the  equilibrium  of  force  systems,  the  action 
line  of  one  (or  more)  of  the  forces  may  be  known  but  the  magnitude  and 
sense  may  be  unknown.  In  many  cases  the  sense  of  such  a  force  is 
evident  by  inspection  and  the  force  may  be  shown  in  the  free-body  dia- 
gram with  the  proper  sense.  If,  however,  it  is  not  obvious  by  inspection, 
the  sense  may  be  assumed,  and  if  on  solving  for  the  unknown  force  its 
sign  is  found  to  be  positive,  the  assumed  sense  is  correct;  if  the  sign  is 
negative  the  sense  is  opposite  to  that  assumed. 

Again,  in  some  problems  in  equilibrium,  only  a  point  on  the  Une  of 
action  of  a  force  is  known,  the  direction,  sense  and  magnitude  of  the 
force  being  unknown.  In  this  case  it  will  generally  be  convenient  to 
represent  the  force  in  the  free-body  diagram  by  means  of  its  two  compo- 
nents parallel  to  the  coordinate  axes;  the  direction  of  each  component 
is  then  known,  but  the  sense  and  magnitude  are  unknown.  If  the  sense 
of  either  or  both  of  the  components  is  evident  by  inspection,  the  compo- 
nent (or  components)  should  be  shown  in  the  free-body  diagram  with  the 
proper  sense.  If,  however,  the  sense  of  a  component  is  not  evident  it 
may  be  shown  as  having  a  positive  sense  and  if  on  solving  for  the  compo- 
nent the  sign  is  found  to  be  positive,  the  sense  is  positive  as  assumed;  if 
the  sign  is  negative  the  sense  is  opposite  to  that  assumed. 

ILLUSTRATIVE   PROBLEMS 

Problem  141. — A  boch^  is  held  in  equilibrium  by  a  system  of  three  concurrent 
forces  as  shown  in  Fig.  98.     Find  the  values  of  P  and  d. 


Y 

^.^ 

-— -^ 

P 

X 

\^5- 

/ 

<sy      ^ 

.^^ 

Fig.  98. 

Solution. — The  equations  of  equilibrium  are: 

ZF^  =  P  cos  0  -  10  cos  30°  -  20  cos  45°  =  0, 
.-.  Pcosd  =  8.66  +  14.14  =  22.80  lb 


(1) 
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SF„  =  P  sin  0  +  10  sin  30°  -  20  sin  45' 
/.   Psin  0  =  14.14  -  5.00  =  9.141b.  .      .     . 
By  dividing  (2)  by  (1),  9  may  be  obtained.     Thus 
9.14 


0, 


(2) 


tan  6  = 


22.80 


=  0.401, 


.-.   e  =  21°  50'. 


By  squaring  and  adding  (1)  and  (2),  P  may  be  obtained.     Thus 

p2  =  (22.80)2  +  (9.14)2  ^  go3.5,  .-.   P  =  24.5  lb. 

Problem  142. — Figure  99(a)  represents  a  lower  panel  point  of  a  pin-connected 
Pratt  truss.  The  stresses  in  two  of  the  members  are  1000  lb.  and  3000  lb.  as  shown. 
Find  the  stresses,  P  and  Q,  in  the  other  members. 


10001b. 


B 

3000  lb. 

A 

' 

1  in.  =2000  lb. 

-^     n 

n  -  n  -onnn  iv.    '  r 

'Q 

(6) 


Algebraic  Solution.- 

From  (2) 
Substituting  in  1, 


Fig.  99. 


S^x  =  Q  +  P  cos  45°  -  3000  =  0, 


SP„  =  P  sin  45^ 


1000  =  0 


(1) 

(2) 


1000 

P  = =  1414  lb. 

sin  45 


Q  =  3000  -  1414  cos  45° 

=  3000  -  1000  =  2000  lb. 

Graphical  Solution. — The  problem  may  be  solved  graphically  by  constructing  a 
closed  force  polygon  as  shown  in  Fig.  99(b).  The  polygon  is  constructed  as  follows: 
Vectors  AB  and  BC  are  drawn  to  represent  the  3000-lb.  and  1000-lb.  forces,  respec- 
tively. A  line  is  then  drawn  from  C  parallel  to  the  direction  of  the  force  Q  and  a  line 
is  drawn  from  A  parallel  to  the  direction  of  the  force  P.  These  lines  intersect  at  D. 
Q  is  then  represented  by  CD  and  P  by  DA.  The  magnitudes  of  Q  and  P  are  found  by 
measuring,  according  to  the  scale  indicated,  to  be  2000  lb.  and  1410  lb.,  respectivelj-. 

Problem  143.— Two  bodies  A  and  B  (Fig.  100)  weighing  200  lb.  and  50  lb., 
respectively,  are  held  in  equilibrium  on  smooth  rods  by  a  connecting  flexible  cable 
that  makes  an  angle  6  with  the  horizontal.  Find  the  reactions  of  the  rods  on  the 
bodies,  the  tensile  stress  in  the  cable,  and  the  angle  6. 
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Solution. — A  free-body  diagram  of  body  A  and  a  small  part  of  the  attached  cable, 
considered  as  one  body,  is  shown  in  Fig.  100(6).  This  body  is  acted  on  by  a  coplanar, 
concurrent  force  system  consisting  of  the  force  7'  exerted  by  the  part  of  the  cable 
removed  (and  hence  is  the  tensile  stress  in  the  cable),  the  reaction  Ra  of  the  rod, 
and  the  earth-pull  of  200  lb.  There  are  three  unknown  quantities  in  the  diagram; 
namely,  the  magnitude  and  direction  of  T  and  the  magnitude  of  Ra(T,  0,  and  Ra), 
and  since  there  are  only  two  equations  of  equilibrium  for  a  coplanar  concurrent  force 
system,  all  three  of  the  unknown  quantities  cannot  be  found,  that  is,  the  force  system 
is  statically  indeterminate.     Therefore  a  free-body  diagram  of  the  body  B  is  drawn 


Cable 


(a) 


200  lb. 

(&) 

Fig.  100. 


^%    50  lb.\ 
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(Fig.  100c),  to  see  if  the  force  system  acting  on  B  is  statically  determinate.     If  this 

system  is  found  to  be  statically  determinate,  the  value  of  T  could  be  found  and  this 

value  used  for  the  force  T  in  the  force  system  acting  on  body  A,  thus  making  the  force 

system  acting  on  body  A  statically  determinate. 

The  force  system  acting  on  B,  however,  is  also  found  to  be  statically  indeterminate 

since  three  unknown  quantities  {T,  6,  and  Rb)  are  involved.     However,  since  the 

forces  T  in  Fig.  100(6)  and  T  in  Fig.  100(c)  are  identical  (except  in  sense)  it  is  seen 

that  in  the  two  force  systems  there  are  only  four  unknown  quantities  {T,  9,  Ra,  Rb) 

and  these  may  be  found  from  the  four  equations  of  equilibrium  (two  for  each  of  the 

force  systems)  that  can  be  written.     Applying  the  equations  of  equilibrium  we  have, 

then 

fSFx  =  Tcose  -  i?4sin30°  =  0 (1) 

For  4 

[XFy  =  T  sine +  Ra  cos  30°  -200  =0 (2) 

(ZFx  =-  Tcose +  Rb  cos  30°  =0 (3) 

For  5 

['LFy  =  -  T sin  e  +  Rb  sin  30°  -  50  =  0 (4) 

Eliminating  Ra  from  (1)  and  (2),  we  find 

T  cos  (30°  -  e)  =  100 (5) 

Eliminating  Rb  from  (3)  and  (4),  we  find 

T  sin  (30°  -  e)  =  43.3 (6) 

Dividing  (6)  by  (5),  we  have  tan  (30°  -  6)  =  0.433 

Hence 

30°  -  0  =  tan-i  0.433  =  23°  25',  .'.   9  =  6°  35' 

Substituting  the  value  of  9  in  (5)  we  find  T  =  109  lb. 
Substituting  the  values  of  T  and  9  in  (1)  and  (3)  we  find 

Ra  =  216  lb.  and  Rb  =  125  lb. 
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PROBLEMS 

144.  A  sphere  weighing  100  lb.  rests  against  two  smooth  planes  that  form  a 
V-shaped  trough.  The  right-hand  plane  makes  an  angle  of  30°  with  the  horizontal, 
and  the  angle  between  the  two  planes  is  105°.  Find  the  reactions  of  the  planes  on 
the  sphere. 

145.  A  sphere  which  weighs  40  lb.  is  held  on  a  smooth  inclined  plane  by  means 
of  a  flexible  cord  which  is  attached  to  a  ceiling  as  shown  in  Fig.  93.  Determine  the 
pressm-e  R  of  the  plane  against  the  sphere  and  the  tension  T  in  the  cord. 

Ans.    R  =  7.39  lb.;  T  =  36.9  lb. 

146.  A  body  weighing  60  lb.  is  held  in  equilibrium  on  a  smooth  horizontal  surface 
by  two  flexible  cords  which  pass  over  frictionless  pulleys  and  carry  suspended  weights 
of  30  lb.  and  50  lb.  as  shown  in  Fig.  101.  Find  the  reaction  of  the  surface  on  the 
body  and  the  angle  d  that  one  cord  makes  with  the  horizontal. 


□  so  lb 


Fig.  101. 


Fig.  102. 


147.  In  Fig.  102  is  shown  a  bell-crank  mounted  on  a  smooth  pin  at  0  and  sub- 
jected to  a  force  of  80  lb.  at  A  as  shown,  causing  the  bell-crank  to  press  against  a 
smooth  stop  at  B.  Find  the  pin  pressure  at  0  and  the  reaction  at  B.  Solve  graphi- 
cally, observing  that  three  non-parallel  forces  in  equilibriimi  must  be  concurrent. 

Ans.    Ro  =  115  lb.;  djc  =  52°  50';  Rb=  51.5  lb. 

148.  A  body  weighing  100  lb.  is  suspended  from  a  ceiling  by  a  string  4  ft.  long. 
At  the  mid-point  of  the  string  is  attached  another  string  by  means  of  which  a  hori- 
zontal force  of  50  lb.  is  applied.  Find  the  tension  in  the  upper  half  of  the  string  and 
its  inclination  to  the  horizontal. 

149.  The  truss  shown  in  Fig.  94  is  supported  by  smooth  rollers  at  B  and  by  a 
smooth  pin  at  C.  A  load  of  10  tons  is  applied  at  A  as  shown."  Find  the  reactions  of 
the  pins  at  B  and  C  on  the  truss.  Solve  algebraically  by  use  of  equations  (B)  of 
Art.  42,  observing  that  three  non-parallel,  coplanar  forces  that  are  in  equilibrium 
must  be  concurrent.  In  applying  the  equations  of  equilibrium,  assume  the  x-axis 
to  be  horizontal  and  choose  the  point  C  as  the  moment-center. 

Ans.    Rb  =  17.7  tons;  Re  =  12.7  tons. 

150.  A  uniform  beam  weighing  TT^  lb.  rests  with  its  ends  on  two  smooth  planes 
that  make  angles  of  30°  and  60°  with  the  horizontal.  The  planes  intersect  in  a 
horizontal  line  and  the  angle  between  the  planes  is  90°.  Find  the  inclination  of  the 
beam  to  the  horizontal. 

151.  In  Fig.  103,  when  r  is  zero,  the  tension  in  the  spring  *S  is  50  lb.  The  modulus 
of  the  spring  is  58  lb.  per  in.     Find  the  tension  T  in  the  spring  in  pounds  when 
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r  =  3  in.  and  also  find  the  pulls  P,  P  required  to  cause  this  spring  tension.     What  is 
the  total  stretch  s  of  the  spring? 

Am.     T  =  94.1  lb.;  P  =  23.5  lb.;  .s  =  1.62  in. 


Fig.  103. 

/'262.  In  Fig.  104  are  shown  three  smooth  homogeneous  cylinders  whose  radii  are 
equal.  If  each  cylinder  weighs  100  lb.,  what  are  the  pressures  on  cyhnder  A  of  the 
vertical  and  horizontal  surfaces  at  D  and  E,  respectively. 

^  Ans.     Rd  =  50  lb.;  Re  =  150  lb. 

^53.  A  body  weighing  20  lb.  is  held  in  equilibrium  by  four  cords  as  shown  in 
Fig.  105.  What  are  the  stresses  in  cords  A,  B,  and  C?  Solve  by  use  of  equations 
(A)  of  Art.  42. 


Fig.  106. 


154.  A  body  A  rests  on  a  platform  (Fig.  106).  The  platform  is  suspended  from 
the  top  cross-bar  of  a  frame  by  two  ropes  B,  B.  The  mid-points  of  the  ropes  are 
connected  by  another  rope  C.  At  the  center  of  the  rope  C  a  vertical  pull  P  is  e.xerted 
by  a  man  standing  on  the  cross-bar.  Before  the  pull  P  is  applied,  the  ropes  B,  B 
are  vertical  and  10  ft.  long  and  the  rope  C  is  horizontal  and  7  ft.  long.  The  body  A 
is  placed  at  the  center  of  the  platform  and  the  weight  of  A  and  the  platform  is 
2000  lb.  What  force  P  must  the  man  exert  to  support  the  platform  (a)  1  in.  above 
its  original  position;  (ft)  5  in.  above  its  original  position?  Solve  graphically  using 
scales  1  in.  =  2  ft.  and  1  in.  =  200  lb.     Ans.  (a)  P  =  335  lb.;     (b)  P  =  1155  lb. 

155.  In  the  cone  clutch  shown  in  Fig.  107,  the  force  P  acting  vertically  on  the 
bell-crank  as  shown  produces  a  normal  pressure  at  the  surface  of  contact  of  the  clutch 
of  15  lb.  per  sq.  in.     If  0  =  12^°,  find  the  force  P  and  the  reaction  R  on  the  bell- 
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crank  of  the  smooth  pin  at  the  fixed  point  of  the  bell-crank.     Disregard  friction 
between  the  two  parts  of  the  clutch. 

Ans.     P  =  196  Ih.;  R  =  416  lb.;  0x  =  208°  5'. 


100  Jb. 


Fig.  107. 


Fig.  108. 


156.  Two  bodies  weighing  75  lb.  and  100  lb.  rest  on  a  smooth  cylinder  and  are 
connected  by  a  cord  as  shown  in  Fig.  108.  Find  the  reactions  of  the  cylinder  on  the 
bodies,  the  tension  in  the  cord,  and  the  value  of  d. 

§  4.     CoPLANAE,  Non-concurrent,  Parallel  Forces 

43.  Equations  of  Equilibrium. — A  coplanar,  parallel  force  system  is 
in  equilibrium  if  the  forces  of  the  system  satisfy  the  equations 

^F  =  0] 

(A) 

UMa  =  Oj 

where  A  is  any  point  m  the  plane  of  the  forces. 

Proof. — According  to  Art.  27,  the  resultant  of  a  coplanar,  parallel 
force  system  which  is  not  in  equilibrium  is  either  a  force  or  a  couple.  If 
the  resultant  is  a  force,  the  magnitude,  R,  is  expressed  by  the  equation 
R  =  Si^,  and  if  the  resultant  is  a  couple  the  moment,  C,  is  expressed  by 
the  equation  C  =  1,M.  If  the  forces  of  the  system  satisfy  the  equation 
2F  =  0,  the  resultant  is  not  a  force  and  if  the  equation  "^M a  =  0  is 
satisfied  the  resultant  is  not  a  couple.  Hence,  if  both  equations  are 
satisfied  the  resultant  of  the  force  system  can  be  neither  a  force  nor  a 
couple  and  therefore  the  system  is  in  equilibrium.  Two  equations,  then, 
are  necessary  and  sufficient  to  ensure  that  the  forces  are  m  equilibrium. 
In  other  words,  there  are  only  two  independent  equations  of  equilibrium 
for  a  system  of  parallel  forces  in  a  plane. 

Another  set  of  equations  of  equilibrium  for  a  system  of  coplanar, 
parallel  forces  may  be  written  as  follows: 


UMb  =  oj 


(B) 
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where  A  and  B  are  any  two  points  in  the  plane,  provided  that  the  Une 
connecting  A  and  B  is  not  parallel  to  the  forces  of  the  system.  It  will  be 
left  to  the  student  to  prove  that  these  equations  are  sufficient  and 
necessary  to  ensure  that  the  forces  are  in  equilibrium. 


ILLUSTRATIVE   PROBLEMS 

Problem  157.  A  load  of  1200  lb.  is  applied  to  a  beam  AB  as  shown  in  Fig.  109(a). 
The  left  end  of  the  beam  is  carried  by  a  smooth  roller  resting  on  a  second  beam  CD. 
Find  the  reactions  on  the  second  beam  at  C  and  D. 

Solution. — The  free-body  diagrams  for  the  two  beams  are  shown  in  Fig.  109(6) 
and  109(c).  Considering  the  beam  AB  as  a  free  body  and  using  the  equation 
IjMa  =  0,  we  have 

SMx  =  1200  X  9  -  i?B  X  12  =  0,         .-.  Rb  =  900  lb. 

There  is,  then,  a  load  of  900  lb.  acting  on  the  beam  CD  at  B.  Next  considering  the 
beam  CD  as  a  free  body,  the  two  reactions  Re  and  Rd  may  be  found  by  apphdng 
either  set  of  equilibriimi  equations  of  Art.  43.  Thus,  using  the  equations  2-1/c  =  0 
and  Sil/f)  =  0,  the  two  reactions  maj'  be  found  as  follows: 


SMc  =  7?D  X  10  -  900  X  6  =  0, 
2Mi>  =  -Re  X  10  +  900  X  4  =  0, 

1200  lb. 


Rd  =  540  lb. 
Re  =  360  lb. 


r 


77777? 


M 


(a) 


1200  lb. 


1 900  lb, 
t  D 


/yJ/y//'. 


2000  lb.    2000  lb. 


1000  1b. 


(6) 


(c) 
Fig.  109. 


Fig.  110. 


Problem  158. — A  beam  12  ft.  long  carries  three  loads  as  shown  in  Fig.  110. 
Find  the  reactions  at  the  ends  of  the  beam.     Solve  algebraically  and  graphically. 

Algebraic  Solution. — 

ZMb  =  -l2Ri  +  1000  X  10  +  2000  X  7  +  2000  X  4  =  0, 
127?i  =  32,000,  .-.  Ri  =  2667  lb. 

SikfA  =  12^2  -  1000  X  2  -  2000  X  5  -  2000  X  S  =  0, 
12^2  =  28,000,  .-.   i?2  =  2333  lb. 

In  order  to  check  the  results  the  equation  -F  =  0  may  be  applied.     Thus, 
2667  +  2333  -  1000  -  2000  -  2000  =  0. 
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Graphical  Solution. — In  order  to  determine  the  reactions  by  the  graphical  method, 
a  force  and  a  funicular  polygon  are  constructed  as  shown  in  Fig.  111.  Since  the  forces 
are  in  equilibriimi  the  two  polygons  must  close.  The  three  known  forces  are  repre- 
sented by  AB,  BC,  and  CD.  The  right  reaction  will  be  represented  by  DE,  the 
position  of  the  point  E  being  as  yet  unknown.  Obviously  the  left  reaction  will  be 
represented  by  EA  since  the  force  polygon  must  close.  The  strings  oa,  oh,  oc,  and  od 
of  the  funicular  polygon  are  drawn  parallel  to  the  corresponding  rays.  Since  the 
string  oe  must  intersect  the  string  oa  on  ea  and  since  oe  must  also  intersect  the  string 
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Fig.  111. 


od  on  de,  the  position  of  the  string  oe  is  determined.  The  direction  of  the  ray  OE 
is  now  determined  also,  since  it  must  be  parallel  to  the  string  oe.  Hence  E  is  the 
point  where  a  line  di'awn  through  0  parallel  to  oe  intersects  the  line  AD.  The  mag- 
nitudes of  DE  and  EA  are  found,  from  the  diagram,  to  be  2330  lb.  and  2670  lb., 
which  agree  closely  with  the  values  found  bj^  the  algebraic  method  of  solution. 


PROBLEMS 

159.  A  beam  14  ft.  long  carries  a  concentrated  load  of  1000  lb.  and  a  uniformly 
distributed  load  of  230  lb.  per  linear  foot  as  shown  in  Fig.  112.  If  the  weight  of  the 
beam  is  neglected  find  the  reactions  at  the  ends  of  the  beam. 

Ans.    Ri  =  1136  lb.;  R2  =  1264  lb. 


1000  lb. 


2001b.  per  ft. 


-i- — H-e- 


JF 


500  lb. 


200  lb. 

— >■ 


Fig.  112. 


Fig.  113. 


160.  The  beam  shown  in  Fig.  113  weighs  10  lb.  per  linear  foot.  Find  the  reac- 
tions due  to  the  weight  of  the  beam  and  the  loads  shown. 

161.  A  bar  8  ft.  long  is  held  in  equilibrium  by  the  three  forces  shown  in  Fig.  114 
and  two  forces  acting  along  the  lines  ef  and  de.  Find  the  magnitudes  and  senses  of 
the  two  forces. 
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162.  A  beam  8  ft.  long  rests  on  two  horizontal  supports  and  is  loaded  as  shown 
in  Fig.  115.  If  the  weights  of  the  beams  are  neglected,  find  the  reactions  Ri  and  Rz 
at  the  points  of  support.  Solve  by  two  methods;  (a)  by  considering  the  entire 
system  of  beams  as  a  free  body,  and  (6)  by  considering  each  of  the  beams  as  a  free 
body.  Ans.     Ri  =  5714  lb.;  Rz  =  2286  lb. 


200  11). 


400  lb. 


<& 


420  1b. 


Fig.  114. 
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Fig.  115. 


163.  A  rigid  frame  M  (Fig.  116)  is  supported  by  a  smooth  pin  at  0  and  has 
attached  to  it  by  flexible  cords  bodies  weighing  20  lb.  and  40  lb.  at  points  A  and  B, 
respectively.  Determine  the  reaction  of  the  pin  on  the  frame  and  the  angle  of 
inclination  ol  AB  with  the  horizontal.     Neglect  the  weight  of  the  frame. 

Ans.     Ro  =  601b.;     9  =  45°. 


20  1b.y 


40  lb. 


1000  lb. 


Fig.  116. 


— >i 


6001b. 


164.  In  Fig.  117  find  the  reactions  at  A  and  B.     Also  find  the  reactions  at  C  and  D 
on  the  upper  member. 

Atis.    Ra  =  6500  lb.;  Rb  =  7500  lb.;  Re  =  2250  lb.;  Rd  =  1250  lb. 

165.  In  Fig.  118  the  beam  CE  is  sup- 
ported by  a  smooth  pin  at  E  and  a  smooth 
roller  at  D.  The  beam  ^B  is  supported 
by  a  smooth  pin  at  A  and  a  smooth  roller 
between  the  two  beams.  Find  the  reaction 
of  the  pin  at  E  on  the  beam  CE.  Neglect 
the  weights  of  the  beams. 

166.  A  block  and  tackle  which  is  at- 
tached to  a  stake  driven   in  the  ground  is 

used  in  moving  a  car  by  the  method  shown  in  Fig.  119.     If  the  holding  power  of  the 
stake  is  limited,  which  of  the  two  arrangements  shown  is  preferable,  that  shown  in 


Fig.  118. 
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(a)  or  (6)?  If  the  force  that  must  be  applied  to  the  car  to  cause  it  to  move  is  800 
lb.,  find  the  value  of  the  force  P  required  to  move  the  car  in  each  of  the  two  arrange- 
ments.    Find  also  the  tension  T  in  the  cable  connected  to  the  stake  in  each  case. 


(b) 


////////////'■'/^■'' 


Fig.  119. 


167.  In  Fig.  120  is  represented  a  differential  chain  hoist.     Two  sheaves  of  radii 

r\  and  r2  are  fastened  together  and  a  continuous  chain  passes  around  the  small  sheave, 

then  around  a  movable  pulley  of  diameter  ri  +  r^,  and  then  around  the  larger  sheave. 

Neglecting  the  resistance  due  to  friction,  find  the  relation  between  the  applied  force 

F  and  the  load  W  which  it  will  hold  in  equilibrium.  ^  „       TT7ri  —  r?) 

Ans.     F  = 


./7//////////////m 


Fig.  120. 


Fig.  121. 


Fig.  122. 


168.  In  Fig.  121  what  force  P  is  required  to  hold  in  equilibrium  a  weight  TT^  of  2 
tons? 

169.  In  Fig.  122  is  shown  a  uniform  bar  AB  supported  by  a  smooth  pin  at  A  and  a 
flexible  cord  which  is  attached  at  B  and  passes  over  a  pulley  that  is  supported  by  a 
smooth  pin  at  0.  A  body  D  weighing  100  lb.  is  attached  to  the  bar  at  C  by  a  flexible 
cord.  If  the  bar  weighs  10  lb.  per  ft.  of  length  what  force  P  must  be  applied  to  hold 
the  bar  in  equilibrium  in  the  position  shown?  Ans.     P  =  126.7  lb. 
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§  5.     CoPLANAR,  Non-concurrent,  Non-parallel  Forces 

44.  Equations  of  Equilibrium.— A  system  of  coplanar,  non-con- 
current, non-parallel  forces  is  in  equilibrium  if  the  forces  of  the  system 
satisfy  the  equations, 


SMa  =  0 


U) 


where  x  and  y  denote  the  coordinate  axes  and  A  is  any  point  in  the  plane 
of  the  forces. 

Proof. — If  a  system  of  coplanar,  non-concurrent,  non-parallel  forces 
is  not  in  equilibrium,  the  resultant  of  the  system  is  either  a  force  having 
components  equal  to  XFx  and  ^Fy  or  a  couple  having  a  moment  equal 
to  SMa  (Art.  30).  If  the  forces  of  the  system  satisfy  the  equation 
llFx  =  0,  the  resultant,  if  a  force,  must  be  parallel  to  the  ^-axis.  If  the 
equation  1>Fy  =  0  is  satisfied,  the  resultant,  if  a  force,  must  be  parallel 
to  the  X-axis.  A  force  cannot  be  parallel  to  both  the  x-  and  y-axes  and 
hence,  if  the  first  two  equations  are  satisfied,  the  resultant  of  the  system 
cannot  be  a  force.  If  the  equation  1,M a  =  0  is  satisfied,  the  resultant 
cannot  be  a  couple.  Therefore,  if  the  forces  of  the  system  satisfy  the 
three  equations,  the  force  system  is  in  equilibrium. 

Another  set  of  independent  equations  of  equilibrium  for  a  non- 
concurrent,  non-parallel  system  of  forces  in  a  plane  may  be  written 
as  follows: 

2F.  =  01 


SMa  =  0 

SMb  =  0 


(5) 


where  x  denotes  any  line  or  axis  in  the  plane  of  the  forces  and  A  and  B 
are  any  two  points  in  the  plane,  provided  that  the  line  AB  is  not  per- 
pendicular to  the  a;-axis. 

A  third  set  of  equilibrium  equations  for  the  force  system  here  con- 
sidered may  be  written  as  follows : 


SM.4  =  0] 


(C) 


SMb  =  0 

SMc  =  0 

where  A,  B,  and  C  are  any  three  non-collinear  points  in  the  plane  of  the 
forces. 


84 


EQUILIBRIUM   OF   FORCE   SYSTEMS 


It  will  be  left  to  the  stvident  to  prove  that  either  set  of  equations  (B) 
or  (C)  is  sufficient  and  necessary  to  ensure  the  equilibrium  of  a  coplanar, 
non-concurrent,  non-parallel  system  of  forces. 

Any  one  of  the  above  sets  of  equations,  therefore,  may  be  used  to 
determine  the  unknown  quantities  in  a  coplanar,  non-concurrent,  non- 
parallel  force  system  which  is  in  equilibrium,  provided  there  are  not 
more  than  three  such  unknowns. 

Choice  of  Moment-Centers  and  of  Directions  of  Resolution. — In  apply- 
ing the  equations  of  equilibrium  to  a  system  of  coplanar,  non-concurrent, 
non-parallel  forces  in  which  the  magnitudes  (and  senses)  of  three  forces 
are  unknown,  the  solution  may  frequently  be  simplified  by  selecting  the 
moment-centers  and  the  directions  of  resolution  in  a  particular  way. 
For  example,  in  Fig.  123  Is  represented  a  portion  of  a  roof-truss  which  is 


Fig.  123. 


^ 


f\. 


\ 


Fa     _      \B 


Fig.  124. 


held  in  equilibrium  by  the  five  forces  shown,  of  which  P  and  R  are  known 
completely  and  Fi,  F2,  and  F3  are  unknown  in  magnitude.  By  selectmg 
C,  the  intersection  of  the  two  unknown  forces  Fo  and  F^,  as  a  moment- 
center  and  applying  the  equilibrium  equation  liMc  =  0,  the  force  jPi 
may  be  found  from  the  one  equation.  Likewise  by  choosing  Z)  as  a 
moment-center  and  applying  a  second  equation  of  equilibrium, 
SMd  =  0,  the  force  F3  may  be  found  directly.  Similarly,  F2  may  be 
found  by  selecting  A  as  the  moment-center  and  applying  the  third 
equilibrium  equation,  SM^  =  0.  Thus  by  the  .proper  selection  of 
moment-centers  each  of  the  three  equations  involves  one  unknown 
quantity  only. 

As  another  example,  consider  a  body  which  is  held  in  equilibrium  by 
the  six  forces  shown  in  Fig.  124,  all  of  which  are  completely  known  except 
Fi,  F2,  and  F3,  which  are  unknown  in  magnitude.  The  forces  Fi  and  F3 
are  parallel.  By  selecting  B  as  the  moment-center,  the  force  Fi  may 
be  found  from  one  equation,  namely,  23/^  =  0.     Likewise,  F3  may  be 
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found  from  the  single  equation  1,M  a  =  0,  where  A  Is  the  intersection  of 
the  two  forces  Fi  and  Fo.  Further,  F2  may  be  found  from  the  single 
equation  2Fy  =  0  provided  that  the  ^/-direction  is  chosen  perpendicular 
to  the  forces  Fi  and  F3. 

ILLUSTRATIVE   PROBLEMS 

Problem  170. — The  wall  bracket  shown  in  Fig.  125(a)  consists  of  a  horizontal 
member  AB,  which  is  attached  to  the  wall  at  A  by  means  of  a  smooth  pin,  and  a 
rod  CB,  which  is  attached  to  the  member  AB  at  B  and  to  the  wall  at  C  by  means  of 
smooth  pins.  Find  the  tension,  T,  in  the  rod  and  the  pin  reaction,  R,  at  A  if  the 
weights  of  the  members  are  neglected. 


'\ 


400  lb. 


If- 

-^   1 

T      '-'I 
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. 
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r-  '     ^ 

400 
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(6) 

' '  1000  lb. 

Fig.  125. 


Solution. — ^A  free-body  diagram  of  the  horizontal  member  is  shown  in  Fig.  125(5). 
There  are  three  unknown  quantities  in  the  force  system,  namely,  T,  R,  and  d.  Apply- 
ing the  three  equations  of  equilibrium  we  have 

S.I/a  =  r  X  12  sin  30°  -  1000  X  10  -  400  X  4  =  0,       .     .     (1) 

.-.   T  =  1930  lb. 

2i^x  =  Rcosd  -  T  cos  30=  =  0, 

.-.  B  cos  9  =  1930  cos  30°  =  16701b (2) 

XFy  =  Rsine  +  T  sm  30°  -  400  -  1000  =  0, 

.-.   Rsind  =  1400  -  1930  sin  30°  =  435  lb (3) 

By  solving  equations  (2)  and  (3)  the  following  results  are  obtained, 

R  =  17301b.;     e  =  14°  35'. 

Problem  171. — A  smooth  cylinder  weighing  120  lb.  is  supported  as  shown  in 
Fig.  126.  The  pin  at  A  connecting  the  frame  M  to  the  vertical  waU  is  smooth  and 
the  weight  of  M  may  be  neglected.  Find  the  reaction  of  the  pin  at  A  on  M,  and  the 
pressures  on  the  cylinder  at  B,  C,  and  D. 

Solution. — The  frame  M  and  the  cylinder,  treated  as  one  body,  will  first  be  taken 
as  a  free  body.  The  free-body  diagram  for  this  body  is  shown  in  Fig.  126(6),  in  which 
the  components  of  the  pin  reaction  A  are  used  instead  of  A  itself;  there  are  three 
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unknown  forces  (indicated  by  heavy  dashed-line  vectors).  Since  the  force  system 
involved  is  coplanar,  non-concurrent,  and  non-parallel,  there  are  three  equations  of 
equilibrium  and  hence  all  three  unknown  forces  can  be  found.  Thus  applying  one 
set  of  equilibrium  equations  to  the  force  system  in  Fig.  126(6),  we  have 


XMa  =  120  X  3  -  4D  =  0 
SF„  =  ^y  -  120  =  0 
2Fx  =  ^x  -  £>  =  0 


D  =  90  lb. 
Ay  =  1201b. 
Ax  =  90  lb. 


120 


Hence,  A  =  Vl202  +  90^  =  150  lb.,     6^  =  tan"!  —  =  53°  10'. 


(a) 


In  order  to  find  the  pressures  on  the  cylinder  at  B  and  C,  a  free-body  diagram  of 
the  cylinder  is  drawn;  this  is  shown  in  Fig.  126(c)  in  which  the  force  D  is  now  known. 
There  are  two  unknown  forces  B  and  C  and  since  the  force  system  is  coplanar  and 
concurrent  there  are  two  equations  of  equilibrium  and,  hence,  the  two  unknowns  can 
be  foimd.     Thus 

XFx  =  B  -  ZO  =  0,  .-.  Z?  =  90  lb. 


i:Fy  =  C  -  120  =  0, 


C  =  120  lb. 


PROBLEMS 

172.  In  Fig.  127,  AB  is  a  bar  0  ft.  long  and  of  negligible  weight.  C  is  a  smooth 
drum.  Determine  the  tension  in  the  cable  and  the  horizontal  and  vertical  compo- 
nents of  the  pin  reaction  at  A  on  AB. 


1200  lb. ' ' 

Fig.  127. 
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173.  Find  the  reactions  at  A  and  B  on  the  body  shown  in  Fig.  128.     Each  division 
on  the  body  is  1  ft.  long.  Am.     A  =  2581b.;  B  =  360  lb.;  0^,  =  S'i°  12'. 


PROBLEMS 


87 


174.  The  bar  shown  in  Fig.  129  is  connected  to  a  fixed  support  by  a  smooth  pin 
at  A  and  rests  on  a  smooth  surface  at  B.  Find  the  reaction  at  B  and  the  magnitude 
and  direction  of  the  pin  pressure  on  A B  at  A. 
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Fig.  129. 
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Fig.  130. 

175.  In  Fig.  130  is  shown  a  frame  subjected  to  a  horizontal  load  of  600  lb.  and  a 
uniformly  distributed  vertical  load  of  100  lb.  per  ft.  Find  the  reaction  at  B  and  the 
horizontal  and  vertical  components  of  the  reaction  at  A. 

Ans.     B  =  1050  lb.;  A^  =  -  600  lb.;  Ay  =  150  lb. 

176.  A  bar  (Fig.  131)  leans  against  a  smooth  vertical  post  and  rests  with  its  lower 
end  on  a  smooth  horizontal  plane,  slipping  of  the  lower  end  being  prevented  by  the 
cord  as  shown.  If  the  weight  of  the  bar  is  neglected,  find  the  reaction  of  the  plane  at 
,4  and  of  the  post  at  B  and  also  find  the  tension  in  the  cord. 


^— 20-— H   5'  < — 


M^^. 


\M///y/// 


1000  a. 
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Fig.  131. 


Fig.  132. 


177.  Find  the  pull  of  the  cable  at  E  on  the  crane  shown  in  Fig.  132.  Find  also 
the  horizontal  and  vertical  components  of  the  reaction  at  A  due  to  the  1000-lb.  load. 

Ans.     T  =  884  lb.;  A^  =  625  lb.;  Ay  =  1625  lb. 

178.  The  truss  in  Fig.  133  is  loaded  as  shown.  Find  the  reaction  at  D  and  the 
magnitude  and  direction  of  the  pin  reaction  at  G,  neglecting  the  weight  of 
the  truss.  Are  the  reactions  in  a  rigid  structure  influenced  by  the  way  in  which 
the  loads  are  transmitted  to  the  supports?  For  example,  if  the  6000-lb.  load 
were  appUed  at  F  and  the  1500-lb.  load  applied  at  E,  would  the  reactions  be  altered? 
Or  if  the  truss  were  replaced  by  a  solid  (weightless)  block  would  the  reactions  be 
altered? 
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179.  In  Fig.  134  find  the  reaction  on  the  truss  at  G  and  the  horizontal  and  vertical 
components  of  the  reaction  at  H  due  to  the  loads  shown. 

Ans.     G  =  13,860  lb.;  i/x  =  12,000  lb.;  Hy  =  -  1730  lb. 


24001b. 


Fig.  133. 


180.  The  weight  of  the  cylinder  B  in  Fig.  135  is  200  lb.  Assuming  that  all  sur- 
faces of  contact  are  smooth  and  that  the  weight  of  the  bar  ^IC  is  negligible,  find  all 
forces  acting  on  the  bar. 


^222^2^^^^2^^^^2^22^ 


D  |Wo=180  1b. 

^ >L— l^->j^j 3^ — 


Fig.  135. 


Fig.  136. 


181.  Find  the  reactions  of  the  smooth  pins  at  A  and  C  on  the  bar  AC  of  the  pin- 
connected  frame  shown  in  Fig.  136.     Neglect  the  weights  of  the  members. 

Ans.     A  =  269  lb.;  6^  =  26°  35';  C  =  84.8  lb. 

45.  Graphical  Solution  of  a  Typical  Problem. — Any  problem  which 
involves  a  balanced,  non-concurrent,  non-parallel  force  sy.stem  in  a  plane, 
in  which  not  more  than  three  characteristics  of  the  forces  are  unknown 
may  be  solved  graphically  as  well  as  algebraically.  A  graphical  method 
of  solution  making  use  of  force  and  string  polygons,  for  one  typical 
problem  will  here  be  discussed.  In  the  force  system  considered,  all  of 
the  forces  will  be  assumed  to  be  known  completely  except  two,  the 
action  line  of  one  of  these  two  being  known  and  also  one  point  on  the 
action  line  of  the  other.  The  three  unknown  characteristics,  then,  are 
the  magnitude  of  one  of  the  two  forces  and  the  magnitude  and  the 
direction  of  the  other. 
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As  an  example  of  such  a  force  system,  consider  the  forces  acting  on 
the  beam  shown  in  Fig.  137(a)  which  is  supported  by  a  smooth  surface 
at  the  left  end  and  a  smooth  pin  at  the  right  end.  The  unknown  ele- 
ments are  the  magnitude  of  the  vertical  reaction  at  the  left  end  of  the 
beam  and  the  magnitude  and  the  direction  of  the  reaction  at  the  right 
end  of  the  beam. 

The  force  and  string  polygons  are  shown  in  Fig.  137.  In  constructing 
the  force  polygon  AB,  BC,  and  CD  are  first  drawn  to  represent  the  three 
known  forces  (Fig.  1376).  Since  the  magnitude  of  the  force  DE  is 
unknow^n  the  location  of  E  is  not  known,  but  it  must  lie  in  a  vertical 


(a) 


Fig.  137. 


line  through  D.  The  rays  OA,  OB,  OC,  and  OD  are  then  drawn  from  0, 
after  which  the  string  polygon  is  constructed  (Fig.  137a).  Since  the 
point  A''  is  the  only  known  point  on  the  action  line  of  the  force  EA ,  the 
string  polygon  must  be  started  at  this  point.  The  strings  oa,  oh,  oc,  and 
od  are  drawn  as  shown.  Since  the  string  oe  must  intersect  od  on  de 
and  must  also  intersect  oa  on  ea,  its  position  is  determined.  The  ray 
OE  must  be  parallel  to  the  string  oe.  Hence  E  is  the  point  of  mtersec- 
tion  of  a  vertical  line  through  D  and  a  line  through  0  parallel  to  oe. 
DE  then  represents  the  left  reaction,  and  the  right  reaction  is  repre- 
sented in  magnitude  and  in  direction  by  EA . 


PROBLEMS 

182.  The  Fink  truss  shown  in  Fig.  138  is  subjected  to  wind  loads  as  indicated, 
the  loads  being  perpendicular  to  the  upper  chord  AD.  The  truss  rests  on  a  smooth 
plate  at  the  left  end,  and  hence  the  reaction  at  that  end  is  vertical.  Determine 
completely,  by  use  of  a  force  and  a  string  polygon,  the  reactions  /?i  and  R^. 

Ans.     Ri  =  3460  lb.;  i?2  =  3460  lb.;  6  =  30°. 

183.  Find  graphically  the  reactions  of  the  supports  on  the  pins  at  A  and  /  of 
the  truss  showTi  in  Fig.  139,  due  to  the  loads  indicated. 
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184.  Find  by  means  of  a  force  and  a  string  polygon  the  reactions  at  A  and  B 

on  the  bar  shown  in  Fig.  87.  Ans.     A  =  49.8  lb.;  0^  =  13°  15';  5  =  12  lb. 

12.000  lb.  3000  lb. 

16'       JD  1g'     wF      16'     H  5000  1b. 


186.  Solve  Prob.  170  by  use  of  a  force  and  a  string  polygon. 
186.  Solve  Prob.  178  by  use  of  a  force  and  a  string  polygon. 

Ans.     D  =  8000  lb.;  (?  =  2500  lb.;  0^  =  126°  52'. 

46.  Procedure  in  the  Solution  of  Problems  in  Equilibrium. — Before 
proceeding  to  problems  that  are  somewhat  more  complicated  than  those 
considered  in  the  preceding  articles  it  will  be  desirable  to  review  and 
to  outline  in  a  logical  and  formal  way  the  steps  that  have  already  been 
used  in  the  solution  of  problems  of  equilibrium  of  forces,  and  to  extend 
or  generalize  the  procedure  so  that  the  reader  may  have  available  a 
concise  statement  of  the  general  algebraic  method  of  attack  for  use  in 
the  solution  of  all  problems  in  the  equilibrium  of  forces.  The  mam  steps 
in  the  procedure  may  be  stated  as  follows : 

1.  Determine  carefully  (a)  what  is  riven  in  the  problem  and  (6)  what  is  required 
in  the  problem.  Many  of  the  student's  difficulties  arise  from  failure  to  observe  this 
preliminary  step.  To  make  the  given  and  the  required  quantities  definite  they  should 
be  listed  or  in  some  other  way  isolated. 

2.  Draw  a  complete  free-body  dia-^ram  of  the  body,  or  of  part  of  the  body,  or  of 
a  group  of  the  bodies,  on  which  are  acting  the  forces  required  to  be  found.  It  will 
be  found  helpful  to  show  all  unknown  forces  in  color  or  as  dashed  lines  and  known 
forces  in  black  or  as  solid  lines,  thereby  further  emphasizing  what  is  known  and  what 
is  unknown.  Further,  it  is  desirable  to  show  coordinate  axes  in  each  free-body 
diagram  particularlj^  if  the  directions  of  these  axes  are  not  the  same  in  the  several 
diagrams. 

3.  Observe  the  type  of  force  system  shown  in  the  free-body  diagram,  and  write 
the  equations  of  equilibrium  for  this  type  of  force  system. 

4.  Then  observe  whether  or  not  there  are  a  sufficient  number  of  equations  of 
equilibrium  to  solve  for  all  the  unknown  forces.  If  so  (that  is,  if  the  force  system 
is  statically  determinate),  apply  the  equations  and  solve  for  all  the  unknowTi  forces. 
If  the  force  system  is  statically  indeterminate,  one  or  more  (but  not  all)  of  the 
unknown  forces  may  sometimes  be  found;  but  in  order  to  reduce  the  number  of 
unkno\\Ti  forces  so  that  the  force  system  becomes  staticallj^  determinate  the  follow- 
ing step  is  necessary. 

5.  Draw  a  complete  free-body  diagram  of  one  of  the  other  bodies,  or  of  part  of 
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a  bodj',  or  of  a  group  of  the  bodies  on  which  are  acting  one  (or  more)  of  the  unknown 
forces  that  acts  on  the  first  free  body  and  apply  the  equations  of  equilibrium  to  the 
forces  in  this  second  free-body  diagram.  This  force  system  does  not  necessarily 
have  to  be  statically  determinate  since  a  solution  giving  all  the  unknown  forces  in 
it  is  not  required;  only  those  particular  forces  that  will  make  the  force  system  in  the 
first  free-body  diagram  statically  determinate  are  required.  In  some  problems  more 
than  one  additional  free-body  diagram  must  be  used  in  order  to  determine  a  sufficient 
number  of  forces  to  make  the  forces  in  the  first  free-body  diagram  statically 
determinate. 

6.  Return  now  to  the  first  free-body  diagram  and  its  equations  of  equilibrium  and 
complete  the  solution,  making  use,  of  course,  of  any  additional  equations  other  than 
equations  of  equilibrium  that  applj^  to  the  problem  such  as  the  defining  equation 
for  coefiicient  of  friction  {F'  =  nN),  etc. 

The  procedure  is  illustrated  in  the  solution  of  the  following  problem. 

ILLUSTRATIVE  PROBLEM 
Problem  187. — Find  the  pull  of  the  tie  rod  AB  and  the  x-  and  y-components  of 
the  pin  pressure  of  D  on  the  member  EH  of  the  frame  shown  in  Fig.  140.  The 
cylinder  C  has  a  radius  of  1  ft.  and  weighs  100  lb.  Assume  that  there  is  no  friction 
at  surfaces  of  contact  of  the  various  members.  Neglect  the  weight  of  all  members 
of  the  frame,  and  also  neglect  the  width  of  members  EH  and  FG  in  calculating 
distances. 


•77777. 


Solution. — The  forces  required  are  acting  on  EH,  and  therefore  a  free-body 
diagram  of  EH  is  drawm  as  shown  in  Fig.  140(b).  All  five  forces  are  unknown,  and 
there  are  three  equations  of  equilibrium  for  the  tj^je  of  force  system  involved. 
Therefore,  the  forces  P  and  H  must  be  foimd  by  considering  the  equilibrium  of  one 
or  more  of  the  other  bodies  or  group  of  bodies  before  the  three  required  forces  can 
be  fovmd.  H  may  be  foimd  by  considering  the  equUibrimn  of  all  the  bodies,  treated 
as  one  body,  as  shown  in  Fig.  140(c).  The  three  forces  constitute  a  parallel  system 
for  which  there  are  two  equations  of  equilibrium.  Without  formally  applying  these 
equations,  it  is  obvious  by  inspection  of  Fig.  14p(c)  that 


G 
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Furthermore,  P  (reversed  in  sense)  is  a  force  acting  on  the  cyHnder  C.  Therefore, 
by  drawing  a  free-body  diagram  of  C  as  shown  in  Fig.  140(d)  and  applying  the  two 
equations  of  equilibrium  for  the  concurrent  force  system  we  have: 

2Fx  =  P  cos  30°  -  Q  cos  30°  =0,  :.  P  =  Q 

ZFy  =  P  sin  30°  +  Q  sin  30°  -  100  =  0, 
or 

XFy  =  2Psin  30°  -  100  =  0,  .'.   P  =  100  lb. 

Now  returning  to  Fig.  140(6),  P  and  H  may  be  put  in  as  known  forces;  then  by 
writing  the  three  equations  of  equilibrium  we  may  find  B,  Dx,  and  Dy  as  follows: 

23/jj  =  -fi  X  3  cos  30°  +  50  X  5  sin  30°  +  100  x  Vs  =  0,     .-.     B  =  115  lb. 

SFy  =  By  -  100  sin  30°  +  50  =  0,  .-.   Dy  =  0. 

2Fx  =  Dx  -  -B  -  100  cos  30  =  0,  /.  D^  =  201  lb. 


PROBLEMS 

188.  In  Prob.  187,  instead  of  drawing  a  free-body  diagram  of  EH  alone,  draw  a 
free-body  diagram  of  EH  and  C  considered  as  one  body,  and  then  from  Fig.  140  (r) 
and  {d)  find  H  and  Q,  respectively.  Now  return  to  the  free-body  diagram  of  EH 
and  C  and  find  Dx,  Dy,  and  B. 

\~  189.  Find  the  x-  and  y-components  of  the  reaction  of  the  pin  C  on  member  BE 
in  Fig.  141.  The  pulley  at  D  is  frictionless  and  has  a  diameter  of  2  ft.  Neglect  the 
weights  of  the  members.  Ans.     Cx  =  3000  lb.,  Cy  =  -  4000  lb. 


1000  lb. 


100  lb. 


Fig.  141. 


Fig.  142. 


'AOO.  Find  the  x-  and  y-components  of  the  reaction  of  the  pin  at  A  on  the  member 
AB  in  Fig.  142.  The  drum  D  is  frictionless  and  has  a  radius  of  2  ft.  Neglect  the 
weights  of  the  members. 

191.  In  Fig.  143,  find  the  reaction  of  the  pin  at  C  and  of  the  roller  at  D  on 
member  .1/,  assuming  the  t>  eight  of  E  to  be  200  lb.  and  neglecting  the  weights  of 
the  other  bodies. 

192.  Find  the  magnitudes  of  the  reactions  of  the  pins  at  A,  B,  and  C  on  the 
member  yiC  of  the  frame  shown  in  Fig.  144. 

Ans.    A  =  500  lb.;  Z?  =  4950  lb.;  C  =  4030  lb. 

193.  In  the  hydraulic  crane  shown  in  Fig.  145  the  weight  of  the  boom  ABC  is 
500  11).,  as  shown  in  the  figun>,  and  the  weights  of  the  members  AD  and  BD  may 
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be  neglected.  In  raising  the  boom  the  hydraulic  pressure  from  the  cylinder  trans- 
mits a  pressure  P  to  the  pin  at  D.  Neglecting  the  frictional  resistance,  find  the 
value  of  P  required  to  raise  the  boom  when  loaded  as  shown.     Find  also  the  stresses 


100  lb. 


/TTTmz 

FiG.  143. 


1000  lb 


JOOOlb 


Fig.  144. 


/M?Z 


in  BD  and  AD  and  the  pressures  of  the  rolls  at  A  and  at  D  against  the  vertical  post. 
An&.     P  =  2500  lb.;  D  =  ^  =  5540  lb.;  DB  =  6550  lb.  tension; 

AD  =  760  lb.  compression. 


Fig.  146. 


194.  The  power  press  shown  in  Fig.  146  has  the  following  dimensions:  AB  = 
2.5  ft.  BC  =  BD  =  1  ft.  DE  =  1.3  ft.  FC  =  S  ft.  The  points  B,  E,  and  F  are 
on  the  same  vertical  line.  The  line  CBD  makes  an  angle  of  60°  with  the  horizontal 
and  the  line  AB  makes  an  angle  of  30°  with  the  horizontal.  What  force  P  is  required 
to  cause  a  pressure  of  2000  lb.  between  the  jaws  of  the  press  if  friction  be  neglected? 

Ans.     P  =  1065  lb. 


94 


EQUILIBRIUM   OF  FORCE   SYSTEMS 


195.  In  the  crane  shown  in  Fig.  147,  the  post  AE  weighs  1600  lb.  and  the  member 
CH  weighs  1200  lb.  The  remaining  members  are  cables  the  weights  of  which  may- 
be neglected.  The  member  CH  passes  through  a  slot  in  the  post  AE  and  does  not 
touch  the  post.  Determine  the  external  reactions  at  A  and  E  and  the  tensile  stresses 
in  the  members  BC,  CD,  and  DH.    Assume  the  reaction  at  E  to  be  horizontal. 


/f'/Z/XK^''^' 


6000  lb. 


/y////////////)///h'/// 


Fig.  147. 


Fig.  148. 


196.  In  Fig.  148  is  shown  a  shear  for  cutting  steel  bars  in  a  repair  yard.  What 
force  P  perpendicular  to  the  handle  is  required  to  give  a  pressure  of  7000  lb.  on 
the  anvil  when  the  3  ft  6  in.  arm  is  vertical,  assuming  the  length  of  the  bar  con- 
necting the  arm  to  the  handle  is  such  as  to  make  the  handle  also  vertical.  Hint: 
Draw  a  free-body  diagram  of  the  arm  and  also  of  the  handle,  and  in  applying  the 
equation  2M  =  0  to  the  forces  in  each  diagram  use  the  fixed  point  on  each  body 
as  the  moment  center.  Ans.     P  =  34  lb. 

/197.  Two  uniform  bars  AB  and  BC  (Fig.  149)  are  connected  by  a  smooth  pin  at 


Fig.  149. 


Fig.  150. 


B  and  their  lower  ends  rest  on  a  smooth  horizontal  surface,  slipping  on  the  surface 
being  prevented  by  a  cord  which  connects  the  ends  A  and  C.  The  weight  of  AH  is 
120  'b.  and  the  weight  of  BC  is  180  lb.     The  bar  BC  also  carries  a  concentrated  load 
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of  450  lb.  as  shown.     Find  the  reactions  of  the  surface,  the  tension  in  the  cord,  and 
the  pin  reaction  at  B  on  cither  bar. 

Ans.  Ra  =  372  lb.;  Re  =  378  lb.;  T  =  234  lb.;  Rb  =  344  lb. 
l98.  Three  rods  each  of  length  I  rest  on  each  other  (Fig.  150)  in  such  a  way  as 
to  form  a  central  equilateral  triangle  each  side  of  which  is  |7.  A  load  P  is  appUed 
at  one  corner  as  shown.  Find  the  reactions  Ri,  R2,  and  R3  in  terms  of  P.  Neglect 
the  weights  of  the  rods.  Hint:  The  force  system  shown  in  Fig.  150  is  a  non-coplanar, 
parallel  system,  for  which  the  equations  of  equilibrium  have  not  yet  been  discussed. 
It  will  be  necessary,  therefore,  to  consider  as  free  bodies  the  three  rods  separately 
and  to  applj'  the  equations  of  equilibrium  for  the  coplanar,  parallel  force  systems 
mvolved.  Ans.     Ri  =  /^P;  R2  =  -^^P;  R3  =  j\P. 

§  6.     Equilibrium  of  Trusses  and  Cables 

47.  Stresses  in  Trusses. — Important  examples  of  coplanar  force 
systems  in  equilibrium  are  met  in  the  analysis  of  the  internal  forces 
(stresses)  in  trusses.  In  determining  the  stresses  in  trusses,  only  those 
trusses  will  here  be  considered  for  which  the  following  assumptions  may 
be  made : 

(1)  The  members  of  the  truss  he  in  one  plane  and  the  external 
forces  acting  on  the  truss  lie  in  the  same  plane,  and  hence  the  forces 
involved  in  the  determination  of  the  stresses  in  members  of  the  truss 
form  coplanar  systems. 

(2)  The  members  of  the  truss  are  rigid  and  are  comiectcd  at  their 
ends  by  means  of  smooth  pins  that  lit  perfectly  to  the  members. 

(3)  The  applied  lo^ds  and  reactions  on  the  truss  act  only  on  the 
pins,  that  is,  at  the  ends  of  the  members. 

(4)  The  weights  of  the  members  are  neglected,  since  the  stresses 
due  to  the  weights  are  assumed  to  be  small  in  comparison  with  the 
stresses  due  to  other  loads. 

It  follows  from  (3)  and  (4)  that  each  member  is  a  two-force  member 
(see  Art.  41),  which  means  that  the  stress  in  each  member  is  directed 
along  the  member  and  is  equal  to  the  pin  pressure  at  either  end.  (See 
Fig.  96  and  Prob.  140.)  The  stress  in  the  member  is  a  tensile  stress 
if  the  pin  pressures  at  the  ends  act  outward  or  away  from  the  member, 
or  tend  to  pull  the  member  apart,  and  a  compressive  stress  if  the  pin 
pressures  act  toward  the  member. 

The  usual  methods  of  indicating  the  kind  of  stress  (tension  or  com- 
pression) in  a  member  is  to  indicate  a  tensile  stress  by  a  plus  sign  or  by 
the  letter  T,  and  a  compressive  stress  by  a  negative  sign  or  by  the  letter  C. 

In  the  analysis  of  the  stresses  in  a  pin-connected,  pin-loaded  structure 
algebraically,  by  use  of  the  equations  of  equilibrium  two  methods  may 
be  used :  namely,  the  method  of  joints  and  the  method  of  sections.  In  both 
methods  a  section  is  passed  through  the  structure  to  obtain  the  part 
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of  the  structure  that  is  to  be  taken  as  the  free  body,  but  the  difference 
in  the  methods  hes  chiefly  in  the  type  of  force  system  acting  on  the 
portion  of  the  structure  that  is  considered  as  the  free  body.  In  the  first 
method  a  concurrent  force  system  is  involved  and  in  the  second  method  a 
7ion-concurrent,  non-parallel  system  is  dealt  with. 

Method  of  Joints. — In  determining  the  stresses  in  the  members  of  a 
pin-connected,  pin-loaded  truss  by  the  method  of  joints,  a  section  is 
passed  through  the  truss  cutting  members  that  are  attached  to  a  com- 
mon pin;  one  such  section  is  indicated  as  aa  in  Fig.  151(a).  The  portion 
thus  severed  from  the  truss  by  this  section  (consisting  of  the  pin  and 
attached  pai-ts  of  the  members)  is  then  treated  as  a  free  body  in  equilib- 
rium under  the  action  of  any  known  external  forces  that  act  on  this 
body  (such  as  the  reaction  at  yl)  in  Fig.  151(a)  and  the  forces  (stresses) 
exerted  at  the  cut  sections  by  the  other  portions  of  the  members.  A 
free-body  diagram  for  the  joint  A  in  Fig.  151(a)  is  shown  in  Fig.  151(6). 

It  will  be  noted  that  the  method  of  joints  involves  the  equilibrium 
of  a  concurrent  force  system,  and  since  there  are  two  equations  of 
equilibrium  for  such  a  force  system,  the  section  passed  through  the 
truss  must  not  cut  more  than  two  members  in  which  the  stresses  are 
unknown.  (It  is  assumed  that  all  external  loads  and  reactions  are 
known.) 

Instead  of  selecting  the  free  body  as  discussed  above,  it  is  sometimes 
convenient  to  treat  the  pin  alone  as  the  free  body  in  equilibrium  under 
the  actions  of  the  pressures  of  the  members  on  the  pin  and  any  known 
loads  or  reactions,  as  shown  in  Fig.  151(c).  As  already  noted  the  stress 
in  each  member  is  numerically  equal  to  the  pin  pressure  at  either  end  of 
the  member  so  thr,t  the  two  free-body  diagrams  lead  to  the  same  solution. 

In  determining  the  stresses  in  all  members  of  a  truss  by  the  method 
of  joints,  the  equations  of  equilibrium  must  be  apphed  to  the  joints  in 
turn  and  in  such  an  order  that  not  more  than  two  unknown  stresses 
occur  in  each  free  body  diagram.  Thus,  if  the  stress  in  a  single  member 
near  the  center  of  the  truss  is  required,  it  is  usually  necessary  to  start 
at  the  end  of  the  truss  and  consider  the  equilibrium  of  the  joints  in  order 
until  a  joint  is  reached  which  involves  the  particular  member.  By  the 
method  of  sections,  discussed  in  the  next  paragraph,  the  stress  in  a 
single  member  may  frequently  be  found  by  use  of  one  free-body  diagram 
and  by  the  use  of  only  one  equation  of  equilibrium. 

Method  of  Sections. — In  determining  the  stresses  in  the  members  of  a 
pin-connected,  pin-loaded  truss,  by  the  method  of  sections,  a  section 
is  passed  through  the  truss  cutting  members  that  are  not  attached  to  a 
common  pin;  two  such  sections  are  indicated  as  66  and  cc  in  Fig.  151(a). 
The  part  of  the  truss  on  either  side  of  this  section  is  then  treated  as  a 
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free  body  in  equilibrium  under  the  action  of  the  known  external  forces 
that  act  on  that  part  and  the  forces  (stresses)  which  the  members  of  the 
other  part  exert,  at  the  cut  sections,  on  the  part  considered  as  the  free 


40.000  lb. 


E    A   +26.670      C     +40,000     E 

(i)  Summary  of 

results 


Fig.  151. 


body.  Free-body  diagrams  are  shown  in  Fig.  151(c?)  and  (e)  for  the 
portions  of  the  truss  to  the  left  of  sections  hb  and  cc,  respectively,  in 
Fig.  151(a). 
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It  will  be  noted  that  the  method  of  sections  involves  the  equilibrium 
of  a  non-concurrent,  non-parallel  force  system,  and  since  there  are  three 
equations  of  equilibrium  for  such  a  force  system,  the  section  passed 
through  the  truss  must  not  cut  more  than  three  members  in  which  the 
stresses  are  unknown.  By  a  proper  choice  of  moment  centers  and  of 
directions  of  resolution,  as  discussed  in  Art.  44,  each  of  the  three  equa- 
tions may  often  be  made  to  give  the  value  of  one  unknown  stress  and 
thus  the  solution  of  three  simultaneous  equations  is  avoided. 


ILLUSTRATIVE  PROBLEM 

Problem  199. — Determine  the  stresses  in  the  members  of  the  Howe  truss  loaded 
as  shown  in  Fig.  151(a). 

Solution. — By  considering  the  equilibrium  of  the  whole  truss,  the  reactions  7?i 
and  i?2  are  found  to  be  40,000  lb.  each.  To  End  the  stresses  in  members  AB  and  AC 
the  joint  method  will  be  used.  A  free-body  diagram  of  joint  A  is  shown  in 
Fig.  151(6);  it  will  be  noted  that  the  stress  in  a  member  is  denoted  by  the  same  let- 
ters as  is  the  member  itself. 

Convention  Used  in  Designating  Kind  of  Stress. — In  drawing  the  free-body  diagram 
the  question  arises  as  to  whether  an  unknown  stress  should  be  sho'mi  as  a  tensile 
stress  or  as  a  compressive  stress.  One  method  of  procedure  is  to  show  the  stress 
with  its  correct  sense  if  the  sense  can  be  determined  by  inspection  (or  if  the  sense  is 
not  evident  from  inspection  it  is  shown  with  a  sense  that  seems  the  most  plausible). 
If  an  unknown  stress  is  shown  with  its  correct  sense  the  stress  will  always  be  found 
to  be  positive  whether  the  stress  is  tension  or  compression.  This  procedure  has  the 
advantage  of  requiring  the  student  to  visualize  the  forces  as  they  act  in  the  structure. 
However,  it  has  a  disr.dvantage  in  that  a  positive  sign  does  not  always  indicate  ten- 
sion and  a  negative  sign  compression  as  is  the  case  in  the  following  method.  Another 
method  of  procedure  is  to  show  all  unknown  stresses  as  tension  even  though  it  is 
evident  from  inspection  that  some  of  the  stresses  are  compression.  Then,  in  the 
solution,  all  stresses  that  are  found  to  be  positive  are  tension  as  assumed  and  all 
stresses  found  to  be  negative  are  compression,  that  is,  opposite  to  that  assumed. 

In  Fig.  151(6)  and  (c)  the  senses  of  the  unknown  forces  AB  and  AC  are  correctly 
indicated  and  hence  will  be  found  to  be  positive  although  one  of  the  stresses  is  a 
compressive  stress  and  the  other  a  tensile  stress.  By  applying  one  set  of  equations 
of  equilibrium  for  the  concurrent  force  system  shown  in  Fig.  151(6)  and  (c),  the 
stresses  AB  and  AC  are  found  as  follows: 

"ZMb  =  -  40,000  X  20  +  ^C  X  30  =  0  .:  AC  =  26,670 lb.  T. 

40,000 

i:Fy    =  -  AB  COS  <t>  +  4000  =  0  .-.  AB  = =  48,0001b.  C. 

O.ooo 

To  find  the  stresses  in  members  BC  and  BD  let  a  section  66  he  passed  (Fig.  151o) 
through  the  truss.  The  forces  acting  on  the  part  of  the  truss  to  the  left  of  this  sec- 
tion form  a  non-concurrent  force  system  (Fig.  I5ld)  :»nd  all  throe  stresses  could  lu' 
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found  from  the  three  equations  of  equihbrium.   But  since  the  stress  in  AC  has  already 
been  found,  only  two  of  the  three  equations  need  be  applied.     Thus 

SMc  =  -  40,000  X  20  +  BD  X  30  =  0  .'.  BD  =  26,070  lb.  C. 

iFy    =  40,000  -  20,000  -  BC  =  0  .'.  BC  =  20,000  lb.  T. 

In  a  similar  manner  the  stresses  in  CD  and  CE  may  be  found  by  the  method  of 
sections.  By  considering  the  part  of  the  truss  to  the  left  of  the  section  cc  (Fig.  151e) 
the  stresses  in  these  two  members  may  be  found.     Thus 

'ZMd  =  -  40,000  X  40  +  20,000  X  20  +  CS  X  30  =  0 
.-.   CE  =  40,000  lb.  T 

T.Fy  =  40,000  -  20,000  +  CD  cos  <^  =  0 
.-.  CD  =  -  20,000  X  sec  0  =  -  20,000  X  1.20  =  -  20,000  lb.  C. 

It  will  be  noted  that  all  the  stresses  except  CD  (Fig.  151e)  are  assumed  to  act  in 
the  correct  directions,  and  hence  are  found  to  be  positive  whether  they  are  tensile 
or  compressive.  The  stress  in  CD  is  assumed  to  be  tension  and  hence  the  negative 
sign  indicates  that  it  is  compression. 

In  considering  the  equilibrium  of  the  forces  which  act  on  the  pin  E  (Fig.  151/),  it 
is  evident  that  the  stress  DE  is  zero,  and  that  CE  equals  EG.  Furthermore,  since  the 
truss  is  symmetrical  with  respect  to  the  center  line  DE  and  the  loads  are  also  sjTtn- 
metrical  with  respect  to  this  line,  it  is  obvious  that  the  stresses  in  the  members  of 
the  right  half  of  the  truss  are  equal  to  the  stresses  in  the  corresponding  members  of 
the  left  half. 

It  is  well  to  note  that  the  stresses  in  the  members  of  a  truss  are  internal  forces  in 
considering  the  whole  truss  as  a  free  body  but  the  stresses  in  members  that  are  cut 
by  a  given  section  passed  through  the  truss  are  external  forces  with  respect  to  the 
portion  on  either  side  of  that  section.  Therefore,  the  portion  of  the  truss  on  one 
side  of  the  section  may  be  considered  to  be  a  weightless  rigid  body  of  any  shape  pro- 
vided the  (external)  forces  acting  on  it  have  the  same  relative  positions  (and  the 
same  magnitude,  of  co\irse)  as  in  the  actual  body.  Thus  the  free-body  diagrams  in 
Fig.  151(d)  and  (e)  could  be  replaced  by  Fig.  151(g)  and  {h). 

Summary  of  Results. — The  results  are  summarized  in  Fig.  151  (z)  where  the  kind 
of  stress  (tension  or  compression)  in  each  member  is  indicated  by  the  sign  +  or  — 
before  the  value  of  the  stress,  as  well  as  by  the  letter  T  or  C  after  the  value  of  the 
stress.  A  third  method  of  indicating  the  kind  of  stress  makes  use  of  arrows  on  each 
member  which  show  the  directions  of  the  pressures  of  the  member  on  the  pins  at  its 
ends  (not  the  pressures  of  the  pins  on  the  member);  thus  a  compressive  stress  is  rep- 
resented by  an  arrow  at  each  end  of  the  member  directed  towards  the  pin  at  the  end. 
Similarly  a  tensile  stress  is  indicated  by  arrows  directed  toward  the  center  of  the 
member,  that  is,  away  from  each  pin. 

PROBLEMS 

200.  In  Fig.  151  (o)  let  it  be  assumed  that  the  stresses  in  AB  and  BC  have  been 
found  to  be  48,000  lb.  C.  and  20,000  lb.  T.,  respectively.  Pass  a  section  cutting  the 
members  AB,  BC,  CD,  and  CE  and  then  draw  a  free-body  diagram  of  the  portion  of 
the  truss  to  the  left  of  this  section  and  solve  for  the  two  unknowTi  stresses. 
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'201.  In  the  Fink  truss  shown  in  Fig.  152,  BC  is  perpendicular  to  AD  and  B  is  the 
mid-point  of  AD.     Find  the  stresses  in  the  members  BC,  BD,  CD,  and  CE. 

Am.     BC  =-  1730  lb.;  AB  =  -  6000  lb.;  CD  =+  1730  lb.;  CE  =+  3465  lb. 


2000  lb 


Fig.  152. 


Fig.  153. 


202.  Find  the  stresses  in  the  members  DF,  DG,  and  FG  of  the  Howe  truss  shown 
in  Fig.  153. 

203.  Find,  by  the  method  of  sections,  the  stresses  in  members  CE,  CF,  and  DF  of 
the  pin-connected  structure  shown  in  Fig.  154. 

Am.     CE  =+  8000  lb.;  CF  =-  5655  lb.;  DF  =  -  4000  lb. 

204.  Find  the  stresses  in  members  BD,  CD,  and  CE  of  the  truss  shown  in  Fig.  155. 


4000  lb. 


10,000  lb.   1000  lb. 

c 


1000  lb 


Fig.  154 


2000  lb. 
Fig.  156. 


205.  Find,  by  the  method  of  joints,  the  stresses  in  the  members  BC  and  CD  of 
the  pin-connected  truss  shown  in  Fig.  156.  Find,  by  the  method  of  sections,  the 
stresses  in  DG,  DF,  and  EF. 

Am.     BC  =  1000  lb.;  CD  =-  14151b.;  DG  =  -  15001b.;  DF  =  1Qil\h.;EF  =  0. 

206.  Find  the  stresses  in  the  members  BD,  BE,  and  CE  of  the  tmss  shown  in 
Fig.  134.  Note  that  it  is  not  necessary  to  determine  the  reactions  at  H  and  G  to 
solve  the  problem. 

207.  Find,  by  the  method  of  sections,  the  stresses  in  the  members  BC,  BE,  and 
AE  oi  the  truss  shown  in  Fig.  157- 

208.  Find  the  stresses  in  the  members  AC,  BC,  and  BD  of  the  truss  shown  in 
Fig.  168.  Am.     AC  =  0;  BC  =  1465  lb.;  BD  =  -  4000  lb. 
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209.  The  truss  shown  in  Fig.  159  is  supported  at  A  and  E.     Find  the  stresses  in 
the  members  BD,  CD,  and  CE. 


2400  lb. 


Fig.  157. 


Fig.  158. 


"3600  1b. 
Fig.  159. 


2000  lb. 


210.  In  the  truss  shown  in  Fig.  133  find  the  stresses  in  EG,  CE,  CF,  and  DF. 
Would  the  truss  be  improved  by  omitting  the  member  CB  and  adding  a  member  AD? 

48.  Graphical  Analysis  of  Trusses, — The  graphical  method  of 
analysis  of  a  truss  is  sometimes  simpler  than  the  algebraic  method. 
This  is  particularly  true  when  the  form  of  the  truss  is  such  that  a  con- 
siderable amount  of  calculation  is  necessary  to  determine  the  du-ections 
and  moment-arms  of  the  forces  involved.  The  gi-aphical  method 
consists  essentially  in  constructing  the  force  polygon  for  the  concurrent 
forces  at  each  joint  and  superimposing  these  polygons.  The  method 
will  be  explained  in  detail  with  reference  to  the  Howe  truss  shown  in 
Fig.  160(a).     The  truss  is  assumed  to  be  subjected  to  known  equal  loads 
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Fig.  160. 

at  the  upper  panel  points,  and  hence  the  reactions  at  the  ends  of  the 
truss  are  each  equal  to  one-half  of  the  sum  of  the  loads. 

Convention  Used  in  Designating  Stresses  in  Members. — It  is  con- 
venient to  use  the  Bow  system  of  notation  (Art.  8).  In  this  system,  the 
regions  on  either  side  of  the  action  line  of  a  force  (either  external  or 
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internal)  are  denoted  by  numbers  or  letters  as  shown  in  Fig.  160(a), 
and  the  force  is  denoted  by  the  two  numbers  or  letters  adjacent  to  the 
action  line  of  the  force.  The  convention  usually  followed  is  to  denote 
a  force  acting  at  any  joint  by  the  letters  or  numbers  in  the  order  in 
which  they  occur  in  passing  around  the  joint  in  a  clockwise  direction. 
Thus,  the  left  reaction  is  denoted  by  F  —  Xi ;  the  force  exerted  by  the 
member  between  the  regions  Xi  and  1  is  denoted  by  Xi  —  1  when 
considered  as  acting  at  the  lower-left  panel  point  and  by  1  —  Xi  when 
considered  as  acting  at  the  upper-left  panel  point,  and  so  on.  The 
importance  of  this  convention  lies  in  the  fact  that  the  nature  of  the 
stress  (whether  tension  or  compression)  in  any  member  may  be  deter- 
mined at  once  by  inspection  from  the  force  polygon,  as  will  be  seen  in  the 
following  discussion. 

The  force  polygon  (Fig.  160b)  for  the  truss  in  Fig.  160(a)  is  con- 
structed as  follows:  First  consider  the  three  concurrent  forces  acting  on 
the  pin  at  the  lower-left  panel  point;  as  previously  explained,  these 
forces  are  equal  to  the  stresses  m  the  members  that  exert  the  forces  on 
the  pin.  Of  these  three  forces  the  left  reaction  Y  —  A'l  is  completely 
known  and  the  directions  of  the  other  two,  Xi  —  1  and  1  —  Y ,  are 
known.  Since  the  three  forces  are  m  equilibrium  their  force  polygon 
must  close.  This  polygon  is  constructed  by  first  laying  off  to  scale  the 
vector  YX\  that  represents  the  force  Y  —  Xi,  since  the  force  polygon 
must  be  started  with  the  known  force,  and  then  drawing  from  A'l  a 
line  Xil  parallel  to  Xi  —  1  and  from  Y  a  line  Y\  parallel  to  F  —  1. 
These  two  hues  mtersect  in  the  point  1  and  hence  the  polygon  for  the 
lower-left  panel  point  is  l^X'ill'.  Since  X'll  (Fig.  1606)  is  downward  to 
the  left,  the  member  Xi  —  1  exerts  on  the  lower-left  pin  a  force  down- 
ward to  the  left  and  hence  the  stress  in  the  member  Xi  —  1  is  a  com- 
pressive stress,  and  smiilarly  the  stress  in  1  —  F  is  a  tensile  stress. 

In  like  manner  the  force  polygon  for  the  forces  exerted  on  the  pin  at 
the  upper-left  panel  point  is  next  constructed.  In  constructing  this 
force  polygon  the  vectors  that  represent  the  known  forces  (1  —  Xi 
and  Xi  —  X2)  must  first  be  laid  off  because  the  known  forces  must  be 
laid  off  first  and  in  the  order  that  the  members  are  cut  by  a  section  in 
passing  clockwise  around  the  pm.  But  since  the  vector  l.Yi  is  alreadj' 
in  the  diagram  it  is  only  necessary  to  lay  off  to  the  same  scale  the  vector 
X1X2;  then  from  X2  a  line  X22  is  drawn  parallel  to  X2  —  2,  and  from  1 
a  line  1  2  is  drawn  parallel  to  1  —  2.  The  polygon  for  this  panel  point 
then  is  IX1X22I.  From  the  convention  noted  above  it  is  evident  that 
the  stress  in  X2  —  2  is  a  compressive  stress  and  that  in  2  —  1  is  a  tensile 
stress.  In  a  similar  manner  the  remaining  jomts  are  considered  and 
the  entire  polygon  shown  in  Fig.  160(6)  is  completed;  the  length  of  any 
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line  in  the  polygon  represents  to  scale  the  magnitude  of  the  stress  in  the 
corresponding  member. 

It  should  be  noted  that  the  joints  must  be  taken  in  such  order  that 
at  no  joint  are  there  more  than  two  unknown  forces;  otherwise  it  would 
be  impossible  to  complete  the  polygon  for  the  joint. 

ILLUSTRATIVE   PROBLEM 

Problem  211. — Find  the  stresses  in  the  members  of  the  truss  shown  in  Fig. 
161(a).  The  members  A'l  —  1  and  2  —  3  are  parallel,  and  the  members  Xi  —  2 
and   F  —  1  are  parallel. 


30000  lb. 


X 
+13500 


Fig.  161. 

Solution. — The  force  polygon  for  the  forces  acting  on  the  pins  (that  is,  for  the 
stresses  in  the  members)  is  drawn  to  scale  in  Fig.  101(6).  The  magnitude  of  the 
stresses  is  foimd  by  measuring  the  lengths  of  the  lines  in  the  force  polygon  and  the 
kind  of  stress  in  each  member  is  determined  bj^  the  convention  explained  in  Art.  48. 
The  magnitudes  of  the  stresses  are  shown  on  the  members  in  Fig.  161  (a),  the  plus  or 
minus  sign  indicating  whether  the  stress  in  the  member  is  tension  or  compression. 

PROBLEMS 

212.  Find,  by  the  graphical  method,  the  stresses  in  the  members  of  the  truss 
shown  in  Fig.  162,  the  value  of  P  being  10,000  lb. 


\rp          |p         |p          jp 
6  @  20  =  120^ 


Rs 


Fig.  162. 


Fig.  163. 


213.  A  total  wind  pressure  of  4000  lb.  acts  on  the  upper  cord  ABD  of  the  truss 
shown  in  Fig.  163,  the  pressure  being  normal  to  the  surface.     Assuming  that  this 
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pressure  is  equivalent  to  a  load  of  2000  lb.  at  B  (normal  to  ABD)  and  loads  of  1000  lb. 
each  at  A  and  D,  determine  the  reactions  at  A  and  G  by  either  the  algebraic  or 
graphical  method  and  then  find  the  stresses  in  the  members  of  the  truss  by  the 
graphical  method. 

214.  Determine  graphically  the  stresses  in  the  members  of  the  truss  showTi  in 
Fig.  164  due  to  the  2000-lb.  load. 


2000  lb. 

C 


Fig.  164. 


Fig.  165. 


215.  The  members  of  the  crane  shown  in  Fig.  165  are  connected  by  smooth  pins. 
Find  by  the  graphical  method  the  stresses  in  the  members  due  to  the  4-ton  load. 

216.  Find,  by  the  graphical  method,  the  stresses  in  the  truss  shown  in  Fig.  152. 

217.  Find,  by  the  graphical  method,  the  stresses  in  the  truss  shown  in  Fig.  138. 

218.  Find  graphically  the  stresses  in  all  of  the  members  of  the  truss  shown  in 
Fig.  139. 


49.  Flexible  Cables. — In  the  following  two  articles  the  equilibrium 
of  flexible  cables  or  cords  will  be  discussed.  A  cable  is  said  to  be  per- 
fectly flexible  when  it  can  offer  no  resistance  to  bending.  A  flexible 
cable,  then,  can  transmit  a  stress  only  along  its  axis;  that  is,  the  stress 
at  any  point  of  a  flexible  cable  is  tangent  to  the  curve  assumed  by  the 
cable.  Although  physical  cables  and  cords  are  not  perfectly  flexible  the 
resistance  they  offer  to  bending  is  generally  so  small  that  it  can  be 
neglected  without  serious  error.  In  the  discussion  of  cables  it  will  be 
assumed  that  the  cables  are  perfectly  flexible  and  inextensible. 

50.  The  Parabolic  Cable. — If  a  flexible  cable  is  suspended  from  two 
points  and  carries  a  load  that  is  distributed  uniformly  horizontally 
(Fig.  166),  the  curve  assumed  by  the  cable  is  a  parabola,  as  will  presently 
be  shown.  In  the  present  discussion  the  points  from  which  the  cable  Ls 
suspended  will  be  assumed  to  be  in  the  same  horizontal  plane.  An 
example  of  a  cable  carrying  a  load  which  closely  approximates  that  above 
indicated  is  the  cable  of  a  suspension  bridge,  since  the  weight  of  the 
roadway  is  distributed  uniformly  horizontally  and  the  weights  of  the 
cabl(^  and  hangers  are  small  in  comparison  with  the  weight  of  the  road- 
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way  and  therefore  may  be  neglected.  Another  example  is  that  of  a 
tightly  stretched  cable  (that  is,  one  in  which  the  sag  is  small  as  com- 
pared with  the  span)  which  carries  no  load  except  its  own  weight,  as, 
for  example,  the  cable  of  an  electric  transmission  line,  a  telegraph  wire, 
etc.  In  this  case  the  load  carried  by  the  cable  (its  weight)  is  distributed 
uniformly  along  the  curve  assumed  by  the  cable,  but  since  the  sag  is 
small  the  horizontal  projection  of  an  arc  of  the  curve  is  approximately 
equal  to  the  length  of  the  arc,  and  hence  the  load  is  distributed  approxi- 
mately uniformly  in  the  horizontal  direction. 


Fig.  166. 


In  the  solution  of  problems  involving  the  parabolic  cable,  use  is  made 
of  the  equation  of  the  curve  assumed  by  the  cable  (parabola)  and  of 
equations  which  express  relations  between  the  span,  sag,  length  of  the 
cable,  tension,  etc.  In  order  to  determine  the  equation  of  the  parabola  a 
portion  .4 B  of  the  cable  will  be  considered  as  a  free  body  (Fig.  1666).  A, 
the  lowest  point  of  the  cable,  will  be  taken  as  the  origin  of  coordinates, 
and  the  tension  at  this  point  will  be  denoted  by  H.  The  tension  at  any 
point,  B,  will  be  denoted  bj'  T.  The  portion  of  cable  AB,  then,  is  in 
equilibrium  under  the  action  of  the  three  forces  H,  T,  and  the  vertical 
load  wx  which  acts  through  the  point  D  midway  between  A  and  C. 
Since  these  three  forces  are  in  equilibrium  they  must  be  concurrent ,  and 
hence  the  action  line  of  T  passes  through  D.  The  equations  of  equi- 
librium are : 

'^F^  =  T  cos  a  -  H  =  0, (1) 


ZF,,  =  T  sin  a  —  wx  =  0 


(2) 
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Eliminating  T  from  (1)  and  (2),  we  have 

wx  2y 

tan  a  =  -z-  ,     but     tan  a  =  — 
H  X 


Hence 


2y      wx  wx^  ,„. 


The  curve,  then,  is  a  parabola  with  its  vertex  at  A  and  its  axis  vertical. 
Eliminating  a  from  (1)  and  (2),  we  have 

T  =  Vh^  +  i^V (4) 

In  applying  the  above  equations  we  are  concerned  with  the  tension  at 
the  point  of  support  since  at  this  point  the  tension  is  a  maximum. 
Hence,  if  the  span  be  denoted  by  a  and  the  maximum  value  of  y  (that 
is,  the  sag)  by  /,  equations  (3)  and  (4)  reduce  to 

/  =  ^, (5) 


and 


r  =  i»aVl  +  ^, (6), 


in  which  T  represents  the  tension  at  the  points  of  support. 

The  length  of  the  cable  will  now  be  determined  in  terms  of  the  span 
and  sag.     In  any  curve  the  length  of  an  arc  is  obtained  from  the  equation 


■/^Rf- 


dv       wx 
From  equation  (3),  rp  =  tt'     Hence,  if  the  length  of  the  cable  be 
ax       H 

denoted  by  I,  we  have 

a        , 

,,2^2 


i   =   2/        \/l   +  ^72-dx. 


W  X 


Substituting  for  H  from  equation  (5),  this  equation  becomes 


,  '2  64/-a;2  , 

1  =  2  I     yil  +  -^dx. 


The  exact  expression  for  I,  obtained  from  this  integral,  involves  a  loga- 
rithmic function  and  is  difficult  to  apply.     A  simpler  expression  for  I 


THE  CATENARY  107 

may  be  obtained  by  expanding  the  expression  under  the  integral  into  a 
series  and  integrating  the  series  term  by  term.  This  method  leads  to 
the  following  equation : 


I  =  a 


^*l(3-"AS* 


(7) 


Since  the  sag  ratio  f/a  is  generally  small,  the  series  converges  rapidly 
and  it  is  sufficient  in  most  practical  computations  to  use  only  the  first 
two  or  three  terms  of  the  series  to  obtain  a  close  approximation  to  the 
value  of  I. 

ILLUSTRATIVE  PROBLEM 

Problem  219. — The  horizontal  load  carried  by  each  cable  of  a  suspension  bridge 
is  1000  lb.  per  ft.  The  span  of  the  bridge  is  800  ft.  and  the  sag  is  50  ft.  Determine 
the  tensions  at  the  ends  and  at  the  middle  of  the  cable  and  also  find  the  length 
of  the  cable. 

Solution. — From  equations  (5)  and  (6), 

„       1000  X  (800)2 

H  = V^  =  1,600,0001b. 

8  X  50 

and 


T  =  -  X  1000  X  800  ^jl  +  ^^\^  ;        =  1,650,0001b. 


1  (800)2 
-  X  1000  X  800  A   1  +  -^ — -^   , 

2  \         16  X  (50)2 

The  length  of  the  cable  may  be  determined  by  using  equation  (7).     Thus 


o^^r         8/50\2      32/ SON" 
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220.  A  telegraph  wire  weighing  0.1  lb.  per  ft.  is  stretched  between  two  poles 
150  ft.  apart.  The  tension  in  the  wire  at  the  insulators  (which  are  in  the  same  hori- 
zontal plane)  is  500  lb.  Find  the  sag,  assuming  that  the  weight  of  the  wire  is  uni- 
formly distributed  horizontally.     Find  also  the  length  of  the  wire. 

Am.    f  =  0.562  ft.;  I  =  150.005  ft. 

221.  Each  cable  of  a  suspension  bridge  carries  a  load  of  1200  lb.  per  ft.  uniformly 
distributed  along  the  horizontal.  The  span  is  1000  ft.  and  the  sag  is  50  ft.  Find  the 
maximum  stress  in  the  cable  and  the  length  of  the  cable. 

222.  A  cable  100  ft.  in  length  is  suspended  from  two  points  in  a  horizontal  plane 
which  are  99  ft.  apart.  If  the  cable  carries  a  load  that  is  uniformly  distributed  along 
the  horizontal  what  is  the  sag  of  the  cable?  Ans.    f  =  6.10  ft. 

51.  The  Catenary. — The  curve  assumed  by  a  flexible  cable  of  uniform 
cross-section  which  is  suspended  from  two  points,  and  which  carries  no 
load  except  its  own  weight  (Fig.  167),  is  called  a  catenary.  The  load 
which  causes  a  cable  to  assume  the  form  of  a  catenary,  then,  differs 
from  that  which  causes  the  form  of  a  parabola  in  that  the  load  is  dis- 
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tributed  uniformly  along  the  cable  in  the  former  case,  whereas  in  the 
latter  case  the  load  is  distributed  uniformly  horizontally. 

The  discussion  of  the  catenary  is  of  practical  importance  only  for 
cables  in  which  the  sag  ratio  is  large,  since  for  a  small  sag  ratio  the  curve 
assumed  by  a  cable  may  be  regarded  with  small  error  as  being  a  parabola, 
as  discussed  m  the  preceding  article. 


Fig.  167. 


In  order  to  determine  the  equation  of  the  catenary  and  also  to  find 
certain  important  relations  between  such  quantities  as  the  sag,  span, 
length  of  cable,  tension,  etc.,  the  equilibrium  of  a  portion,  OA,  of  the 
cable  (Fig.  167)  will  be  considered,  0  being  the  lowest  point  of  the  cable 
and  A  any  other  point.  The  point  0  will  be  taken  as  the  origm  of 
coordinates,  the  weight  of  the  cable  per  unit  of  length  will  be  denoted 
by  w,  and  the  length  of  the  arc  OA  will  be  denoted  by  s.  The  portion, 
OA,  of  the  cable  is  in  equilibrium  under  the  influence  of  three  forces, 
namely,  the  tension  H  at  the  pomt  0,  the  tension  T  at  the  point  A,  and 
the  weight  ws.  The  angle  which  T  makes  with  the  horizontal  will  be 
denoted  by  6.  The  equations  of  equilibrium  for  the  concurrent  force 
system  are: 

1:F:c=  T  cosd  -  H   =  0,     :.     T  cos  6  =  H    .     .     .     (1) 


ZFy  =  T  sine  -  ws  =  0, 
From  (1)  and  (2)  we  have 


ws      s       ,  // 

tan  6  =  T7  =  "    where    — 

He  w 


T  sin.  6  =  ws 


=  c  (a  constant). 


(2) 
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Hence 

s  =  c  tan  d    or    s  =  c— (3) 

ax 

This  equation  is  the  intrinsic  equation  of  the  catenary.     The  cartesian 
equation  will  now  be  found.     In  any  curve, 


ds  I         /dx\^ 

Jy  =  V^  +  Kly)  ■ 

Hence,  from  (3),  the  following  equation  is  obtained: 


ds  ?       V7T? 

dy        ^         s  s 


Therefore 

sds 


dy  = 


Vs^  +  c^ 
Integrating,  ^^^^ 

y  +  A  =  Vs^  +  c^ 

where  ^  is  a  constant  of  integration.  If  now  the  origin  is  transferred 
to  0',  where  00'  =  c,  then  y  =  c  when  s  =  0  and  hence  A  =  0.  The 
last  equation,  therefore,  becomes 

y  =  Vs2  +  c^ (4) 

Eliminating  y  from  (3)  and  (4), 

cds 


Vc2  +  S^ 


dx  = 

Integrating  this  equation, 

x  +  B  =  c  loge  (s  +  Vs^  +  c^). 

Since  s  =  0  when  x  =  0,  B  =  c  loge  c,  and  hence  the  last  equation 
becomes 

s  +  Vs^  +  r         ,       y  -\-  s 

X   =  C  loge =   C  loge —  .       .       .       .       (o) 

C  C 

Equation  (5)  can  also  be  written  in  the  form, 

Vs^  +  r  +  s  =  ce^" (6) 

By  inverting  each  side  of  (6)  and  rationalizing  the  denominator  of  the 
left  side,  the  following  equation  is  obtained: 

Vs2  +  c^  -  s  =  ce-""'' (7) 
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Adding  (6)  and  (7)  and  using  (4), 

y  =  -  (e^K^  +  e-^/'^)  =  c  cosh  - (8) 

^  c 

This  is  the  cartesian  equation  of  the  catenary.     Subtracting  (7)  from 
(6),  we  have 

s  =  -  (e^i<^  -  e-^i')  =  c  sinh  - (9) 

A  C 

Squaring  and  adding  (1)  and  (2),  we  have 

Hence 

T  =  wy (10) 

In  summarizing,  then,  the  following  important  properties  of  the 
catenary  may  be  stated : 

(1)  The  horizontal  component  of  the  stress  at  any  point  is  constant 
and  equal  to  wc. 

(2)  The  vertical  component  of  the  stress  at  any  point  is  equal  to  ws. 

(3)  The  total  stress  T  at  any  point  is  equal  to  wy. 

In  engineering  problems  which  involve  the  catenary  we  are  con- 
cerned particularly  with  the  tension  at  the  points  of  support,  since  at 
these  points  the  tension  is  a  maximum.  Hence,  in  the  above  formula, 
T  will  be  regarded  as  the  tension  at  the  points  of  support  and  the  A-alues 
of  X,  y,  and  s  will  be  regarded  as  the  values  of  the  variables  at  these 
points.  Therefore,  if  the  length  of  the  cable  be  denoted  by  I,  the  span 
by  a,  and  the  sag  by/,  then  the  values  of  x,  y,  and  s  in  the  above  equa- 
tions become  a/2,  /  +  c,  and  1/2,  respectively. 

The  formulas  of  Art.  50  are  generally  used  when  the  sag  is  small, 
since  they  are  much  easier  to  apply  and  the  results  obtained  are  suf- 
ficiently accurate  for  practical  purposes.  When  the  sag  is  large  com- 
pared with  the  span,  however,  the  above  formulas  should  be  used. 

Since  the  relations  between  the  quantities  as  expressed  by  the  above 
equations  are  complicated,  i^any  of  the  problems  which  involve  the 
catenary  can  be  solved  only  by  trial. 

ILLUSTRATIVE   PROBLEM 

Problem  223.  A  cable  weighing  4  lb.  per  ft.  is  stretched  between  two  points  in  the 
same  horizontal  plane.  The  length  of  the  cable  is  600  ft.  and  the  tension  at  the  points 
of  support  is  2000  lb.  Find  the  sag  and  also  the  distance  between  the  points  of 
support. 
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Solution. — From  equation  (10) 

T       2000 

w  =  -  = =  500  ft. 

^       uj  4 

From  equation  (4) 


c  =  Vy-  -  s'  =  V(500)^  -  (300)2  ^  4Q0  ft. 
Hence 

/  =  y  _  c  =  500  -  400  =  100  ft. 

From  equation  (5) 

Vs-  +  c2  +  s  ,       V(300)-  +  (400)-  +  300 

X    =  C  loge =  400  loge — 

c  400 

=  277.2  ft. 
Hence 

a  =  2x  =  554.4  ft. 

PROBLEMS 

224.  A  cable  100  ft.  long  is  suspended  between  two  points  which  are  in  the  same 
horizontal  plane  and  SO  ft.  apart.     WTiat  is  the  sag  at  the  mid-point  of  the  cable? 

Am.    f  =  26.54  ft. 

225.  A  cable  weighing  2  lb.  per  ft.  is  stretched  between  two  points  in  the  same 
horizontal  plane  which  are  150  ft.  apart.  If  the  sag  is  5  ft.  what  is  the  length  of  the 
cable  and  the  tension  at  the  points  of  support?        Atis.     I  =  150.44  ft.;  T  =  11301b. 

§  7.      NON-COPLANAE,    CONCURRENT,    XON-PARALLEL   FoRCES 

52.  Equations  of  Equilibrium. — A  non-coplanar,  concurrent,  non- 
parallel  system  of  forces  is  in  equilibrium  if  the  algebraic  sums  of  the 
components  of  the  forces  along  any  three  non-coplanar  lines  through  the 
point  of  concurrence  of  the  forces  are  equal  to  zero.  As  a  matter  of 
convenience  the  three  lines  will  be  taken  as  a  set  of  rectangular  axes 
through  the  point  of  concurrence,  in  which  case  the  equations  of  equi- 
Hbrium  may  be  written: 

S/'x  =  0,     i:Fy  =  0,    SF,  -  0. 

Proof. — If  a  concurrent  system  of  forces  in  space  is  not  in  equilibrium, 
the  resultant  of  the  sj^stem  is  a  force  (Art.  32).  If  the  forces  of  the 
system  satisfy  the  equation  XFx  =  0,  the  resultant,  if  there  be  one, 
must  lie  in  the  ^2-plane.  In  order  to  satisfy  the  equation  ZFy  =  0,  the 
resultant  must  lie  in  the  a:2-plane,  and  in  order  to  satisfy  the  equation 
2/^2  =  0,  the  resultant  must  lie  in  the  xy-p\ane.  It  is  impossible  for  a 
force  to  lie  in  the  three  planes  simultaneously,  and  hence,  if  the  forces 
of  the  system  satisfy  the  above  equations,  the  resultant  cannot  be  a 
force  and,  therefore,  the  system  must  be  in  equilibrium. 
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ILLUSTRATIVE   PROBLEM 

Problem  226.  The  wall  bracket  (Fig.  168)  is  composed  of  two  flexible  cables,  AC 
and  BC,  and  a  stiff  rod  DC,  which  is  pin-connected  at  D  and  C.  The  points  A,  B,  and 
C  lie  in  a  horizontal  plane  and  A,  B,  and  D  lie  in  a  vertical  plane,  D  being  vertically 
beneath  E,  the  mid-point  of  AB.  Find  the  stresses  in  the  three  members  due  to  the 
100-lb.  load  shown. 


tan  a=  -rr 


Solution. — The  pin  C  is  in  equilibrium  under  the  action  of  the  100-lb.  load  and 
the  reactions  of  the  three  members,  these  reactions  being  equal  to  the  stresses  in  the 
corresponding  members.  The  forces  acting  on  the  pin  at  C  are  shown  in  Fig.  168rt. 
By  selecting  axes  as  indicated  and  applying  the  equations  of  equilibrium,  the  follow- 
ing equations  are  obtained: 


XFy  =  DC  cos  45°  -  100  =  0, 
:^F,  =  ^Csina  -  BCsina  =  0, 


.-.   DC  =  141.4  lb. 
.-.   AC  =  BC. 


2Fx  =  DC  cos  45°  -  AC  cos  a  -  BC  cos  a  =  0, 


DC  cos  45°  =  2ACcosa, 


and 


BC  =AC  = 


DC  cos  45°  _  141.4  X  0.707 
2  cos  a      ~      2  X  0.894 


55.9  lb. 


Hence  there  is  a  compressive  stress  of  141.4  lb.  in  the  rod  DC  and  a  tensile  stress  of 
55.9  lb.  in  each  of  the  cables  BC  and  AC. 
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227.  In  Fig.  169,  AC  and  AB  are  flexible  cables  attached  to  pins  at  points  B  and 
C  in  the  xy- plane  and  AE  is  a  stiff  pole  connected  to  a  fixed  support  at  £^  by  a  smooth 
pin.     Find  the  stresses  in  AB,  AC,  and  AE  dnc  to  the  1000-lb.  load  shown. 


4D0  1b. 


Fig.  169. 


Fig.  170. 


228.  In  Fig.  170,  AD  is  a  flexible  cable  and  BD  and  CD  are  stiff  members.  The 
members  are  attached  to  a  smooth  pin  at  D  and  to  the  wall  at  A,  B,  and  C  bj'  smooth 
pins.     Find  the  stresses  in  AD,  BD,  and  CD  due  to  the  400-lb.  load  shown. 

Am.     AD  =  985  lb.;  BD  =  CD  =  475  lb. 

229.  Figure  171  represents  a  stiff-leg  derrick.  The  member  AC  lies  in  the  xz- 
plane  and  the  members  BD  and  BE  lie  in  vertical  planes  making  angles  of  45°  with  the 
xz-plane.  The  weight  carried  is  such  as  to  produce  a  tensile  stress  of  5000  lb.  in  the 
member  BC.     Find  the  stresses  in  the  members  AC,  BD,  and  BE. 

Ans.     AC  =  5670  lb.;  BE  =  BD  =  4910  lb. 


Fig.  171. 


Fig.  172. 


230.  Find  the  stresses  in  the  legs  AB  and  AC  of  the  shear-legs  derrick  shown  in 
Fig.  172  and  also  the  tension  in  the  guy  AD.     Neglect  the  weights  of  the  members. 
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§  8.      NON-COPLANAR,    NoN-CONCURRENT,    PARALLEL   FoRCES 

53.  Equations  of  Equilibrium. — A  system  of  parallel  forces  in  space 
is  in  equilibrium  if  the  algebraic  sum  of  the  forces  is  zero  and  if  the 
algebraic  sum  of  the  moments  of  the  forces  with  respect  to  each  of  the 
two  non-parallel  lines  is  equal  to  zero,  provided  that  neither  one  of  the 
lines  is  parallel  to  the  forces  of  the  system.  It  will  be  convenient  to 
select  a  set  of  rectangular  axes  so  that  one  of  the  axes  (the  z-axis,  say) 
is  parallel  to  the  forces.  If  the  axes  are  so  selected  the  equations  of 
equilibrium  may  be  written : 


IIF  =  0,    SMx  =  0, 


^My     =    0. 


Proof. — The  resultant  of  a  system  of  parallel  forces  in  space  which  is 
not  in  equilibrium  is  either  a  force  or  a  couple  (Art.  33).  If  the  forces  of 
the  system  satisfy  the  equation  S/^  =  0,  the  resultant  cannot  be  a  force. 
If  the  resultant  is  a  couple  it  must  lie  in  a  plane  parallel  to  the  x2-plane 
in  order  that  the  forces  shall  satisfy  the  equation  I^Mx  =  0,  and  in 
order  that  the  forces  shall  satisfy  the  equation  SMy  =  0  the  resultant 
must  lie  in  a  plane  parallel  to  the  T/z-plane.  A  plane,  however,  cannot  be 
parallel  to  both  the  xz-  and  ?/2-planes,  and  hence,  if  the  two  moment 
equations  are  satisfied,  the  resultant  cannot  be  a  couple.  Therefore, 
if  the  forces  of  the  system  satisfy  the  three  above  equations,  the  force 
system  is  in  equilibrium. 

ILLUSTRATIVE   PROBLEM 

Problem  231. — In  Fig.  173,  ABC  represents  a  triangular  plate,  the  sides  of  which 
are  each  2  ft.  in  length.  It  is  held  in  a  horizontal  position  by  vertical  cords  at  the 
vertices.  A  weight  of  200  lb.  is  suspended  from  the  point  E  which  lies  on  the  median 
AD,  the  distance  DE  being  6  in.  Find  the  stresses  in  the  cords  neglecting  the  weight 
of  the  plate. 

Solution. — The  stresses  may  be  found  by  applying  the  equations  of  equilibrium 
to  the  forces  shown  in  the  free-body  diagram  of  the  plate.     Thus 

XMx  =  T3  X  2  sin  60°  -  200  X  |  =  0, 

100 


T3  = 


=  57.7  lb. 


DE=6 


Fig.  173. 


2  sin  60' 
^Mz  =  T2XI  -TiXl  =0, 
T2  =  Ti. 

2F  =  Ti  +  Ta  +  T3  -  200  =  0, 
2Ti  =  142.3, 


and 


V'l  =  To 


71.15  1b. 
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232.  In  Fig.  174,  the  side  of  each  square  is  1  ft.  long.     If  the  four  parallel  forces 
shown  are  in  equilibrium,  what  are  the  magnitudes  of  Pi,  P2,  and  P3? 

233.  The  system  of  non-coplanar  parallel  forces  shown  in  Fig.  175  is  in  equi- 
librium.   The  side  of  each  square  is  1  ft.     Find  the  magnitudes  of  Pi,  P2,  and  P3. 

.4ns.     Pi  =  300  lb.;  P2  =  233  lb.;  P3  =  533  lb. 


/ 


■^P2 


/ 


400  lb. 

^ 


"A 


Fig.  174. 


Fig.  175. 


Fig.  176. 


234.  A  horizontal  plate  shown  in  Fig.  176  rests  on  three  posts  A,  B,  and  C. 
Material  of  uniform  density  is  piled  on  the  plate  at  a  depth  increasing  uniformly 
from  zero  at  the  right  edge  of  the  plate  to  a  maximum  at  the  left  edge.  If  the  total 
weight  of  the  material  is  1000  lb.,  find  the  pressures  of  A,  B,  and  C  on  the  plate 
due  to  the  weight  of  the  material.  As  will  be  shown  later,  the  resultant  weight  of  the 
material  acts  at  a  distance  of  f  the  width  of  the  plate  from  the  edge  where  the 
depth  of  the  material  is  zero. 

235.  A  square  table  weighing  50  lb.  stands  on  four  legs  at  the  mid-points  of  the 
sides.  Find  the  greatest  weight  that  can  be  placed  on  one  corner  of  the  table  without 
causing  it  to  overturn.  Ans.     W  =  50  lb. 

236.  The  crank-pin  pressures.  Pi  and  Pa,  on  the  crank  shaft  shown  in  Fig.  177 
are  6000  lb.  and  4800  lb.,  respectively.  Find  the  bearing  reactions  Ri  and  P2  (Fig. 
1776)  and  the  resisting  moment  Qq  required  for  equilibrium  of  the  shaft. 


A  „ 


ff 


K— 8 ">i<7">i<  7-^^*U-8-'^ 

{aj 


Fig.  177. 


237.  A  uniform  circular  plate  weighing  200  lb.  is  supported  in  a  horizontal  posi- 
tion at  three  points  on  its  circumference.  Find  the  reactions  at  the  supports  if  the 
points  divide  the  circumference  into  arcs  of  90°,  135°,  and  135°. 

Am.    Ri  =  82.8  lb.;  R2  =  R3  =  58.6  lb. 
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§  9.      NON-COPLANAR,    NoN-CONCURRENT,    NoN-PARALLEL   FoRCES 

54.  Equations  of  Equilibrium. — A  system  of  non-coplanar,  non- 
concurrent,  non-parallel  forces  is  in  equilibrium  if  the  algebraic  sum  of 
the  components  of  the  forces  in  each  of  three  directions  is  equal  to  zero 
and  if  the  algebraic  sum  of  the  moments  of  the  forces  with  respect  to 
each  of  three  axes  is  equal  to  zero,  provided  that  the  directions  of  reso- 
lution are  so  chosen  that  Imes  drawn  through  any  arbitrary  pomt  in 
these  three  du'ections  are  not  coplanar,  and  that  the  moment  axes  do 
not  he  in  a  plane,  and  that  no  two  of  them  are  parallel.  It  will  be  con- 
venient to  take  the  coordinate  axes  for  the  axes  of  resolution  and  for  the 
moment  axes,  in  which  case  the  equations  of  equilibrium  may  be  written 
as  follows : 

IIF,  =  0,  SM,  =  0, 


^Fy  =   0, 

^F,  =  0, 


HMy     =     0, 

SM.  =  0. 


Proof. — The  resultant  of  a  non-concurrent,  non-parallel  system  of 
forces  in  space  is,  in  general,  a  force  and  a  couple  (Art.  36) .  If  the  forces 
of  the  system  satisfy  the  first  three  equations,  the  resultant  force  must 
vanish,  and  if  the  last  three  equations  are  satisfied  the  couple  must 
vanish.  If,  therefore,  the  forces  of  the  system  satisfy  the  six  equations 
the  force  system  is  in  equilibrium. 


ILLUSTRATIVE  PROBLEM 

Problem  238. — Figure  178  represents  a  windlass  used  in  lifting  weights.  The 
end  bearings  will  be  regarded  as  smooth,  and  the  force  P  applied  to  the  crank  will  be 
assumed  to  be  perpendicular  to  the  axis  of  the  cylinder  and  also  perpendicular  to  the 
crank.  Find  the  value  of  P  required  to  hold  the  450-lb.  weight,  and  also  find  the 
reactions  at  the  bearings,  assuming  that  the  crank  is  inchned  30°  to  the  vertical. 


Fia.  178. 

Solution. — The  coordinate  axes  will  be  taken  as  shown  in  the  figure.     There  are 
four  forces  acting  on  the  windlass,  namely,  the  weight  of  450  lb.,  the  foi-ce  P,  and 


PROBLEMS 


117 


the  reactions  at  the  bearings.  Since  the  bearing  reactions  are  unknown  in  direction 
as  well  as  in  magnitude  it  will  l)c  convenient  to  resolve  them  into  horizontal  and 
vertical  components;  Hi,  V'l  and  H2,  Vi,  as  indicated  in  the  figure.  Applying  the 
equations  of  equilibrium  to  the  system  of  forces  acting  on  the  windlass  we  have: 

Si^'j,  =  P  cos  30°  +  /f  I  +  i/2  =  0 (1.) 

^F,  =  Fi  +  72  -  P  sin  30°  -  450  =  0 (2) 

S.l/:,  =  15P  -  450  X  4  =  0 (3) 

2.Vy  =  P  sin  30°  X  62  +  450  X  30  -  50T'i  =0 (4) 

'LM,  =  50Hi  +  P  cos  30°  X  62  =  0 (5) 

The  solution  of  these  equations  gives  the  following  values: 

P  =  120  lb.,  Hi  =  -128.8  lb.,  Fi  =  344.4  lb.,  i/2  =  24.92  lb.,  F2  =  165.6  lb. 


PROBLEMS 

239.  In  Fig.  179  is  shown  a  vertical  shaft  AD  that  weighs  100  lb.  and  is  sup- 
ported by  a  smooth  step  bearing  at  D  and  a  smooth  journal  bearing  at  B.  Pulleys 
having  a  diameter  of  1  ft.  and  a  weight  of  40  lb.  each  are  keyed  to  the  shaft  at  A 
and  C.  To  the  pulley  at  A  are  applied  two  forces  parallel  to  the  x-axis  and  to  the 
pulley  at  C  are  applied  two  forces  parallel  to  the  y-axis  as  shown.  If  the  shaft  is 
in  equilibriimi,  find  the  magnitudes  of  P  and  the  x-,  y-,  and  z-components  of  the 
bearing  reactions  at  B  and  D. 

Am.     P  =  200  lb.;  B^  =  -400  lb.;  By  =  22.9  lb.;  B^  =  0;  Dx  =  120  lb.; 

Dy  =  17.1  lb.;  Dz  =  180  lb. 


1201b. 


Fig.  179. 


FiQ.  180. 


240.  In  Fig.  180  is  sho^Ti  a  vertical  shaft  AD  that  weighs  80  lb.  and  is  supported 
by  a  smooth  step  bearing  at  D  and  a  smooth  journal  bearing  at  A.  A  pulley  weighing 
10  lb.  and  having  a  diameter  of  1  ft.  is  keyed  to  the  shaft  at  B.  To  this  pulley  a 
force  of  60  lb.  is  apphed  parallel  to  the  y-axis.  A  pullej-  weighing  40  lb.  and  having 
a  diameter  of  1  ft.  is  keyed  to  the  shaft  at  C.  To  this  pulley  two  forces  P  and  120  lb. 
are  applied  parallel  to  the  x-axis.  If  the  shaft  is  in  equilibrium,  find  the  magnitudes 
P  and  the  x-,  y-,  and  2-components  of  the  bearing  reactions  at  D  and  A. 
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REVIEW    QUESTIONS  AND   PROBLEMS 

241.  Is  the  following  statement  correct?  A  force  system  is  in  equilibrium  when 
the  forces  of  the  system  have  no  resultant. 

242.  If  a  coplanar,  non-concurrent  force  system  is  in  equilibrium,  what  two 
graphical  conditions  must  the  forces  satisfy?     Explain. 

243.  Prove  that,  if  the  forces  of  a  coplanar,  parallel  system  satisfy  the  equations 
"ZiMa  =  0  and  SMb  =  0,  the  forces  must  be  in  equilibrium;  make  clear  the  restric- 
tion on  the  choice  of  the  points  A  and  B. 

244.  What  is  meant  by  a  statically  indeterminate  force  sj'stem? 

245.  What  is  wrong  with  the  following  statement?  A  free-body  diagram  is  a 
diagram  showing  the  body  and  some  (but  not  all)  of  the  forces  that  the  body  exerts 
on  other  bodies. 

246.  Given  the  following  equations  of  equilibrium  for  a  coplanar,  non-concurrent, 
non-parallel  force  sj'stem: 

SFx  =  0,     Sil/x  =  0,     i:mb  =  0. 

(a)  What  are  the  restrictions  placed  on  the  selection  of  the  points  A  and  B? 
(b)  What  conclusion  can  be  drawn  regarding  the  resultant  of  the  given  force  system 
if  the  forces  of  the  system  satisfy  the  first  of  these  equations?  (c)  A^Tiat  conclusions 
can  be  drawn  regarding  the  resultant  if  the  forces  satisfy  the  first  two  equations? 
(d)  If  they  satisfy  all  three  equations? 

247.  What  is  the  essential  difference  between  two-force  members  and  members 
that  are  acted  on  by  more  than  two  forces?  Which  of  these  two  classes  of  members 
occurs  in  a  pin-connected  pin-loaded  truss? 

248.  Correct  the  errors  in  the  following  statement:  If  the  method  of  joints  is 
used  in  determining  the  stresses  in  members  of  a  pin-connected,  pin-loaded  truss, 
non-concurrent  force  systems  are  involved  and  hence  the  unknown  stresses  in  three 
members  that  meet  at  any  joint  can  be  found. 

249.  Is  the  graphical  method  of  determining  stresses  in  trusses  (Art.  48)  based  on 
the  method  of  joints  or  the  method  of  sections? 

250.  Is  the  following  statement  correct?  In  determining  stresses  in  trusses  alge- 
braically by  the  method  of  sections,  each  section  used  may  cut  more  than  three 
members  but  cannot  cut  more  than  three  members  in  which  the  stresses  are  imknown. 

251.  Write  the  six  equations  of  equilibrium  for  a  non-coplanar,  non-concurrent, 
non-parallel  force  system  and  show  what  equations  of  equilibrium  are  obtained  from 
these  by  imposing  the  conditions  (a)  that  the  forces  are  coplanar;  (b)  that  thej'  are 
non-coplanar  but  parallel;  (c)  that  they  are  non-coplanar  but  concurrent;  (d)  that 
they  are  coplanar  and  parallel. 

(  262^  In  Fig.  181,  A  and  B  are  smooth  cylinders  weighing  100  lb.  each.  Find  the 
preestire,  R,  of  one  cylinder  on  the  other  and  the  pressures  of  the  vertical  walls  on 
the  cylinders  at  points  C  and  D.  Ans.     72  =  115.5  lb.;  C  =  D  =  57.7  lb. 

263.  In  Fig.  182,  D  is  a  cylinder  weighing  100  lb.  Find  the  reaction  of  the  pin 
at  B  on  the  member  AB.  Assume  all  surfaces  smooth  and  neglect  the  weight*  of 
AB  Bind  BC.  Ans.    B  =  25  1b. 
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254.  In  the  crane  shown  in  Fi^.  183,  assume  that  the  weights  of  AD  and  CH  are 
neghgible  and  that  the  pin  at  C  is  smooth.  Find  the  reaction  of  the  pin  at  C  on  the 
member  CH  and  find  also  the  stress  in  the  rod  BE. 

Ans.     C  =  4070  lb.;  BE  =  3555  lb. 


2000  1b. 


Fig.  181. 


Fig.  182. 


Fig.  183. 


/  255.JFind,  by  the  method  of  sections,  the  stresses  in  the  members  CE,  DE,  and 
DFofthe  Howe  truss  sho^Ti  in  Fig.  184. 

Ans.     CE  =  -2000  lb.;  DE  =  -2500  lb.;  DF  =  4000  lb. 

4000  lb, 

30001b.  B     6'    |c    6'  E    6'  G     6'  ^H 


Fig.  184. 


Fig.  185. 


256.  In  Fig.  185  is  shown  a  pin-connected,  pin-loaded  truss.  Find  the  stresses  in 
GH  and  FH  due  to  the  loads  shown,  using  the  method  of  joints.  Find  the  stresses 
in  CE,  DE,  and  DF  by  the  method  of  sections. 

Ans.     GH  =  -2250  lb.;  FH  =  3750  lb.;  CE  =  -6750  lb.;  DE  =  3750  lb.; 
12  DF  =  4500  lb. 

riiA 
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Fig.  187. 

257.  Find  the  stresses  in  all  members  of  the  truss  shown  in  Fig.  184  bj'  the 
graphical  method. 
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258.  In  the  derrick  shown  in  Fig.  186,  find  the  stresses  in  the  flexible  cables 
AB,  AC,  and  AD  due  to  the  2-ton  load.  The  points  C  and  D  where  the  cables  are 
attached  lie  m  the  x?/-plane.  Am.    AB  =  6665  \h.;  AC  =  AD  =  6160  lb. 

259.  The  plate  shown  in  Fig.  187  lies  in  a  horizontal  plane  and  is  suspended  by 
three  flexible  vertical  cables  which  exert  pulls  Ti,  To,  and  Tz  on  the  plate  as  shown. 
If  the  weight  of  the  plate  is  100  lb.  per  sq.  ft.  of  area,  find  the  stresses  in  the  cables. 

Am.     Ti  =  800  lb.;  T2.  =  1600  lb.;  Tz  =  2400  lb. 


CHAPTER   IV 


FRICTION 


55.  Friction  Defined. — If  two  bodies  slide  or  tend  to  slide  on  each 
other,  the  resisting  force  tangent  to  the  surface  of  contact  which  one 
body  offers  to  the  other  is  defined  as  friction. 

Friction  is  of  great  importance  in  engineering  practice.  Since  it 
always  opposes  motion,  it  is  an  undesirable  and  expensive  factor  in  the 
operation  of  many  machines  and  in  such  cases  is  reduced  as  much  as 
practicable  by  means  of  lubricants.  In  other  machines  it  becomes  a 
very  desirable  and  useful  element,  as  in  various  forms  of  brakes,  friction 
drives,  etc.  In  fact,  many  of  our  normal  physical  activities,  such  as 
walking,  would  be  impossible  without  the  aid  of  friction. 

If  the  resistance  between  two  bodies  prevents  motion  of  one  body 
relative  to  the  other,  the  resistance  is  called  static  friction;  the  frictional 
resistance  between  two  bodies  which  move  relative  to  each  other  is  called 
kinetic  friction.  If  the  friction  is  static,  the 
amount  of  friction  developed  is  just  suffi- 
cient to  maintain  equilibrium  with  the 
other  forces  acting  on  the  body.  That  is, 
static  friction  is  an  adjustable  force,  the 
magnitude  of  Avhich  is  determined  from  the  ~ 
equations  of  equilibrium  for  all  the  forces 
which  act  on  the  body.  Thus,  let  Fig.  188 
represent  a  body  in  equilibrium  on  a  rough 
horizontal  plane  under  the  action  of  a 
horizontal  force  P,  which  tends  to  move 

the  body,  the  reaction,  R,  of  the  plane,  and  the  weight,  TT^,  of  the 
body.  Let  the  reaction  R  be  resolved  into  two  components  F  and  N 
parallel  and  perpendicular,  respectively,  to  the  plane.  The  compo- 
nent F  along,  or  tangent  to,  the  plane  is  the  frictional  force  as  defined 
above.  The  component  N  is  called  the  normal  pressure  and  R  is  called 
the  total  reaction.  Since  the  body  is  in  equilibrium,  the  equation  of 
equilibrium  2Fj;  =  0  must  be  satisfied,  and  hence  F  is  equal  to  P; 
the  equation  1,Fy  =  0  must  also  be  satisfied,  and  hence  N  =  W .  If 
the  force  P  is  gradually  increased,  F  must  increase  in  the  same  ratio 
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in  order  to  maintain  a  condition  of  equilibrium.  There  is  a  definite  limit, 
however,  to  the  amount  of  frictional  resistance  that  can  be  developed, 
and  when  the  value  of  P  exceeds  this  limiting  value  motion  will  ensue. 
The  limiting  or  maximum  value  of  the  frictional  force  is  called  limiting 
friction  and  is  denoted  by  F'.  Its  value  depends  on  the  normal  pressure 
and  on  the  roughness  of  the  surfaces  of  contact. 

In  Fig.  188  it  was  seen  that  the  frictional  force  F  was  equal  to  the 
applied  force  P  and  that  the  normal  pressure  N  was  equal  to  W,  the 
weight  of  the  body.  However,  the  student  should  not  make  the  mis- 
take of  assuming  that  in  all  cases  in  which  one  body  tends  to  shde  over 

another  F  is  equal  to  P  or  to  the  component 
of  P  parallel  to  the  plane,  and  that  N  is 
equal  to  W;  it  is  important  to  note  that  in 
all  cases  both  the  static  friction  and  the 
normal  pressure  are  determined  by  the  con- 
ditions of  equilibrium  for  all  the  forces  acting 
on  the  body.  Consider,  for  example,  the 
body  shown  in  Fig.  189  and  assume  that 
Fig.  189.  motion  of  the  body  is   impending  up   the 

plane  under  the  influence  of  the  applied 
force  p.  and  the  other  forces  acting  on  the  body.  By  applying  the 
equations  of  equilibrium,  l^Fx  =  0  and  SF^  =  0,  it  is  seen  that  F'  = 
P  cos  6  —  W  sin  a  and  N  =  W  cos  a  —  P  s'm  6. 

56.  CoefRcient  of  Friction. — In  order  to  compare  the  frictional 
properties  of  various  pairs  of  materials  or  of  the  same  pair  of  materials 
under  varying  conditions  of  their  surfaces  of  contact,  and  in  order 
to  calculate  the  maximum  frictional  force  corresponding  to  any  normal 
pressure,  a  certain  experimental  constant,  called  the  coefficient  of  friction, 
is  used. 

The  coefficient  of  static  friction  for  any  two  surfaces  is  defined  as  the 
ratio  of  the  limiting  friction  to  the  corresponding  normal  pressure.  Thus, 
if  the  coefficient  of  static  friction  is  denoted  by  m,  it  may  be  expressed  as 
follows : 

|Ji  =  —    or    F  =  vN. 

It  is  important  to  note  that  F'  in  the  above  equation  is  the  maximum 
friction  which  the  surfaces  can  develop,  that  is,  the  friction  corresponding 
to  impending  motion.  Thus  the  maximum  frictional  force  which  any 
two  surfaces  can  develop  is  equal  to  nN . 

The  value  of  y.  must  be  determined  experimentally,  and,  as  stated 
above,  it  is  a  constant  for  any  two  materials  for  a  definite  condition  of 
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the  surfaces  of  contact.  It  varies  considerably,  however,  for  different 
conditions  of  the  surfaces,  and  it  varies  widely  for  different  pairs  of 
materials,  as  is  shown  in  the  following  table,  which  gives  the  values  of  the 
coefficient  of  friction  for  dry  surfaces  as  determined  by  Morin  and  others. 

Coefficient  of  Static  Friction 

Wood  on  wood 0 .  25  to  0 .  50 

Metal  on  wood 20  to    .60 

Metal  on  metal 15  to    .30 

Metal  on  leather 30  to    .60 

Wood  on  leather 25  to    .50 

Stone  on  stone 40  to    .65 

Metal  on  stone 30  to    .70 

Earth  on  earth 25  to  1 .  00 

If  two  surfaces  move  relative  to  each  other,  the  ratio  of  the  friction 
developed  to  the  corresponding  normal  pressure  is  defined  as  the  coeffi- 
cient of  kinetic  friction.  The  value  of  the  coefficient  of  kinetic  friction 
for  two  surfaces  is  influenced  by  more  factors  than  is  the  value  of  the 
coefficient  of  static  friction.  A  brief  discussion  of  the  influencing  factors 
is  given  in  Art.  58.  For  values  of  the  coefficient  of  kinetic  friction  for 
various  conditions  of  rubbing  surfaces  the  reader  is  referred  to  Good- 
man's "Mechanics  Applied  to  Engineer- 
ing." |w 

67.  Angle  of  Friction. — The  a7igle  of 
static  friction  for  two  surfaces  is  defined  as 
the  angle  between  the  dii^ections  of  the  total 


^ 


\ 


-^ 


reaction    and    the    normal    pressure    when  '\ 

motion  is  impending.     Thus  in  Fig.  190,  if 

the  force  P  is  just  large  enough  to  develop 

the  limiting  friction,  the  angle  which  R,  the  p^^  Iqq 

reaction  of  the  plane  on  the  body,  makes 

with   the  normal  pressure,  N,  is  the  angle  of  static  friction  and  is 

denoted  by  0. 

Since  the  components  of  R,  parallel  and  perpendicular  respectively 

F' 
to  the  plane,  are  F'  and  N,  it  is  evident  from  the  figure  that  tan  (/>  =  —• 

N 
F' 
But  since  the  ratio  —  is  defined  as  the  coefficient  of  static  friction,  m, 

the  following  important  relation  may  be  written: 

ji.  =  tan  <}), 

that  is,  the  coefficient  of  static  friction  is  equal  to  the  tangent  of  the  angle 
of  static  friction. 
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If  the  two  surfaces  move  relative  to  each  other,  then  the  angle 
between  the  total  reaction  and  the  normal  pressure  is  called  the  angle 
of  kinetic  friction.  Its  value  is  somewhat  less  than  the  angle  of  static 
friction,  since  the  frictional  force  after  motion  ensues  becomes  less  than 
the  limiting  friction.  The  relation  n  =  tan  <^  also  holds  for  kinetic  fric- 
tion, the  value  of  n  for  kinetic  friction  being  somewhat  less  than  for  static 
friction.  The  angle  of  friction  (for  both  static  and  kinetic  friction)  is 
convenient  to  use  particularly  in  the  solution  of  problems  by  graphical 
methods. 

Angle  of  Repose. — If  a  body  rests  on  an  inclined  plane,  as  sho^Ti 
in  Fig.  191,  and  is  acted  on  by  no  forces  except  its  weight  and  the  reaction 
of  the  plane,  and  if  a,  the  angle  of  inclination  of  the  plane  to  the  horizon- 
tal, is  such  that  motion  of  the  body  impends 
down  the  plane,  the  angle  a  is  defined  as  the  angle 
of  repose. 

Since  the  body  is  in  equilibrium  under  the 
action  of  the  two  forces  B,  the  reaction  of  the 
plane,   and   W,   the  weight  of  the  body,  these 
„  forces   must  be  equal,   opposite,   and   collinear. 

Hence  the  reaction  R  is  vertical.  Furthermore, 
the  angle  which  R  makes  with  the  normal  to  the  plane  is  <^,  the  angle 
of  friction.  It  is  evident  from  the  figure  that  the  angles  a  and  0  are 
equal.  The  angle  of  repose  for  two  surfaces  can  be  found  easily  by 
experiment,  after  which  the  coefficient  of  friction  for  the  surfaces 
may  be  found  from  the  relation  m  =  tan  <^  =  tan  a. 

68.  The  Laws  of  Friction. — One  of  the  earliest  contributions  to  our 
knowledge  of  the  laws  of  friction  was  made  by  Coulomb,  who  published, 
in  1781,  the  results  of  experiments  on  the  friction  of  plane  dry  surfaces. 
Later  experiments  by  Morin  confirmed,  in  the  main,  the  results  obtained 
by  Coulomb.  The  results  of  the  experiments  of  Morin  on  dry  surfaces, 
published  in  1831,  may  be  stated  as  follows: 

1.  The  friction  between  two  bodies  when  motion  is  impending  (lim- 
iting friction)  is  proportional  to  the  normal  pressure;  that  is,  the  coeffi- 
cient of  friction  is  independent  of  the  normal  pressure. 

2.  The  coefficient  of  static  friction  is  independent  of  the  area  of 
contact. 

3.  The  coefficient  of  kinetic  friction  is  less  than  the  coefficient  of 
static  friction  and  is  independent  of  the  relative  velocity  of  the  rubbing 
surfaces. 

Although  these  laws  are  probably  correct  for  the  conditions  under 
which  the  tests  were  made,  they  must  be  modified  in  order  to  apply  to 
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friction  which  Ls  developed  under  conditions  quite  different  from  those 
found  in  the  experiments.  The  pressures  used  in  the  experiments  of 
Morin  varied  from  %  lb.  per  sq.  in.  to  100  lb.  per  sq.  in.  It  has  been 
found  in  later  experiments  that  for  pressures  less  than  ^  lb.  per  sq.  in. 
the  value  of  the  coefficient  of  static  friction  increases  somewhat.  For 
very  great  pressures  the  coefficient  also  increases.  The  highest  velocity 
used  in  Morin's  experiments  was  10  ft.  per  sec.  For  greater  velocities 
than  this  it  has  been  found  in  later  experiments  that  the  coefficient 
of  kinetic  friction  decreases  with  the  velocity.  The  experiments  of 
Jenkin  show  that  for  extremely  low  velocities  (the  lowest  velocity 
measured  was  0.0002  ft.  per  sec.)  there  is  an  increase  in  the  coefficient 
of  kinetic  friction.  These  experiments  indicate  that  the  value  of 
the  coefficient  of  kinetic  friction  gradually  increases  as  the  velocity 
decreases  and  passes  without  discontinuity  into  that  of  static  friction. 

From  experiments  made  by  Tower,  Goodman,  Thurston,  and  others, 
on  lubricated  surfaces,  it  has  been  found  that  the  laws  of  friction  for 
lubricated  surfaces  are  almost  the  reverse  of  those  stated  for  dry  sur- 
faces. For  example,  it  is  found  that  the  friction  of  two  surfaces  is 
almost  independent  of  the  nature  of  the  surfaces  and  of  the  normal 
pressure  so  long  as  there  is  a  film  of  lubricant  between  the  surfaces. 
Again,  for  lubricated  surfaces,  it  is  found  that  the  friction  is  materially 
affected  by  the  temperature,  which  is  not  true  in  the  case  of  dry  surfaces. 

59.  Tjrpes  of  Problems  Involving  Frictional  Forces. — In  the  follow- 
ing problems  there  are  two  general  types:  (1)  In  one  type  a  body  is  in 
equilibrium  under  the  action  of  a  force  system  one  (or  more)  of  which 
is  a  frictional  force,  but  motion  of  the  body  is  impending;  in  other 
words,  the  frictional  force  developed  is  the  limiting  friction  and  can 
therefore  be  expressed  as  F'  =  (xN .  It  is  important  to  note  that  such 
a  problem  is  a  problem  in  equilibrium  and  is  no  different  from  those 
treated  in  the  preceding  chapter,  for,  the  equations  of  equilibrium  apply 
to  all  the  forces  acting  on  the  body  (including  friction  forces  and  the 
normal  pressures).  But  in  addition  to  the  relationship  that  must  exist 
among  all  the  forces  as  expressed  in  the  equations  of  equilibrium  there  is 
a  special  relationship  between  two  of  the  forces  that  act  on  the  bodj', 
namely,  F'  =  nN.  This  equation  then  is  used  together  with  the  equa- 
tions of  equilibrium  to  effect  a  solution  of  some  of  the  unknown  forces. 
If  more  than  one  pair  of  rubbing  surfaces  are  involved  there  will,  of 
course,  be  more  than  one  equation  of  the  type  F'  =  nA\ 

(2)  In  the  other  type  of  problem  a  body  is  acted  on  by  a  force 
system  one  (or  more)  of  which  is  a  frictional  force  but  it  is  not  known 
whether  the  body  is  in  equilibrium  under  the  action  of  the  applied  forces 
because  it  is  not  known  whether  the  frictional  force  (or  forces)  requu-ed 


126 


FRICTION 


for  equilibrium  can  be  developed  on  the  surfaces  of  contact.  One 
method  of  attacking  such  a  problem  is  first  to  assume  the  body  to  be  in 
equilibrium  and  then  find  the  frictional  force  and  corresponding  normal 
pressure  required  (with  the  other  forces)  to  hold  the  body  in  equilibrium 
by  applying  the  equations  of  equilibrium.  This  magnitude  of  the  fric- 
tional force  is  then  compared  to  the  value  of  the  limiting  friction,  F'  = 
nN,  and  if  it  is  less  than  F'  the  body  will  be  in  equilibrium  and  the 
frictional  force  will  have  the  value  found  from  the  equilibrium  equations, 
but  if  it  is  greater  than  F'  the  body  will  not  be  in  equilibrium,  and  hence 
the  problem  is  one  of  kinetics  instead  of  statics. 

ILLUSTRATIVE   PROBLEMS 

Problem  260. — A  lift  shown  in  Fig.  192  slides  on  a  vertical  shaft  having  a  square 
cross-section  2  in.  on  a  side.  Find  the  greatest  distance,  x,  from  the  edge  of  the  shaft 
at  which  a  load  W  can  be  placed  and  still  cause  the  lift  to  shde  on  the  shaft.  Neglect 
the  weight  of  the  lift  and  use  0.2  for  the  coefficient  of  friction. 


Fig.  192. 


Graphical  Sohition. — Since  motion  impends,  the  angle  between  the  reaction  7?i 
and  the  normal  pressure  A''i  of  the  shaft  at  A  is  equal  to  the  angle  of  friction;  that  is, 
the  tangent  of  the  angle  is  equal  to  0.2.  Hence,  by  laying  off  ten  spaces  along  the 
normal  and  two  spaces  perpendicular  to  the  normal,  as  shown  in  Fig.  192,  the  action 
line  of  Ri  is  determined.  In  a  similar  manner  the  action  line  of  7?2  is  found.  Now 
the  three  forces  Ri,  R2  and  W  must  be  concurrent  in  order  to  be  in  equilibrium 
(Art.  42)  and  hence,  W  must  pass  through  the  intersection  of  R\  and  i?2.  Now  the 
intersection  of  these  two  forces  can  never  be  nearer  to  the  shaft  than  the  point  D, 
since  the  angle  </>  cannot  be  greater  than  tan~^  0.2.  The  distance,  x,  of  D  from  the 
shaft  is  found  by  measurement  to  be  24  in. 

Algebraic  Solution. — The  five  forces,  F'l,  Ni,  F'l,  N%  and  Tl'  which  hold  the  lift 
in  equilibrium  as  shown  in  the  free-body  diagram  (Fig.  192)  form  a  coplanar,  non- 
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concvirrent  force  system  and  hence  there  are  three  equations  of  equilibrium  as  follows: 

XF:,  =  Ni  -  Ni  =  0 (1) 

ZFj,  =-W  +  0.2Ni  +  O.2N2  =  0 (2) 

XMb  =  -  Wx  +  lOiVi  -  2  X  0.2Ari  =  0, (3) 

in  which 

0.2A'i  =  F'l  and  O.2N2  =  F'2. 

From  (1)  and  (2)  we  have 

W  =  OANi  =  0.4iV2. 

By  substituting  this  value  of  W  in  (3)  the  equation  obtained  is 

-0.4A^i  •  X  +  lONi  -  OANi  =  0, 


whence 


X  =  24  in. 


P=20  lb. 
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Fig.  193. 


Problem  261.  A  body  weighing  80  lb.  rests  on  a  plane  inclined  20°  to  the  hori- 
zontal as  shown  in  Fig.  193(a).  The  coefficient  of  friction  between  the  body  and 
plane  is  0.30.  If  a  horizontal  force  P  of  20  lb.  is  applied  to  the  body  will  it  shde? 
If  so,  will  it  slide  up  or  down  the 
plane?  If  the  body  does  not 
slide  what  is  the  magnitude  and 
sense  of  the  frictional  force  devel- 
oped? 

Solution. — First  it  will  be  as- 
sumed that  the  body  is  in  equi- 
librium and  that  the  frictional 
force  F  acts  downward  along  the 
plane;  in  other  words  it  is  assumed 
that  the  body  would  slide  up  the 

plane  if  no  frictional  force  e.xisted.  The  free-body  diagram  would  then  be  as  shown 
in  Fig.  193(a).     Using  one  of  the  equations  of  equilibrium  we  have 

XF^  =  20  cos  20°  -  80  sin  20°  -  F  =  0 

:.   F  =  20X  0.940  -  80  X  0.342  =  -  8.56  lb. 

Since  the  sign  of  F  is  negative,  or  in  other  words,  since  the  x-component  of  the  weight 
of  the  body  is  greater  than  the  x-component  of  P,  the  direction  of  F  is  up  instead  of 
down  the  plane.     Hence  if  the  body  slides,  it  must  slide  down  the  plane.     If  it  does 
not  slide  dowTi  it  must  be  held  in  equilibrium  by  the  forces  shown  in  Fig.  193(6). 
Applying  the  equations  of  equilibrium  to  this  force  system,  we  have 

SFx  =  F  +  20  X  0.940  -  80  X  0.342  =  0  .:  F  =  +  8.56  lb. 

ZFy  =  N  -  20  X  0.342  -  80  X  0.940  =0  .'.   A^  =  82.04  lb. 

The  maximum  value  that  F  can  have  is 

F'  =  mAT  =  0.3  X  82.04  =  24.6  lb. 

and  since  a  frictional  force  of  only  8.56  lb.  is  needed  to  hold  the  body  in  equilibrium, 
the  body  -will  not  slide  and  the  frictional  force  developed  is  8.56  lb.  directed  up  the 
plane. 
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Problem  262. — Figure  194(a)  represents  a  cotter  joint.  The  angle  a  equals  15° 
and  the  angle  of  friction  for  all  rubbing  surfaces  is  12°.  What  is  the  value  of  the 
force  P  required  to  overcome  the  1000-lb.  force  applied  on  part  A? 

Solution. — Free-body  diagrams  of  the  block 
A  and  the  cotter  pin  C  are  shown  in  Fig.  194(6) 
and  194(c),  respectively.  The  equations  of  equi- 
librium for  the  two  blocks  may  be  written  as 
follows: 


For  A 

ZFjc  =  1000  +  /2isinl2° 

-  R2  cos  27°  =  0, 

ZFy  =  Ri  cos  12°  -  R2  sin  27°  =  0.    .     . 

For  C 

SFx  =  R2  cos  27°  -  R3  cos  12°  =  0,   .     . 

'EFy  =  Ri  sin  27°  +  ^3  sin  12°  -  P  =  0. 

By  eliminating  Ri  from  (1)  and  (2),  the  equation 
obtained  is, 

1000  cos  12° 
Ri  = ^77^;—.     ...    (5) 


(1) 
(2) 

(3) 
(4) 


cos  39° 

By  eliminating  Rz  from  (3)  and  (4)  the  following 
equation  is  obtained: 


R2  = 


P cos  12° 


sin  39° 
By  equating  values  of  P2  in  (5)  and  (6)  the  value  of  P  may  be  found.     Thus 


(6) 


P  cos  12°       1000  cos  12° 


Therefore 


sin  39°  cos  39° 

P  =  1000  tan  39°  =  810  lb. 


Problem  263. — In  Fig.  195  assume  that  W  and  a  are  known;  assume  also  that 
the  coefficient  of  friction  /x  (and  hence  also  the  angle  of  friction  (p)  is  known.  Find, 
in  terms  of  9  and  the  known  quantities,  the 
value  of  P  that  will  make  motion  impend 
up  the  plane.  Show  also  that  P  will  be 
a  minimum  when  0  =  4>,  and  find  the 
minimum  value  of  P. 

Solution. — The  body  is  in  equilibrium 
and  hence  the  equations  of  equilibrium 
may  be  applied  to  the  system  of  forces 
acting  on  it.  In  addition  to  the  required 
force  P,  the  forces  acting  on  the  body  are 
the  weight,  W,  of  the  body,  and  the  reac- 
tion of  the  plane.  The  latter  force  will  bo 
resolved  into  components  A'^,  perpendicular 
to  the  plane,  and  F'  (equal  to  nN),  parallel   to  the  plane,  as  shown  in   the  free- 
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body  diagram.  If  the  x-axis  be  taken  parallel  to  the  plane  and  the  y-axis  perpen- 
dicular to  the  plane,  the  equations  of  equilibrium  may  be  written  as  follows: 

I,Fj,  =  P  cos  0  -  ixN  -  W  sin  a  =  0, 
^Fy  =  N  +  P  sin  e  -  W  cos  a  =  0. 
Eliminating  A''  from  the  two  equations  we  have: 

_  W  (sin  a  +  fi  cos  a) 
cos  6  +  fj.  sin  6 
If  tan  4>  be  substituted  for  fx  this  may  be  written: 

^        sin  (g  +  0) 
cos  {d  -  (f>) 

If  the  values  of  TI',  a,  and  <{>  are  specified,  P  may  be  regarded  as  a  function  of  d. 
The  value  of  P  is  a  minimum  when  6  is  equal  to  <}>,  since  this  value  of  6  makes 
cos  (6  —  <!>)  a  maximum;   the  minimum  value  of  P,  then,  is  W  sin  (a  +  <p).     If  the 

sin  (a  +  <^) 


force  P  is  applied  parallel  to  the  plane  its  value  becomes  W 


cos  4> 


PROBLEMS 

264.  A  block  weighing  100  lb.  rests  on  a  plane  inclined  30°  to  the  horizontal. 
If  the  coefficient  of  static  friction  is  0.3,  will  a  horizontal  force  of  50  lb.  start  the  body 
up  the  plane? 

265.  In  Fig.  196  what  must  be  the  magnitude  of  a  horizontal  force,  P,  to  cause 
motion  to  impend?  The  coefficient  of  static  friction  for  both  pairs  of  rubbing  sur- 
faces is  0.2.  Bodies  A  and  B  weigh  150  lb.  each  and  the  force  exerted  on  A  and  B 
by  the  spring  S  is  200  lb.  Is  the  action  line  of  the  force  P  shown  correctly  in  the 
figure?  Ans.     P  =  80  lb. 


Fig.  196. 


<^'//^/)}/////////////y////^^ 
v^ ■^- ^ 

Fig.  197. 


-2  ft.- 


It 


Fig.  198. 


266.  The  uniform  ladder  shown  in  Fig.  197  weighs  50  lb.  The  coeflBcient  of  fric- 
tion for  the  ladder  and  vertical  wall  is  0.25,  and  for  the  floor  and  ladder  0.5.  Find 
the  horizontal  force  P  which  wiU  cause  motion  to  impend  to  the  right. 

267.  A  load,  P,  of  80  lb.  is  applied  to  the  arm  (Fig.  198)  at  a  distance  of  2  ft. 
from  the  axis  of  the  shaft.     Km  =  0. 15  will  the  arm  slide  on  the  shaft?     Ans.     Yes. 

268.  If  the  angle  0  in  Fig.  101  is  45°  when  motion  impends,  what  is  the  coeflBcient 
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of  friction  for  the  60-lb.  body  and  the  horizontal  plane?     Assume  the  pulleys  to  be 
frictionless. 

269.  If  the  weight  W  in  Prob.  260  is  500  lb.  and  x  is  24  in.,  what  vertical  force  P 
appHed  at  E  will  be  just  sufficient  to  start  the  lift  up?  Ans.     P  =  862  lb. 

270.  A  body  weighing  200  lb.  rests  on  a  plane  inclined  30°  to  the  horizontal  and 
is  acted  on  by  a  force  of  120  lb.  as  shown  in  Fig.  199.  The  coefficient  of  friction  for 
the  body  and  plane  is  0.3.     Find  the  friction  between  the  body  and  plane. 


120  lb. 


Fig.  199. 


77777777777777777777777777777777777777 
Fig.  200. 


^      S        A 

Fig.  201. 


bQ 


\/271.  In  Fig.  200  body  C  weighs  1000  lb.  The  coefficient  of  friction  between  A 
and  the  horizontal  surface  is  1/10.  Disregard  the  friction  between  A  and  B  and 
between  B  and  the  vertical  surface.  What  is  the  least  value  of  P  that  will  raise  the 
body  C  assuming  the  weights  of  A  and  B  to  be  negligible?  Ans.     P  =  831  lb. 

272.  In  Fig.  201,  body  A  has  been  pulled  to  the  right  into  the  position  shown 
where  it  is  held  in  equilibrium  by  its  weight,  the  tension  in  the  spring  5,  the  tension 
in  the  cord  connecting  it  to  5,  and  the  reaction  of  the  member  C.  The  weights  of 
A  and  B  are  20  lb.  and  100  lb.,  respectively,  and  the  coefficient  of  friction  for  A  and 
C  is  0.5.     Find  the  tension  in  the  spring.  Ans.     T  =  16.7  lb. 

273.  The  load  of  100,000  lb.  (Fig.  202)  is  raised  by  appljing  forces  P,  P  to  the 
wedges.  WTiat  is  the  required  value  of  P  if  the  coefficient  of  friction  is  0.2  for  all 
surfaces  of  contact? 


100,000  lb. 


Fig.  202. 


Fig.  203. 


274.  A  small  body  weighing  50  lb.  is  placed  on  a  rough  plane  which  is  inclined 
30°  with  the  horizontal  (Fig.  203).  The  body  is  acted  on  by  a  force  P,  the  action 
line  of  which  lies  in  the  plane  and  makes  an  angle  of  30°  with  the  line  of  greatest 
slope  in  the  plane.  If  the  coefficient  of  friction  is  M.  find  the  value  of  P  that  will 
just  start  the  block  in  motion,  and  find  the  direction  in  which  the  block  will  begin 
to /move.  ^^-     P  =  14.4  1b. 

J  275.  A  homogeneous  rectangular  prism,  the  dimensions  of  which  are  1  ft.  by 
1  ft.  by  2  ft.,  stands  on  end  on  a  flat  square  board,  the  edges  of  the  base  of  the  prism 
being  parallel  to  the  edges  of  the  board.     The  coefficient  of  friction  for  the  board 
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and  prism  is  0.2.     If  one  side  of  the  board  is  gradually  raised  will  the  prism  slide  or 
tip? 

276.  A  horizontal  pull  is  exerted  on  one  handle  of  a  desk  drawer  a  distance  x  from 
the  center  line  of  the  drawer.  The  drawer  has  a  length  L  parallel  to  the  direction 
of  pull.  Show  that  the  maximum  value  x  can  have  and  still  allow  the  drawer  to 
open  is  L/2iJi,  where  ix  is  the  coefficient  of  friction  for  each  side  of  the  drawer.  Assume 
that  when  motion  impends  the  friction  and  the  normal  pressure  on  each  side  are 
concentrated  at  the  front  or  back  edge  of  the  drawer  and  that  friction  on  the  bottom 
of  the  drawer  is  negligible. 

L^  277.  A  crown  friction  drive  as  indicated  in  Fig.  204  is  used  on  screw  power 
presses,  motor  trucks,  etc.  The  cast-iron  disk  B  rotates  at  1000  r.p.m.  and  drives 
the  crown  wheel  C  which  is  faced  with  leather-fiber.  The  diameter  of  C  is  20  in. 
and  the  value  of  ^^.  is  0.35.  If  a  turning  moment  of  100  £t.-lb.  is  transmitted  to  the 
crown-wheel  shaft  when  slipping  impends,  what  is  the  normal  pressure  between  the 
disk  and  the  crown  wheel?     WTiat  is  the  pressure  on  the  bearings  at  A  and  D? 

Am.     N  =  343  lb;  A  =  257  lb.;  D  =  86  lb. 


-^1 


777777Vy7777777777777777777777A 
Fig.  205. 


278.  The  weights  of  the  bodies  in  Fig.  205  are  TTi  =  60  lb.  and  172  =  30  lb. 
The  coefficients  of  friction  are  mi  =  K  and  /i2  =  M-  "VMiat  is  the  least  value  of  P 
that  will  cause  the  bodies  to  move? 

Y,  279.  Two  bodies  weighing  50  lb.  and  100  lb.  rest  on  an  inclined  plane  and  are  con- 
nected by  a  cord  which  is  parallel  to  the  Hne  of  greatest  slope.  The  body  weighing 
50  lb.  is  below  the  one  weighing  100  lb.,  and  the  coefficient  of  friction  for  the  50-lb. 
body  is  }>i  and  that  for  the  100-lb.  body  is  3^.  Find  the  inchnation  of  the  plane  to 
the  horizontal  and  the  tension  in  the  cord,  when  motion  impends. 

Am.     e  =  13°  7';  T  =  1.611b. 

280.  A  cone  clutch  as  shown  in  Fig.  206  is  used  to  connect  two  shafts.  If  the 
normal  pressure  between  the  two  surfaces  of  contact  is  15  lb.  per  sq.  in.  and  the 
coefficient  of  friction  is  0.25,  what  is  the  maximimi  torque  the  clutch  can  transmit? 
Assimie  that  the  frictional  force  has  a  mean  arm  of  6  in.  and  that  d  =  12.5°. 

Am.     T  =  2545  Ib.-in. 
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281.  In  Fig.  207,  find  the  least  value  of  P  that  will  prevent  the  800-lb.  weight 
from  descending  and  turning  the  wheel  and  axle  D.  Assume  the  axle  to  be  smooth 
and  disregard  the  weight  of  the  wheel  and  axle.  Assume  the  coefRcient  of  friction 
between  AC  and  D  to  be  0.3  and  the  thickness  of  the  bar  AC  to  be  negUgible. 


Fig.  206. 


tf 


4h 


-10- 


<- 5- > 


P]  800  lb. 


Fig.  207 


282.  A  ladder  14  ft.  long  is  inclined  60°  to  the  horizontal,  its  upper  end  resting 
against  a  smooth  vertical  wall  and  its  lower  end  on  a  rough  horizontal  plane.  The 
center  of  gravity  is  6  ft.  from  the  lower  end.  If  the  ladder  is  on  the  point  of  slipping, 
what  is  the  coefficient  of  friction  between  the  ladder  and  horizontal  surface? 

A71S.     n  =  0.247. 

283.  In  Prob.  262  assume  that  A  is  fixed  instead  of  B  and  that  a  horizontal  force 
of  1000  lb.  is  applied  to  B.  Find  the  value  of  P  required  to  make  motion  of  B 
impend. 

284.  In  Prob.  263  determine  the  force  P  that  will  just  prevent  motion  do^Ti  the 
plane  when  a>  4>.  Find  also  the  value  of  0  for  wliich  P  is  a  minimum  and  deter- 
mine the  minimimi  value  of  P. 

W  sin  (a  —  <t>) 


Am.     P  = 


cos  {e  +  <t>) 


e  =  -  ct>;  P  =  TF  sin  (a  -  <^). 


285.  In  Prob.  263  determine  the  force  P  that  will  just  start  the  body  down  the 
plane  when  a  <  <i>.  Find  also  the  value  of  6  for  which  P  is  a  minimmn  and  determine 
the  minimum  value  of  P. 

W  sin  {4>  —  a) 


Ans.     P  = 


cos  {e  -h  <^) 


=  -  4>;  P  =  W  sin  (<^  -  a). 


286.  A  body  weigliing  W  lb.  rests  on  a  rough  plane  inclined  at  an  angle  6  to  the 

horizontal.     What  horizontal  force  must  be  applied  in  order  to  start  the  body  up 

the  plane  if  the  angle  of  friction  is  <i>1     Express  the  force  in  terms  of  IF,  e,  and  0 

and  also  in  terms  of  W,  6,  and  n. 

„,         ,  ,       ,  ,  sin  0  -\-  IX  cos  0 

Ans.     P  =  TF  tan  (0  +  <^)  =  W 

cos  0  —  n  sin  0 


60.  Pivot  Friction. — In  Fig.  208  is  shown  a  step  bearing.  Let  it  be 
required  to  find  the  expression  for  the  frictional  moment  developed  on 
the  flat  end  of  the  shaft  as  it  turns  in  its  bearing.     The  assumption  will 
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be  made  that  the  coefficient  of  friction,  m,  for  the  rubbing  surfaces  is 
constant,  and  that  the  pressure  on  the  beanng 
is  uniformly  distributed.     Let  the  total  axial 
load  be  denoted  by  W,  the  radius  of  the  shaft 
by  r,  and  the  bearing  area  by  A . 

Obviously  the  frictional  moment  cannot 
be  found  by  obtaining  the  total  frictional  force 
F'  from  the  equation  F'  =  fxN  and  then  multi- 
plying this  force  by  the  moment-arm,  for  the 
resultant  of  the  frictional  forces  is  not  a  force 
but  a  couple.  However,  the  frictional  force 
dF'  on  any  small  (differential)  part  dA  of  the 
area  may  be  found  from  the  equation  dF'  =  /idN, 
where  dN  is  the  normal  pressure  on  the  differen- 
tial area,  and  the  moment  of  this  frictional 
force  may  be  found  by  multiplying  the  force  by  its  moment-arm  p  which 
of  course  varies  with  the  position  of  dA.  Hence  we  are  here  dealing 
with  a  continuous!}^  varying  quantity  and  the  total  or  resultant  fric- 
tional moment  Mp  must  be  thought  of  as  a  summation  of  the  products 
(p-dF')  which  involves  the  method  of  the  calculus.     Thus 


Fig.  208. 


But 


Mf  =  j  pdF'  =  fpp^dN, 

dN  =  pressure  per  unit  area  times  the  area  dA 

=  — 2  "^  ~  — 5  pdpdd. 

TV  Tvr 


Therefore 


Mk  = 


ixW 


■wr 


p^dpdd  =  7  iiWr. 
o 


Note:  The  student  should  note  well  the  method  used  in  the  above  analysis. 
This  method,  wliich  makes  use  of  the  calculus,  will  f  requentlj^  be  used  in  subsequent 
articles  in  dealing  with  many  different  types  of  problems  in  which  continuouslj-  vary- 
ing quantities  are  encountered,  such  as  a  pressure  distributed  non-imiformly  over  an 
area,  the  moment  of  the  mass  of  a  body  about  an  axis  through  the  body,  etc. 
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287.  Show  that  the  frictional  moment  for  the  hollow  flat  pivot  (Fig.  209a)  or 
the  collar  bearing  (Fig.  2095)  is 

Mp  =-^iW  —, r  • 

3  rf  -  n- 
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288.  The  weight  of  the  vertical  shaft  and  the  rotating  parts  of  a  turbine  is  100,000 

I  lb.  and  the  diameter  of  the  shaft 

W  is  10  in.     Assuming  the  cocffi- 

r  cient  of  friction  to  be   0.015 

^  ~  and  the  bearing  to  be  a  flat- 

ended  pivot,  find  the  frictional 
moment. 

.289.  Find  the  moment  of 
the  friction  on  a  collar  bear- 
ing, when  subjected  to  a  pres- 
sure of  6000  lb.,  if  the  radii 
of  the  collar  are  3.5  in.  and  4.5 
in.  and  the  coefficient  of  fric- 
tion is  0.025. 

Am.     Mf  =  603  Ib.-in. 


-r„  I  > 


(a) 


1 


Fig.  209. 


61.  The  Screw. — A  screw 
is,  in  effect,  an  inclined  plane 
wound  around  a  cylinder. 
Screws  are  made  with  square 
threads  and  with  triangular 
threads,  but  square-threaded 
screws,  only,  will  be  considered 
here.  Fig.  210(a)  shows  a  jack- 
screw  with  square  threads 
which  is  used  in  raising  or  lower- 
ing heavy  loads.  The  radius 
of  the  base  of  the  thread  is 
denoted  by  ri  and  the  outer 
radius  by  r2;  a  is  called  the 
pitch  angle  and  p  is  called  the 
pitch  of  the  screw.  Let  it  be 
required  to  find  the  force,  P, 
which,  when  applied  at  the  end 
of  the  lever  of  length  a,  is  just 
sufficient  to  raise  the  load  W. 
The  forces  which  hold  the  screw 
in  equilibrium  are:  the  force  P; 
the  pressure  of  the  cap,  C,  on 
the  head,  H;  and  the  reaction 
of  the  nut,  B,  on  the  screw. 
The  latter  is  distributed  over 
the  area  of  the  threads  in  con- 
tact with  the  nut.  If  the  fric- 
tion between  the  cap  and  the 


Fig.  210. 
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head  of  the  screw  is  neglected,  the  pressure  of  the  cap  on  the  head 
of  the  screw  will  be  a  vertical  force  equal  to  W;  the  problem  will  be 
solved  on  this  assumption.  Two  of  the  six  equilibrium  equations  which 
apply  to  this  type  of  force  system  will  be  sufficient  for  the  solution  of  the 
problem,  namely,  ^F,  =  0  and  'LM,  =  0,  where  z  is  taken  as  the  axis  of 
the  screw.  The  reaction  between  the  nut  and  the  thread  of  the  screw  on 
an  element  of  area  dA  will  be  denoted  by  dR.  This  force  may  be  resolved 
into  components  dN  normal  to  the  thread  and  df  parallel  to  the  thread 
as  shown  in  Fig.  210(6) .  In  taking  moments  about  the  axis  of  the  thread 
it  will  be  sufficiently  accurate  to  consider  the  moment-arm  of  dF'  to  be 
equal  to  the  mean  radius  of  the  thread,  i(ri  +  rs),  which  will  be  denoted 
by  r.     The  equilibrium  equations  stated  above,  then,  become: 

SF^  =  '^dN  cos  a  -  SrfF'  sin  a  -  W  =  0, 

SMz  =  Pa  -  '^rdN  sin  a  -  '^rdF'  cos  a  =  0. 

Since  dF'  =  iJidN,  these  equations  may  be  written: 

cos  ai:dN  -  n  sin  al^dN  -  TT^  =  0,    .     .     .     .     (1) 

Pa  —  r  sin  a^dN  —  m''  cos  a^dN  =  0 (2) 

By  eliminating  2diV  from  (1)  and  (2)  the  equation  obtamed  is, 

sin  a  +  M  cos  a 

Pa  =  W) : 

cos  a  —  M  sin  a 

By  substituting^'tan  (/>  for  m  this  equation  may  be  written  in  the  form 

Pa  =  Wr  tan  (0  +  a) (A) 

If  the  pitch  angle  a  is  large  and  the  angle  of  friction  is  small,  the 
load  W  will  cause  the  screw  to  run  down  unless  a  force  is  applied  to 
prevent  it.  The  force  P  required  to  hold  the  load  is  found  by  a  method 
of  analysis  similar  to  that  used  above,  the  only  difference  being  that 
the  sense  of  the  frictional  force  is  reversed.  The  least  value  of  P 
required  to  prevent  the  screw  from  running  down  is  given  by  the 

equation  h  „_- 

Pa  =  Wr  tan  (a  -  <j>)  .     .     .     .A^-V    <^   '.  '  (S) 

If  a  =  (^  in  the  above  equation,  the  force  P  reduces  to  zero,  that  is, 
the  load  will  be  held  by  friction  alone.  If  a  <  0,  a  force  is  required  (the 
sense  of  which  is  opposite  to  that  in  the  two  cases  above  considered)  to 
lower  the  load.  The  value  of  the  force  required  to  lower  the  load  is 
given  by  the  equation  i_.-?v  ■    c    " 

Pa  =  TFr  tan  (0  -  a) .     •     /  .     .    ^    .'    .     (C) 
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290.  The  mean  diameter  of  the  screw  of  a  square-threaded  jack-screw  is  1.8  in. 
The  pitch  of  the  thread  is  0.4  in.  and  the  coefficient  of  friction  for  the  screw  and  nut 
is  0.]2.  What  force  must  be  apphed  at  the  end  of  a  lever  18  in.  long  to  raise  a  weight 
of  5000  lb.?     What  force  is  required  to  lower  the  weight?     Ans.     48.1  lb.;  12.4  lb. 

291.  A  weight  of  1000  lb.  is  lifted  by  applying  a  couple,  Pd,  to  the  hand  wheel 
of  the  apparatus  sho'WTi  in  Fig.  211.  The  diameter,  d,  of  the  hand  wheel  is  20  in.; 
the  mean  diameter  of  the  screw  is  1.5  in.;  the  pitch  of  the  thread  is  }4  in.;  and  the 
coefficient  of  friction  is  0.15.  Find  the  values  of  the  forces  of  the  couple  when  the 
value  of  6  is  15°, 


W=1000  lb. 
Fig.  211. 


Fig.  212. 


292.  The  shaft-straightening  hand  press  shown  in  Fig.  212  is  used  for  bending 
or  straightening  SJ^-in.  steel  shafts.  What  force,  P,  applied  at  the  end  of  a  36-in. 
lever  is  required  to  produce  a  pressure,  Q,  of  24,000  lb.  on  the  shaft?  The  threads 
have  a  mean  diameter  of  2  in.  and  there  are  foiu-  threads  per  inch.  Consider  friction 
between  the  screw  and  nut  only,  and  use  a  value  of  0.2  for  the  coefficient  of  friction. 

.4ns.     P  =  161  lb. 


62.  Belt  Friction. — Belt  friction  is  important  in  the  transmission 
of  power  by  belt  and  rope  drives  and  in  resisting  large  loads  by  means 
of  band  brakes,  capstans,  etc.  If  a  belt,  rope,  or  steel  band  passes  over 
a  smooth  cylinder  or  pulley  that  offers  resistance  to  tiirnmg,  no  difference 
in  the  tensions  in  the  belt,  rope,  or  band  on  the  two  sides  of  the  pulley 
can  be  developed  smce  a  difference  in  the  tensions  requires  that  there  be 
friction  on  the  surface  of  contact  between  the  belt  and  pulley.  If  the 
cylinder  or  pulley  is  rough,  however,  the  tensions  will  not,  in  general, 
be  equal.     In  the  present  article  the  relation  between  the  tensions  m  the 
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belt,  on  the  two  sides  of  a  rough  pulley,  when  the  belt  is  about  to  slip, 
will  be  determined.  It  is  evident  that  the  greater  tension  must  be  just 
large  enough  to  overcome  the  smaller  tension  in  addition  to  the  friction 
between  the  belt  and  the  pulley.  In  Fig.  213(a)  Is  represented  a  belt 
on  a  pulley,  the  angle  of  contact  being  a  and  the  belt  tensions  being  Ti 
and  T2.  Let  Ti  be  the  greater  tension,  and  let  it  be  assumed  that  the 
belt  is  about  to  slip  on  the  pulley.  The  normal  pressure  between  the 
belt  and  the  pulley  per  unit  length  of  belt,  that  is,  the  intensity  of  pres- 
sure at  any  point,  will  be  denoted  by  p,  and  the  tension  in  the  belt  at 


T  +  dT 


Fig.  213. 

the  same  point  will  be  denoted  by  T.  Fig.  213  (6)  is  a  free-body  diagram 
of  an  element  of  belt  of  length  ds.  The  forces  acting  on  this  element  are 
the  tensions  T  and  T  +  clT  at  the  ends,  and  the  reaction  of  the  pulley. 
The  latter  force  may  be  resolved  into  a  component,  dN  =  pds,  normal 
to  the  face  of  the  pulley  and  a  frictional  component,  dF'  =  upds,  tangent 
to  the  face  of  the  pulley.  The  equations  of  equilibrium  may  be  apphed 
as  follows : 

SFx  =  {T  -\-  dT)  cos  -  -  r  cos  —  -  ixpds  =  0.     .     .      (1) 


dB       rr.   ■    de       ^ 
^Fy=  pds-  {T-hdT)sm-  -  T  sm  -  =  0. 


(2) 


do  dd  ,    .     do  . 

Since  —  is  small,  cos  -  is  approximately  equal  to  unity  and  sm  —  is 

z  -^  " 

approximately  equal  to  -•     The  term  dT  sin  —  is  a  small  quantity  of 

the  second  order  and  may  be  neglected.     By  using  these  approximations, 
equations  (1)  and  (2)  become 

dT  -  tipds  =  0,        (3) 

pds-  Tde  =  0 (4) 
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Eliminating  pds  from  equations  (3)  and  (4),  we  have 

dT 


=  ^id^. 


(5) 


By  integrating  equation  (5)  the  relation  between  Ti  and  T2  may  be 
found  as  follows : 

That  is 


—  =  e"",     or     Ti  =  Tac''" 
^2 


(6) 


where  e  is  the  base  of  natural  logarithms  and  a  is  measured  in  radians. 
It  should  be  noted  that  in  the  derivation  of  equation  (6)  the  belt  is 
assumed  to  be  perfectly  flexible. 


ILLUSTRATIVE  PROBLEM 

Problem  293.— In  the  band  brake  shown  in  Fig.  214  the  force  P  is  100  lb.,  the 
angle  of  contact,  a,  is  270°  (f  tt  radians),  and  the  coefficient  of  friction,  m,  for  the 

band  and  the  brake  wheel  is  0.2.  If 
the  brake  wheel  rotates  in  a  counter- 
clockwise direction  find  the  tensions 
in  the  band  and  the  frictional  moment 
developed. 

Solution. — Since  the  operating 
lever  ACB  is  in  equilibrium  the  equa- 
tion Silffi  =  0  may  be  apphed,  from 
which  the  band  pull  at  C,  that  is,  the 
tension  T2,  is  found.    Thus 

"ZMb  =  100  X  26  -  T2  X  2  =  0, 

.-.   T2  =  1300  lb. 

Since  T2  is  now  known,  the  tension  Ti  may  be  found  from  the  belt-friction  formiJa. 
Thus 

Ti  =  T2X  e""  =  1300  X  (2.718)"-2x5^'^ 

log  Ti  =  log  1300  +  O.Stt  log  2.718 

=  3.114  +  0.942  X  0.434  =  3.522.      .-.   Ti  =  3330  lb. 

Frictional  moment  =  (Ti  -  T2)  X  10  =  2030  X  10  =  20,300  Ib.-in. 


Fig.  214. 
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294.  A  body  weighing  2000  lb.  is  suspended  by  means  of  a  rope  wound  1  }4  turns 
around  a  driun.  If  the  coefficient  of  friction  is  0.3  what  force  must  be  exerted  at  the 
other  end  of  the  rope  to  hold  the  body?  Ans.     T2  =  118  lb. 
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I  296.  A  rope  passes  over  a  horizontal  circular  beam  making  1 H  complete  turns 
around  the  beam.  What  is  the  greatest  weight  on  one  end  of  the  rope  that  can  be 
supported  by  a  force  of  1000  lb.  applied  to  the  other  end  of  the  rope  if  the  coeflBcient 
of  static  friction  is  0.3? 

296.  A  body  weighing  500  lb.  is  raised  by  means  of  a  rope  which  passes  over  a 
round  beam,  the  angle  of  contact  being  180°.  If  the  coefficient  of  friction  is  0.4, 
what  is  the  least  force  P  which  will  raise  the  body?  WTiat  is  the  least  force  P  which 
wiU  hold  the  body?  Am.     P  =  1755  lb.;  P  =  142  lb. 

297.  A  body  having  a  weight,  TT^,  of  1  ton  is  sus- 
pended by  means  of  a  wire  rope  which  passes  over  two 
fixed  drums,  as  shown  in  Fig.  215.  If  the  coefficient  of 
friction  for  the  rope  and  drums  is  0.3,  what  force,  P, 
will  be  required  (a)  to  hold  the  body;  (b)  to  start  the 
body  upwards? 

'  298.  A  rope  is  wound  twice  around  a  post.  If  a  pull 
of  60  lb.  at  one  end  of  the  rope  will  just  support  a  force 
of  6000  lb.  at  the  other  end,  what  is  the  coefficient  of 
friction?  Am.     m  =  0.38. 

299.  A  boat  is  brought  to  rest  by  means  of  a  rope 
which  is  woimd  around  a  capstan.  If  a  force  of  4000 
lb.  is  exerted  by  the  boat  and  a  pull  of  100  lb.  is  exerted 
on  the  other  end  of  the  rope,  find  the  number  of  turns 
the  rope  makes  around  the  capstan,  assuming  the  value 
of  fi  to  be  0.25. 

300.  In  Fig.  216  is  represented  a  band  brake,  the 
angle  of  contact  of  the  band  on  the  brake  wheel  being 

180°.  If  the  coefficient  of  friction  is  0.2,  find  the  frictional  moment  developed  (a) 
when  the  brake  wheel  rotates  clockwise;  (b)  when  the  brake  wheel  rotates  coimter- 
clockwise.  Am.     (a)  157  Ib.-ft. ;  (6)  84  Ib.-ft. 


V 


Fig.  215. 


P-eoib. 


Fig.  216. 


Fig.  217. 


301.  A  body,  M  (Fig.  217),  weighing  500  lb.  is  suspended  by  a  rope  that  makes 
\\i  turns  around  a  fixed  cylindrical  drum  A  and  then  extends  horizontally  to  another 
fi.xed  drum  B  as  shown.  A  downward  force  P  applied  at  the  end  of  the  rope  is  just 
sufficient  to  prevent  M  from  descending,  (a)  If  the  coefficient  of  friction  for  the 
rope  and  each  drum  is  0.20,  find  the  value  of  P.  (b)  If  the  dnun  B  were  placed  in 
position  B'  would  the  value  of  P  be  less?     If  so  how  much  less? 

302.  In  Fig.  218  what  is  the  value  of  P  if  it  just  prevents  downward  motion  of 
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the  2000-lb.  weight?    The  rope  makes  one  complete  turn  around  the  post.    The  drum 
turns  in  a  frictionless  bearing,  and  ju  for  the  post  and  rope  is  I/tt. 

Ans.     P  =  271  lb. 

303.  Solve  the  preceding  problem  assuming  that  the  drum  B  cannot  turn  and 
that  IX  for  the  rope  and  drum  is  2/7r. 


////////////////////// 


2000  lb. 


Fig.  218. 


Fig.  219. 


Fig.  220. 


\304.  A  frictional  resisting  moment  of  760  Ib.-in.  is  exerted  on  the  drum  in  Fig.  219 
by  the  band  brake  when  a  load  P  of  10  lb.  is  applied  as  shown.  Find  the  value  of 
the  coefficient  of  friction  for  the  band  and  drum.  Assume  the  radius  of  the  drum 
to  be  4  in.  and  the  drum  to  be  rotating  counter-clockwise.         Ans.     n  =  0.367. 

305.  In  Fig.  220,  Q  is  a  force  applied  at  one  end  of  a  flexible  belt  that  passes 
around  a  fixed  drum.  The  body  A  weighs  200  lb.  The  coefficient  of  friction  for 
the  belt  and  drum  is  I/tt  and  for  the  body  A  and  the  plane  0.2.  Find  the  value  of  Q 
that  will  causf  A  to  hav^e  impending  motion  (o)  up  the  plane  and  (6)  do'mi  the  plane. 

Aiis.     (a)  Q  =  366  lb.;  (b)  Q  =  24.1  lb. 


63.  Rolling  Resistance. — If  a  rigid  wheel  or  roller  which  carries  a 
vertical  load  rests  on  a  rigid  horizontal  surface,  a  horizontal  force,  how- 
ever small,  will  cause  the  wheel  or  roller  to  roll  on  the  surface.  If  a 
wheel  rolls  over  a  yielding  surface,  however,  a  resistance  to  the  motion  is 
encountered  owing  to  the  fact  that  the  surface  immediate^  in  front  of 
the  wheel  is  being  deformed. 

In  Fig.  221  is  shown  a  wheel  carrying  a  vertical  load  W.     Let  P  be 

a  horizontal  force  which  causes  the 
center  of  the  wheel  to  move  with  a 
constant  velocity.  Since  the  sur- 
face on  which  the  wheel  rolls  de- 
forms under  the  wheel,  the  pressure 
between  the  wheel  and  the  surface 
is  distributed  over  the  area  of  con- 
tact. The  resultant  pressure  or  re- 
action of  the  surface  on  the  wheel 
then  passes  through  some  point,  B, 

1.      „oi  in  the  area  of  contact  as  shown  in 

Fig.  221. 

the  figure.     Since  the  velocity  of  the 
wheel  is  constant,  the  three  forces  acting  are  in  equilibrium  and  hence  the 
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reaction,  R,  of  the  surface  on  the  wheel  must  pass  through  0,  the 
center  of  the  wheel.     Taking  moments  about  B  we  have 

SMfi  =  W  X  AB  -  P  X  OA  =  0. 

Since  the  depression  is  usually  small,  OA  is  approximately  equal  to  r, 
the  radius  of  the  wheel.  By  using  this  approximation  and  denoting  AB 
by  a,  the  value  of  P  is  found  to  be 

.     P  =  ^. 

r 

The  horizontal  component  of  the  reaction  R  is  equal  to  P  and  is  called 
the  rolling  friction  or  rolling  resistance;  the  distance  a  is  sometimes  called 
the  coefficient  of  rolling  resistance.  However,  since  a  is  a  linear  quantity 
and  not  a  pure  number  it  is  not  a  true  coefficient.  The  value  of  a  is 
generally  expressed  in  inches.  The  laws  of  rolling  resistance  are  not  well 
known,  and  there  is  need  of  further  investigation  on  the  subject.  It  was 
assumed  by  Coulomb  that  the  coefficient  of  rolling  resistance  is  inde- 
pendent of  the  radius  of  the  wheel.  Tests  by  Dupuit  indicate  that  the 
coefficient  varies  as  the  square  root  of  the  diameter.  "\Miether  the  con- 
clusion of  the  latter  is  correct  or  not,  it  seems  reasonable  to  assume  that 
the  value  of  the  coefficient  depends  on  the  diameter  of  the  wheel.  The 
values  of  the  coefficient  of  rolling  resistance  given  by  various  investi- 
gators are  not  in  close  agreement  and  should  be  used  with  caution. 

Coefficients  of  Rolling  Resistance 
{Due  io  Coulomb  and  Goodman) 

a  (inches) 

Lignum  vitse  on  oak 0.0195 

Elm  on  oak 0.0327 

Steel  on  steel 0.007    to  0.015 

Steel  on  wood 0.06      to  0. 10 

Steel  on  macadam  road 0 .  05      to  0 .  20 

Steel  on  soft  ground 3.0        to  5 . 0 

Pneumatic  tires  on  good  road 0.02      to  0.022 

Pneumatic  tires  on  mud  road 0 .  04      to  0 .  06 

Solid  rubber  tire  on  good  road 0 .  04 

Solid  rubber  tire  on  mud  road 0 .  09      to  0 .  11 

PROBLEMS 

306.  The  rolling  resistance  for  the  wheels  of  a  freight  car  is  3  lb.  per  ton.  If  the 
diameter  of  the  car  wheels  is  33  in.,  what  is  the  coefficient  of  rolling  resistance? 

Am.     0.025  in. 

307.  An  oak  beam  which  carries  a  load  of  5000  lb.  rests  on  elm  rollers  the  diam- 
eters of  which  are  6  in.  The  rollers  rest  on  a  horizontal  track.  What  horizontal 
force  is  required  to  move  the  load  if  the  weight  of  the  beam  is  neglected? 
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308.  What  is  the  rolling  resistance  of  a  wagon  wheel  on  a  macadam  road  if  the 
diameter  of  the  wheel  is  4  ft.  6  in.?  Assume  the  coefficient  of  rolling  resistance  to 
be  0.2  in.  Ans.     14.8  lb.  per  ton. 

REVIEW    QUESTIONS  AND   PROBLEMS 

309.  Show  that  the  angle  of  static  friction  is  equal  to  the  angle  of  repose. 

310.  Show  that  the  coeflBcient  of  static  friction  is  equal  to  the  tangent  of  the 
angle  of  friction. 

311.  A  body  rests  on  an  inclined  plane.  Is  the  friction  of  the  plane  on  the  body 
necessarily  equal  to  the  product  of  the  normal  pressure  of  the  plane  and  the  coeflBcient 
of  friction? 

312.  Correct  the  error  in  the  following  statement:  The  angle  between  the  total 
reaction  and  the  normal  pressure  is  always  equal  to  the  angle  of  friction. 

313.  If  relative  motion  between  two  bodies  is  impending  and  additional  forces 
are  applied  to  the  bodies  causing  an  increase  in  the  normal  pressure,  does  the  angle 
of  friction  also  increase? 

314.  If  a  body  rests  on  a  plane  and  motion  of  the  body  is  impending  what  are 
two  waj's  of  representing  the  action  of  the  plane  on  the  body  in  a  free-body  diagram? 

315.  Correct  the  error  in  each  of  the  following  statements:  (a)  The  coefficient 
of  friction  for  two  surfaces  of  contact  is  the  ratio  of  the  normal  pressure  to  the  limit- 
ing friction.  (6)  The  angle  of  friction  is  the  angle  between  the  action  Imes  of  the 
Umiting  friction  and  the  normal  pressure,  (c)'  The  normal  pressure  of  a  plane  on  a 
body  that  slides  or  tends  to  slide  on  the  plane  is  always  equal  to  the  component  of  the 
weight  of  the  body  in  a  direction  normal  to  the  plane,  (d)  The  coefficient  of  static 
friction  for  a  given  pair  of  rubbing  surfaces  is  not  a  constant  for  that  pair  of  surfaces 
because  the  limiting  friction  developed  varies  with  the  normal  pressure. 

316.  In  obtaining  the  expression  for  the  frictional  moment  on  a  flat  pivot  bearing, 
why  is  the  moment  obtained  by  first  getting  the  moment  of  the  frictional  force  on 
an  elementary  area  dA  and  then  finding  the  sum  of  aU  such  moments  rather  than 
by  finding  the  resultant  of  the  frictional  forces  and  then  getting  the  moment  of  this 
resultant? 

317.  In  Fig.  222  what  is  the  greatest  weight  A  can  have  without  causing  the 
cyUnder  B  to  turn?  The  coeflBcient  of  friction  for  the  cylinder  and  the  horizontal 
plane  is  0.25  and  the  vertical  surface  is  smooth.     The  weight  of  the  cylinder  is  120  lb. 

Ans.     W  =  120  lb. 

A B--r-   C 

1000  lb. 


Fig.  222. 


m 


Fig.  223 


318.  In  Fig.  223,  the  coeflBcient  of  friction  for  the  wedge  and  horizontal  surface 
is  0.25  and  all  other  surfaces  arc  smooth.  Find  the  least  value  of  P  that  will  raise 
the  1000-lb.  load.  ^^-     P  =  827  lb. 


REVIEW  QUESTIONS   AND   PROBLEMS 


143 


319.  A  band  brake  (Fig.  224)  prevents  the  wheel,  K,  and  drum,  D,  from  being 
turned  by  the  weight  of  the  body,  M,  which  is  attached  to  a  rope  that  is  wound  around 
the  drum,  D.  What  is  the  greatest  weight  M  can  have  if  a  force  P  of  20  lb.  appUed 
as  shown  to  the  arm  AC  will  just  prevent  the  drum  from  turning?  The  friction  of 
the  drum  bearing  and  of  the  pin  at  B  may  be  neglected.  The  coefficient  of  friction 
for  the  band  and  wheel  K  is  0.40.  Am.     W  =  300  lb. 

/S20.  A  rectangular  block  of  wood  10  in.  X  10  in.  X  20  in.  stands  on  end  on  a 
horizontal  floor.  The  block  weighs  40  lb.  and  the  coefficient  of  friction  for  the  block 
and  floor  is  0.20.  A  horizontal  force  P  is  applied  to  the  block  through  the  center  of 
the  upper  base  and  perpendicular  to  one  side  of  the  block.  If  the  force  P  is  gradually 
increased  until  motion  of  the  block  ensues  will  it  slide  or  overturn?  ^^'hat  is  the 
value  of  P  when  the  block  starts  to  move?  Ans.     Will  slide;  P  =  8  lb. 


-r-i 


a 


601b. 
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FiG.  225. 


321.  In  Fig.  225  the  coefficient  of  friction  between  A  and  the  vertical  post  is  0.2. 
Find  the  distance  a  of  the  60-lb.  load  from  the  post  when  A  is  on  the  point  of  sUding 
down  the  post.  Ans.     a  =  28.5  in. 

322.  Two  bodies  A  and  B  rest  upon  a  plane  inclined  30°  to  the  horizontal  and  are 
connected  by  a  cord  parallel  to  the  plane.  The  lower  body,  A,  weighs  50  lb.  and  B 
weighs  200  ib.  If  the  coefficient  of  static  friction  between  A  and  the  plane  is  0.25 
and  between  B  and  the  plane  is  0.7,  will  the  bodies  slide  down  the  plane?  Find  the 
tension  in  the  cord.  Am.    No;  T  =  14.2  lb. 


CHAPTER  V 

FIRST   MOMENTS  AND   CENTROEDS 

64.  First  Moment. — In  the  preceding  chapters,  moments  of  forces 
about  points  or  axes  have  frequently  been  considered.  In  the  analysis  of 
many  problems  in  engineering,  however,  expressions  are  frequently  met 
which  represent  moments  of  volumes,  masses,^  areas,  or  lines.  Since  the 
mathematical  procedure  m  determming  the  moment  of  a  volume,  mass, 
or  line  is  precisely  the  same  as  that  followed  in  determining  the  moment 
of  an  area,  the  further  discussion  of  first  moments  and  centroids  will, 
for  the  most  part,  be  confined  to  areas.  Since  an  area,  unhke  a  concen- 
trated force,  is  a  distributed  quantity  its  moment  about  a  line  or  axis 
cannot  be  defined  as  the  product  of  the  area  and  the  distance  of  the  area 
from  the  axis  (similar  to  the  manner  in  which  the  moment  of  a  force  was 
defined),  since  the  different  parts  of  the  area  are  at  different  distances 
from  the  axis  and  hence  the  distance  of  the  area  from  the  axis  is  indefinite 
and  meaningless.  The  area  may,  however,  be  thought  of  as  being  made 
up  of  very  small  (differential)  elements  and  the  moment  of  an  element 
of  area  (dA)  about  an  axis  can  then  be  defined  as  the  product  of  the 
area  of  the  element  and  the  distance  of  the  element  from  the  axis.  The 
moment  of  an  area  about  a  line  or  axis  in  the  plane  of  the  area  may  then 
be  defined  as  the  algebraic  sum  of  the  moments  of  the  elements  of  area 
about  the  axis.  Thus  the  moments  about  the  x-  and  the  y-axes  of  an 
area  in  the  xy-p\2ine  (denoted  by  Qx  and  Qy,  respectively)  may  be  defined 
by  the  equations 

Qx  =   I  ydA     and    Qy  =   I  xdA. 

In  a  similar  way  the  moment  of  an  area,  volume,  mass,  etc.,  with  respect 
to  a  plane  may  be  defined. 

The  moment  thus  defined  is  frequently  called  the  first  moment  when 
it  is  desired  to  distinguish  it  from  the  moment  of  inertia  (or  second 
moment),  since  the  distances  of  the  various  elements  of  area  from  the 

^  The  term  mass  cannot  be  defined  completely  nor  its  physical  significance  <\\^- 
cussed  until  the  laws  of  motion  of  physical  bodies  are  treated.  (See  Art.  101.) 
As  here  used  it  is  sufficient  to  think  of  mass  as  the  inert  material  or  matter  of  which 
bodies  are  composed,  the  quantitative  expression  of  which  is  the  volume  of  the  body 
times  a  density  factor. 
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axis  or  plane  with  respect  to  which  moments  are  taken  enter  into  the 
expression  for  the  first  moment  to  the  first  power  and  into  the  expression 
for  the  moment  of  inertia  or  second  moment  to  the  second  power.  The 
first  moment  of  an  area  is  frequently  called  the  statical  moment  of  the 
area.     Second  moments  will  be  considered  in  the  Appendix. 

Sig7i,  Dimetisions,  and  Units. — The  sign  of  the  moment  of  an  element 
of  an  area  about  an  axis  may  be  positive  or  negative  according  as  the 
coordinate  of  the  element  is  positive  or  negative.  Likewise,  the  moment 
of  an  area  about  an  axis  may  be  positive,  negative,  or  zero  according  as 
the  sum  of  the  positive  moments  of  the  elements  of  the  area  is  larger 
than,  smaller  than,  or  equal  to  the  sum  of  the  negative  moments  of  the 
elements. 

Furthermore,  the  dimensional  expression  for  the  moment  of  a  hne  Ls 
length  squared  (L^)  ex-pressed  in  such  units  as  inch^,  foot^,  etc.  Simi- 
larly, the  dimensions  of  the  moments  of  an  area  and  of  a  volume  are, 
respectively,  length  cubed  (L^)  and  length  to  the  fourth  power  (L*). 

ILLUSTRATIVE   PROBLEMS 

Problem  323. — Find  the  moments  about  the  x-  and  y-axes  of  the  area  (Fig.  226) 
bounded  by  the  curve  if  =  x^,  the  x-axis,  and  the  hne  x  =  a.  What  are  the  numeri- 
cal values  of  the  moments  if  a  =  2  in.? 

Solution.  First  Method. — By  taking  as  the  element  of  area  dA  =  dx  dy,  the 
moments  of  the  area  about  the  x-  and  ij-axes  may  be  found  as  follows: 

Q.  =fydA  =fjfj\dydx  =  fj^y^f  dx  =£h^'dx  =  '-a^ 

=  hla'y  -  y^t  =  h\o}^  -  ^^''\  =  ]  «'^ 

Second  Method.— TYvq  moments  of  the  area   about  the  x-  and  r-axes  may  also 
be  found  by  selecting  as  the  elements  of  area  dA  =  (a  -  x)dy  and  dA  =  y  dx, 
respectively. 
Thus 

Q,=y^      yia-x)dy=J^      yia-y^)dy 


=  [W-h''f  =  ha'-h'  =  l^' 


y'=x' 


and 


Qy^fjxydx  =£x.x^''dx  =  WK  -^^'^ 
When  a  =  2  in.,  Qj  =  2  in.^  and  Qy  =  3.23  in.^ 


dA=(a-x)c?M 


Fig.  226. 
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Problem  324. — Find  the  moment,  about  the  x-axis,  of  the  mass  of  one-half  of  the 
homogeneous  rim  of  a  wheel  (Fig.  227)  in  which  the  thickness  of  the  rim  is  negligible 

compared  to  the  radius  r.  The  moment  of  the  mass  of 
the  rim  may  be  assumed  to  be  the  same  as  the  moment 
of  the  semi-circular  arc  (line)  times  a  density  factor. 


dM=§(ZL 
=  brdd 


Fig.  227. 


Solution. — The  element  of  mass  dM,  expressed  in 
polar  coordinates,  is  the  product  of  a  density  factor  5 
(mass  per  unit  length  of  arc)  and  the  length  dL  =  rd9 
of  the  element  of  the  arc.  Hence,  the  moment  of  the 
mass  of  the  rim  about  the  x-axis  is 


Q^  =  jy  dM  =  j    r  sin  0-  brdd  =  Sry 

2 

=  -  5r2  [cos  e]l  =  25r2  =  -  Mr 


sin  ede 


where  M  =  irrS  is  the  mass  of  the  rim. 


PROBLEMS 

325.  Find  the  moment  of  the  area  of  a  triangle  of  base  b  and  altitude  h,  about 
the  base  of  the  triangle.  Ans.     Q  =  Ibli^. 

326.  The  bending  moment  at  any  point  in  a  beam  that  supports  a  uniformly  dis- 
tributed load  is  represented  by  the  corresponding  ordinate  to  a  parabola  whose 
equation  is  y  =  C\x  —  Czx^  which  is  represented 
by  the  curve  in  Fig.  228.  The  moment  of  the  area 
imder  this  curve  with  respect  to  the  x-axis  is  used 
in  obtaining  the  stress  in  the  beam.  If  Ci  =  500 
and  Ci  =  50  find  the  moment  with  respect  to  the 
X-axis  of  the  area  under  the  curve  (a)  by  the  first 
method  used  in  Prob.  323;  (5)  by  the  second  method 
used  in  Prob.  323. 


Fig.  228. 
327.  Find  the  moment  about  the  x-axis  of  the  area  of  the  upper  half  of  the  circle 


x^  +  2/2 


Ans.    Qi 


|r« 


328.  Find  the  moment  of  the  volume  of  a  right  circular  cone  about  the  base. 
Express  it  in  terms  of  r,  the  radius  of  the  base,  and  h,  the  altitude  of  the  cone. 

329.  Find  the  moment  about  the  y-axis  of  the  area  bounded  by  the  curve  x^  =  y 
and  the  Unes  x  -f  y  =  0  and  x  =  6.  Ans.    Qy  =  396. 

330.  Find  the  moment  about  the  x-axis  of  the  area  bounded  by  the  curve  y^  =  4x 
and  the  lines  x  =  4  and  y  =  2. 

331.  Find  the  moment  of  the  volume  of  a  hemisphere,  of  radius  r,  with  respect  to 
the  base  of  the  hemisphere.  Ans.    Q  =  jTrr^. 

65.  Centroids. — The  centroid  of  an  area  is  the  point  in  the  area 
whose  distance  from  any  axis  multiphed  by  the  area  is  equal  to  the 
moment  of  the  area  about  the  axis.  This  definition  expressed  in  mathe- 
matical form  is 


/ 


Ax  =   I  xdA     and    Ay  =   i  yclA 


-f' 


(1) 
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Where  A  is  the  area  and  x  and  y  (called  centroidal  distances)  are  the  co- 
ordinates of  the  centroid  with  respect  to  the  y-  and  x-axes,  respectively. 
If  the  centroidal  distances  x  and  y  for  an  area  are  known,  the  moment 
of  the  area  can  usually  be  found  more  conveniently  from  the  expression 

Ax  than  from  /  xdA.    The  centroidal  distances  for  many  geometric 

forms  of  lines,  areas,  volumes  and  masses  are  given  in  engineering  hand- 
books, and  it  is  important  that  the  method  of  applying  equations  (1)  for 
determining  the  centroidal  distances  of  such  geometric  forms  as  are 
illustrated  in  the  next  article  be  well  understood. 

Since  Ax  would,  by  definition,  be  the  moment  of  the  area,  ^,  if  all 
the  area  were  located  (concentrated)  at  a  point  whose  distance  from 
the  axis  is  x,  equation  (1)  may  be  interpreted  as  follows:  The  centroid 
of  an  area  is  a  point  at  which  the  whole  area  may  be  conceived  to  be 
concentrated  so  that  the  moment  of  the  concentrated  area  about  any 
axis  is  equal  to  the  moment  of  the  actual  distributed  area  about  the  same 

axis. 

Mass-Center. — Although  the  term  centroid  as  defined  above  has  been 
used  in  connection  with  masses  as  well  as  with  volumes,  areas,  and  lines, 
it  is  sometimes  used  in  a  restricted  sense  as  applying  only  to  geometrical 
figures  (volumes,  areas,  and  lines),  m  which  no  idea  of  mass  Is  mvolved, 
and  the  term  mass-center  or  center  of  mass  is  used  to  denote  that  point  of 
a  physical  body  where  the  mass  could  be  conceived  to  be  concentrated  so 
that  the  moment  of  the  concentrated  mass  about  any  axis  or  plane  would 
be  equal  to  the  moment  of  the  distributed  mass  of  the  body  about  the 
same  axis  or  plane.  Hereafter,  then,  with  reference  to  phj'sical  bodies 
the  terms  centroid  and  mass-center  will  be  regarded  as  sj'nonj-mous.  It 
should  be  noted  that  the  centroid  of  a  geometrical  sohd  (volume)  coin- 
cides with  the  centroid  (or  mass-center)  of  a  homogeneous  physical  sohd 
(body)  provided  the  two  solids  are  congruent. 

Center  of  Gravity  .—Another  term  closely  associated  with  centroid  and 
mass-center  is  center  of  gra\'ity.  The  center  of  gravity  of  a  body  is  gener- 
ally defined  as  that  point  in  a  body  through  wliich  the  weight  of  the  body 
acts,  regardless  of  the  position  (or  orientation)  of  the  body.  Now  the 
weight  of  a  body  is  merely  the  resultant  of  the  parallel  forces  exerted  on 
the  particles  of  the  body  by  the  earth,  and  if  the  body  is  reorientated  the 
weights  of  those  particles  which  move. nearer  to  the  earth  are  increased 
and  the  weights  of  those  particles  which  move  farther  from  the  earth  are 
decreased.  ^Hence,  in  considering  two  different  positions  of  the  body, 
two  different  force  systems  are  involved,  and  strictly  speaking,  there  is  m 
general  no  one  point  in  the  body  through  which  the  resultant  weight  acts 
regardless  of  the  position  of  the  body.     In  other  words,  the  center  of 
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gravity  in  general  does  not  exist.  From  a  practical  viewpoint,  however, 
the  variation  in  the  weights  of  the  particles  due  to  a  change  in  the  posi- 
tion of  the  body  are  extremely  small  and  may  be  entirely  disregarded,  in 
which  case  the  weights  of  the  particles  are  proportional  to  their  masses 
and  hence  the  center  of  gravity  as  above  defined  coincides  exactly  with 
the  mass-center,  and  hence  the  terms  mass-center  and  center  of  gravity 
as  applied  to  a  physical  body  are  usuallj'-  regarded  as  synonjinous  and 
will  be  so  used  hereafter.  The  fundamental  significance  of  the  two  terms 
should,  however,  be  kept  in  mind,  for  in  finding  the  mass-center  of  a 
body,  the  moment  of  a  mass  system  is  involved;  and  in  finding  the  center 
of  gravity,  the  moment  of  a  force  system  is  involved. 

By  way  of  summary,  then,  the  a:-coordinate,  x,  of  the  centroid  of  a 
line  of  length  L,  an  area  A ,  a  volume  V,  or  a  mass  M  may  be  found  from 
the  following  equations,  respectively: 


Lx  =  I  xdL;    Ax  =    /  xdA;     Vx  =    I  xdV;    Mx  =   I 


xdM 


and  the  y-  and  ^-coordinates  may  be  found  from  similar  equations. 

66.  Planes  and  Lines  of  Symmetry. — If  a  geometrical  figure  (volume, 
area,  or  line)  is  symmetrical  with  respect  to  a  given  plane  or  axis,  the 
centroid  of  the  figure  lies  in  the  given  plane  or  axis.  This  statement  is 
evident  from  the  fact  that  the  moments  of  the  parts  of  the  figure  on  the 
opposite  sides  of  the  plane  or  axis  are  numerically  equal  but  of  opposite 
sign.  If  a  figure  is  symmetrical  with  respect  to  each  of  two  planes  or 
lines,  the  centroid  of  the  figure  lies  in  the  line  of  intersection  of  the  two 
planes  or  at  the  point  of  intersection  of  the  two  axes.  If  the  figure 
has  three  planes  of  symmetry,  the  centroid  coincides  with  the  point  of 
intersection  of  the  three  planes.  The  foregoing  statements  apply  also 
to  the  centroids  of  the  masses  of  homogeneous  phj'sical  solids  which  are 
symmetrical  with  respect  to  one  or  more  planes.  The  centroids  of 
many  simple  figures  may  be  partially  or  completely  determined  from 
symmetry.  It  is  well  to  note  that  axes  of  symmetry  are  always  cen- 
troidal  axes,  but  centroidal  axes  are  not  always  axes  of  symmetry. 

67.  Centroids  by  Integration. — In  determining  the  centroid  of  a 
volume,  mass,  area,  or  line  by  the  method  of  integration,  from  the  equa- 
tions of  Art.  65,  it  is  possible  to  select  the  element  of  volume,  area,  etc., 
in  various  waj'S  and  to  express  the  element  in  terms  of  either  cartesian 
or  polar  coordinates.  The  resulting  integral  ma}'  be  a  single,  a  double, 
or  a  triple  integral,  depending  on  the  way  the  element  is  selected.  The 
integral,  of  course,  is  a  definite  integral,  the  limits  of  integration  depend- 
ing on  the  boundary  curve  or  surface  of  the  figure  or  body.  In  any 
case  the  element  of  volume,  mass,  area,  or  line  must  be  taken  so  that: 
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1.  All  points  of  the  element  are  the  same  distance  from  the  Une  or 
plane  about  which  moments  are  taken;  otherwise,  the  distance  from 
the  Une  or  plane  to  the  element  will  be  indefinite.     Or  so  that: 

2.  The  centroid  of  the  element  is  known,  in  which  case  the  moment 
of  the  element  about  the  moment-axis  or  plane  is  the  product  of  the 
element  and  the  distance  of  its  centroid  from  the  axis  or  plane. 

The  centroids  of  some  of  the  common  figures  (lines,  areas,  and 
volumes)  will  be  found  in  the  following  illustrative  problems. 


ILLUSTRATIVE   PROBLEMS 

Find,  by  the  method  of  integration,  the  centroids  of  the  following  figxires  with 
respect  to  the  axes  indicated. 

Y 


dL=rd9 


Fig.  229. 


Fig.  230. 


Problem  332.— Arc  of  a  Circle.— The  radius  which  bisects  the  arc  will  be  taken 
as  the  a;-axis  (Fig.  229).  By  symmetry  the  centroid  lies  on  this  axis.  Hence  ^  =  0. 
If  r  denotes  the  radius  of  the  arc  and  2a  the  subtended  angle,  then,  in  terms  of  polar 
coordinates,  the  element  of  arc,  dL,  and  its  distance  x  from  the  7/-axis  are  dL  =  rdd 
and  X  =  r  cos  6.  Thus,  the  element  of  arc  is  selected  in  accordance  with  the  first 
of  the  above  rules,  and  x  may  be  found  as  follows: 


Lx  =  jxdL  =   f    ''r  cos  e-rdO  =  r- J 


cos  9d6  =  2r-  sin  a. 


Therefore 


2r'  sin  a       2r  sin  a       r  sin  a 


If    the  arc  is  a  semicircle,  that  is,  if  a  =  90' 


IT  2r 

=  -   radians,  x  =  —  (Fig.  230). 

2  IT 

That  is,  the  distance  of  the  centroid  of  a  semi-circular  arc  from  the  center  of  the 
circle  is  slightly  less  than  two-thirds  of  the  radius  of  the  circle. 

Problem  333.— Area  of  a  Triangle.  First  Method.— In  accordance  with  the  first 
of  the  above  rules  the  elements  of  area  will  be  taken  as  strips  parallel  to  the  base  of 
the  triangle  fFig.  231).  Since  each  element  is  bisected  by  the  median  drawn  from 
the  vertex  opposite  the  base,  the  centroid  of  each  element,  and  hence  of  the  entire 
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area,  lies  on  this  median.     If  x  denotes  the  width  of  the  strip,  the  area  of  the  strip  is 

dA  =  xdy.    Thus 

Ay  =  J  XTjdy. 

b 
From  similar  trianclcs,  the  relation  between  x  and  yisx  =  7  (^  —  2/). 

Hence 


Therefore 


n  -^0 


bh\ 


J_I 


Fig.  231. 


Fig.  232. 


The  centroid  of  a  triani^lc  area,  then,  is  on  a  median  and  at  a  distance  of  one-third 
of  the  altitude  from  the  base. 

Second  Method. — In  accordance  with  the  second  of  the  above  rules  the  element  of 
area  will  be  taken  as  a  vertical  strip  as  shown  in  Fig.  232.     The  moment  of  the  element 

y  ''  ^1 

is  dA  •  -    or    ydx  -  -•     Since  y  =  -  x,  we  have 
2  2  0 


Ay=l     2^dx  =  -,y^  x^dx  =  lh\ 


h.bh 


3 


Problem  334. — Sector  of  a  Circle.  First  Method. — The  element  of  area  will  be 
selected  in  accordance  with  the  first  of  the  above  rules  as  indicated  in  Fig.  233. 
Since  the  area  is  symmetrical  with  respect  to  the  x-axis,  the  centroid  lies  on  this 
axis  and  hence  y  =  0.     The  value  of  x  may  then  be  found  from  the  equation 

A£  =  I  xdA  =   /      /        p  cos  6- pdpdd  =  fr^sina. 


Therefore 


£  = 


|r'  sin  a 


|r'sin  a 


2  r  sin  a 
3~^ 


Second  Method. — In  accordance  with  the  second  of  the  above  rules,  the  element 
of  area  will  be  selected  as  a  triangle,  as  indicated  in  Fig.  234.     The  area  of  the  tri- 
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angle  is  ^r^de  and  the  distance  of  its  centroidfrom  the  y-axis  is  -^r  cos  9.     Hence,  the 

Y 


Fig.  233. 


Fig.  234. 


moment  of  the  triangle  with  respect  tp  the  y-axis  is  ^r^  cos  ddd  and  x  is  obtained  from 


the  equation 


Ir^  cos  9de  =  Ir^  sin  a. 

a 


Therefore 


?a 


sr^  sin  a       2  r  sin  a 


TTa  3       a. 

Tf  a  =  90°  =  -  radians  (Fig.  235),  that  is,  if  the  sector  is  a    _    ^^- 


semi-circular  area,  x  = 


4r 


3ir 


Fig.  235. 


PROBLEMS 

1/335.  Find  the  x-  and  y-coordinatcs  of  the  ccntroid  of  the  parabolic  segment 
shown  in  Fig.  230.    Select  the  element  of  area  dA  as  indicated  in  the  figure. 

Ans.    X  =  fa;  y  =  f6. 


-^-X 


Fig.  2C6. 


Fig.  237. 


336.  Find  the  x-  and  y-coordinates  of  the  centroid  of  the  area  of  the  quadrant  of 

the  ellipse  -5  +  -5  =  1  shown  in  Fig.  237.     Select  the  element  of  area  dA  as  indicated 

4a  46 

in  the  figure.  Ans.     x  =  —  ;  y  = 

OTT  Sir 
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337.  Find  the  x-coordinate  of  the  centroid  of  the  volume  of  the  right  circular  cone 
shown  in  Fig.  238.     Select  the  element  of  volume  dV  as  indicated  in  the  figure. 

Ans.     X  =  jh. 


Fig.  238.  Fig.  239. 

y  338.  Find  the  z-coordinate  of  the  centroid  of  the  voliune  of  the  hemisphere  shown 
in  Fig.  239.     Select  the  element  of  voliune  dV  as  indicated  in  the  figure. 

Ans.      z  =  f  r. 

339.  Find  the  y-coordinate  of  the  centroid  of  the  area  under  the  sine  ciu"ve 

TT 

y  =  sinx  between  ordinates  corresponding  to  x  =  0  and  x  =  t.       Ans.     x  =  -• 

8 

340.  A  pulley  having  a  thin  rim  is  2  ft.  in  diameter.  How  far  from  the  center  of 
the  pulley  is  the  mass-center  of  one-half  of  the  rim? 

341.  Find  the  y-coordinate  of  the  centroid  of  the  area  included  between  the  x-axis, 
the  curve  y-  =  x^,  and  the  Une  x  =  a.  Ans.     y  =  yq'^^'- 

342.  A  sector  having  a  central  angle  of  120°  is  removed  from  a  circular  area  of 
radius  r.    Find  the  centroid  of  the  remaining  area. 

343.  Show  that  the  centroid  of  the  surface  of  a  right  circular  cone  is  on  the  axis 
of  the  cone  at  a  distance  of  -f/i  from  the  apex,  where  h  is  the  altitude  of  the  cone. 

344.  The  radius  of  the  base  of  a  right  circular  cone  is  5  in.  and  its  height  is  2  ft. 
Locate  the  centroid  of  (a)  the  volume  of  the  cone;  (b)  the  curved  surface  area  of 
the  cone. 

345.  Locate  the  centroid  of  the  area  included  between  the  y-axis,  the  line  y  =  b, 

b-x 
and  the  parabola  y^  =  —  as  shown  in  Fig.  240.      Select  the  element  of  area  as  shown 

a 

Ans.     X  =  -joa;  y  =  f  6. 
Y 


-J-X 


Fig.  240. 


Fig.  241. 


Fig.  242. 


346.  Find  the  centroid  of  the  area  (Fig.  2-41)  included  between  the  curve  y- 
and  the  line  y  =  x. 
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347.  Show  that  the  centroidal  distances  for  the  area  of  a  quadrant  of  a  circle  of 

4r 
radius  r  (Fig.  242)  are  x  =  y  =  ; — 

348.  Find  the  coordinates  of  the  centroid  of  the  area  bounded  by  the  ellipse 

x^         7/^ 

—  +  —  =  1,  the  line  x  =  5,  and  the  line  y  =  4. 
25       IG 

349.  Find  the  centroid  of  the  area  bounded  by  the  curve  y  =  x^,  the  x-axis,  and 
the  line  x  =  a.  Ans.     x  =  ^a;  y  =  fa^. 

350.  Find  the  centroid  of  the  area  bounded  by  the  parabola  x"^  =  —  y,  the  line 
X  =  a,  and  the  x-axis. 

i^  351.  A  paraboloid  is  generated  by  rotating  the  parabola  t/^  =  px  about  the  x-axis. 
>TLfOcate  the  centroid  of  the.  volume  included  between  the  paraboloid  and  the  plane 
X  =  a.  Ans.     x  =  fa. 

352.  Find  the  ?/-coordinate  of  the  centroid  of  the  area  bounded  bj^  the  curve 
2/^  =  4x  and  the  lines  x  =  4  and  y  =  2. 

353.  Find  the  ^/-coordinate  of  the  centroid  of  the  area  bounded  by  the  parabolas 
y^  =  ax  and  x-  =  ay.  Ans.     y  =  -^a. 

1,^354.  The  area  included  between  the  x-axis,  the  curve  y^  =  x^,  and  the  line  x  =  a 
is  rotated  about  the  x-axis.    Find  the  centroid  of  the  volume  generated. 

355.  Find  the  position  of  the  mass-center  of  a  hemisphere  in  which  the  density 
at  any  point  varies  directly  as  the  distance  of  the  point  from  the  base. 

Ans.     y  =  -^r. 

356.  Find  the  mass-center  of  a  right  circular  cone  in  which  the  density  at  any 
point  varies  directly  as  the  distance  of  the  point  from  the  base. 

357.  The  density  at  any  point  of  a  slender  rod  of  length  I  varies  directly  as  the 
distance  of  the  point  from  one  end  of  the  rod.  Show  that  the  mass-center  of  the 
rod  is  ^l  from  that  end. 

68.  Centroids  of  Composite  Figures  and  Bodies. — As  noted  in 
Art.  65,  if  the  centroid  of  a  line,  area,  volume,  or  mass  is  known,  the 
moment  with  respect  to  an  axis  or  plane  is  most  easily  found  bj'  multi- 
plying the  line,  area,  volume,  or  mass  by  the  distance  of  the  centroid 
from  the  axis  or  plane.  Thus,  if  a  given  line,  area,  volume,  or  mass  can 
be  divided  into  parts,  the  centroids  of  which  are  known,  the  moment  of 
the  whole  line,  area,  etc.,  may  be  fomid  without  integrating,  b}'  obtain- 
ing the  algebraic  sum  of  the  moments  of  the  parts  into  which  the  line, 
area,  volume,  or  mass  is  divided,  the  moment  of  each  part  being  the 
product  of  that  part  and  the  distance  of  its  centroid  from  the  hue  or 
plane.  Thus,  for  example,  in  the  case  of  a  composite  area,  if  Oi,  02,  03, 
etc.,  denote  the  parts  into  which  the  area  A  is  divided,  and  x'o,  x"o,  x"'o, 
etc.,  denote  the  x-coordinates  of  the  centroids  of  the  respective  parts, 
then 

(ai  -f-  a2  +  03  +  •  •  ■)x  =  oix'o  +  a2^"o  +  a3-^"'o  +  •  •  •, 
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Hence, 
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Za-x  =  2(axo), 
Ax  =  2(0x0),  and  similarly.  Ay  =  2(a?/o). 


From  similar  equations  the  centroid  of  a  composite  line,  volume,  or 
mass  may  be  found. 


ILLUSTRATIVE   PROBLEMS 

Problem  358. — Locate  the  centroid  of  the  T-section  shown  in  Fig.  243. 

Solution. — If  axes  be  selected  as  indicated  it  is  evident  from  sjinmetry  that 
i  =  0.  By  dividing  the  given  area  into  areas  oi  and  ^2  :ind  by  taking  moments 
about  the  bottom  edge  of  the  area,  y  may  be  found  as  follows: 

Ai/  =  S(a?/o), 

12  X  1  4-  12  X  5 

V  = =  3  in. 

*'        6X2  +  6X2 


-*1  2  K- 


"     I; 


T 


Fig.  243. 


FiQ.  244. 


Problem  359. — Locate  the  centroid  of  the  volume  of  the  cone  and  hemisphere 
shown  in  Fig.  244,  the  values  of  r  and  h  being  6  in.  and  18  in.,  respectively. 

Solution. — The  axis  of  symmetry  will  be  taken  as  the  y-axis.  From  sj-mmetry 
then  X  =  0.  By  taking  the  .c-axis  through  the  .npex  of  the  cone  as  shown,  the  equa- 
tion Vy  =  S(vj/o)  becomes 

(InrVi  +  lnr^)y  =  lirr-li  X  f /i  +  Wih  +  fr). 


That  is 
Therefore 


y  = 


l^r^h  +  2r)y  =  Wilh^  +  2rh  +  fr^). 

i/i2  +  2rh  4-  f  r^ 

h  +2r 

fx  (18)2  +  2  X  6  X  18  4- f  X(6)2 

=  16.2  m. 

18  +  2  X  li 
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PROBLEMS 

360.  A  rectangular  area  6  in.  wide  and  12  in.  high  has  cut  from  it  a  semi-circular 
area  the  diameter  of  which  coincides  with  one  long  side  of  the  rectangle.  Find  the 
centroid  of  the  remaining  area. 

^,^61.  From  an  area  G  in.  square  is  cut  out  an  isosceles  triangle  whose  base  coin- 
cides with  one  side  of  the  square.  If  the  centroid  of  the  remaining  area  is  at  the 
vertex  of  the  triangle,  what  is  the  altitude  of  the  triangle?  Ans.     h  =  3.8  in. 

362.  Locate,  with  respect  to  the  axes  shown,  the  centroid  of  the  shaded  area  in 
Fig.  245. 

Y_      ^ 
^      ^  ,Y 


X 


Fig.  245. 


Fig.  247. 


363.  A  wire  is  bent  in  the  form  shown  by  the  heavy  line  in  Fig.  246.  Locate  the 
centroid  (or  mass-center)  of  the  wire.  Ans.     x  =  4.42  in.;  y  =  5.52  in. 

364.  Find  the  centroid  of  the  shaded  area  shown  in  Fig.  247. 

,y^'  365.  A  triangular  corner  whose  area  is  25  sq.  in.  is  cut  from  a  square  10  in.  on  a 
side.  What  are  the  dimensions  of  the  triangle  if  the  centroid  of  the  remaining  area 
is  4  in.  from  one  side  of  the  square?  Ans.     83  in.  X  6  in. 

366.  The  area  of  an  isosceles  triangle  having  an  altitude  h  and  a  base  b  is  divided 
into  two  areas  by  a  line  parallel  to  the  base  and  distant  h/2  therefrom.  Find  the 
distance  from  the  base  to  the  centroid  of  each  of  the  two  areas. 

367.  Locate,  with  respect  to  the  axes  shown,  the  centroid  of  the  shaded  area  in 
Fig.  248.  Ans.    x  =  3.61  in.;  y  =  5.24  in. 

Y 


Fig.  248. 


FiQ.  249. 


Fig.  250. 


^  368.  Fig.  249  represents  the  cross-section  of  the  end  post  of  a  bridge.    The  area 
^i  each  channel  section  is  4.78  sq.  in.    Find  the  distance  from  the  top  of  the  cover 
plate  to  the  centroid  of  the  section. 

369.  A  slender  steel  rod  is  bent  in  the  form  shown  in  Fig.  250.    Locate  the  centroid 
of  the  rod  with  respect  to  the  axes  shown. 

Am.     X  =  5.70  in.;  y  =  -1.99  in. 
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370.  In  Fig.  244  let  h  =  12  in.  and  r  =  4  in.     Find  the  y-coordinate  of  the 
centroid  of  the  lateral  area  of  the  cone  and  hemisphere. 

371.  In  Fig.  251  find  the  z-coordinate  of  the  centroid  of  the  lateral  area  of  the 

Am.     2  =  4.79  in. 


Fig.  251. 


Fig.  252. 


Fig.  253. 


372.  Locate  the  centroid  of  the  shaded  area  shown  in  Fig.  252. 

373.  Locate  the  centroid  of  the  segment  of  a  circle  as  shown  in  Fig.  253.     In  the 

expression  for  x  make  a  =  -  ,  and  see  if  the  result  agrees  with  the  result  found  in 

Prob.  334  for  a  semi-circle. 

^374.  In  Fig.  254  is  represented  a  homogeneous  solid  which  consists  of  a  hemi- 
sphere and  a  right  circular  cylinder  from  which  a  cone  is  removed.  Locate  the 
centroid  of  the  solid  with  respect  to  the  axes  indicated.  Am.     z  =  6.45  in. 


!Y 


'0.4 


.__._.i 


Fig.  254. 


Fig.  255. 


Fig.  256. 


375.  Locate,  with  respect  to  the  axes  shown,  the  centroid  of  the  shaded  area  in 
Fig.  255. 

376.  Find  the  centroid  of  the  area  of  the    hanncl  section  shown  in  Fig.  256. 

Am.     X  =  0.79  in. 

377.  The  radii  of  the  upjxT  and  lower  bases  of  the  frustimi  of  a  right  circular 
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cone  are  ri  and  r2  and  the  altitude  is  a.     Find  the  distance  of  the  centroid  of  the 
volume  above  the  lower  base. 

378.  Three  particles  of  equal  mass  are  placed  at  the  vertices  of  a  triangle.  Show 
that  the  mass-center  of  the  particles  coincides  with  the  centroid  of  the  area  of  the 
triangle. 

379.  Two  homogeneous  spheres  A  and  B,  connected  by  a  rod,  are  mounted  on  a 
vertical  axis  as  shown  in  Fig.  257.  The  weights  of  the  spheres  are  20  lb.  and  GO  lb., 
respectively,  and  the  weight  of  the  rod  is  10  lb.  How  far  from  the  axis  is  the  center 
of  gravity  of  the  three  bodies? 


Fig.  257. 


Fig.  258. 


380.  If  the  top  of  the  table  (Fig.  258)  weighs  40  lb.  per  sq.  ft.,  find  the  reaction 
of  the  floor  on  each  of  the  three  legs  at  the  corners  A,  B,  and  C.  Neglect  the  weights 
of  the  legs.  Ans.     A  =  810  lb.;  B  =  127.5  lb. ;  C  =  802.5  lb. 


^^^ 


^5^5^ 


-3^^-* 


0 


1 


O- 


^-3- 


© 


3^2 


Fig.  259. 


381.  Four  bodies  A,  B,  C,  and  D  are  carried  by  a  rotating  shaft  as  shown  in 
Fig.  259.  The  weights  of  the  bodies  are  20,  15,  10,  and  8  lb.,  respectively,  and  the 
distances  of  their  centers  of  gravity  from  the  axis  of  the  shaft  are  12,  6,  5,  and  10  in., 
respectively.  Find  the  center  of  gravity  of  the  four  bodies  when  in  the  positions 
shown. 

69.  Theorems  of  Pappus  and  Guldinus. — I.  The  area  of  a  surface 
of  revolution  generated  by  revolving  a  plane  curve  about  any  non- 
intersecting  axis  in  its  plane  is  equal  to  the  product  of  the  length  of  the 
curve  and  the  length  of  the  path  described  by  the  centroid  of  the  curve. 

Proof.— Let  the  curve  AB  (Fig.  260)  be  revolved  about  OX.  The 
area  of  the  surface  generated  is  given  bj^  the  equation 


=    /  2TrydL  =  27r  /  ydL  =  2xy-L, 
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where  y  is  the  distance  of  the  centroid  of  the  curve  from  OX  and  L  is 
the  length  of  the  curve. 

II.  The  volume  of  the  solid  generated  by  revolving  any  plane  area 
about  any  non-intersecting  line  in  its  plane  is  the  product  of  the  area 
and  the  length  of  the  path  described  by  the  centroid  of  the  area. 

Proof.— Let  the  plane  area  A  (Fig.  261)  be  rotated  about  the  axis  OX. 
Each  elementary  area  dA  will  generate  a  circular  ring  the  volume  of 


Fig.  260. 


Fig.  261. 


which  is  2'KydA  and  hence  the  entire  volume  generated  is  given  by  the 
equation 

V  =  j  2irydA  =  2ir  I  ydA  =  2Ty-A, 

where  y  is  the  distance  of  the  centroid  of  the  area  from  OX. 

ILLUSTRATIVE   PROBLEMS 

Problem  382. — Show  that  the  area  of  the  surface  of  a  hemisphere  generated  by- 
rotating  the  quadrant  of  a  circle  (shown  in  Fig.  262)  about  the  x-axis  is  2irr-. 
Solution. — 

A  =L-27if  =  —  X27rX—  =  27rr2  (see  Prob.  332). 

4  TT 


7x 

//v=¥    \ 

X 

h 

> 
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-6 3-^^— >- 

'f 

Fig.  262. 

Fig 

.263 

. 

Problem  383. — A  V-shaped  groove  is  turned  out  of  a  cylinder  as  indicated  by 
Fig.  263.     Find  the  volume  of  the  material  removed. 
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Solution. — The  distance  of  the  centroid  of  the  triangle,  which  generates  the 
volume,  from  the  axis  of  the  cylinder  is  2.5  in.  and  the  area  of  the  triangle  is  1.5  sq.  in. 
Hence 

V  =  A-2irx  =  1.5  X2n  X  2.5  =  23.65  cu.  in. 


PROBLEMS 

Solve  the  following  problems  by  the  theorems  of  Pappus  and  Guldinus: 

384.  Find,  in  terms  of  the  radius,  the  surface  area  and  the  volume  of  a  sphere. 

385.  An  area  in  the  xy-plane  is  bounded  by  the  lines  x  —  0,  x  =  6,  y  =  6,  and 
2y  =  X.  Find  the  x-coordinate  of  the  centroid  of  the  area.  Find  also  the  volume 
of  the  solid  generated  by  rotating  the  area  about  the  y-axis. 

Ans.     X  =  2f  in.;  V  =  452  cu.  in. 

386.  Find  the  lateral  surface  and  the  volume  of  a  cone.  Express  the  resiilts  in 
terms  of  the  radius  of  the  base  and  the  altitude  of  the  cone. 

387.  The  center  of  a  circle  which  lies  in  the  ly-plane  and  has  a  radius  r  is  at  a 
distance  a  from  the  y-axis.  The  solid  generated  by  rotating  the  circle  about  the 
2/-axis  is  a  torrus  (or  anchor  ring)  provided  a  is  [reiiter  than  r.  Find  the  surface  area 
and  the  voliune  of  the  soUd.  Ans.     A  =  A-n^ar;  V  =  27r^ar^. 

388.  Find  the  lateral  area  of  the  solid  generoted  by  revolving  the  square  shown 
in  Fig.  264  about  the  y-axis  through  an  angle  of  90°.  Ans.     A  =  603  sq.  in. 


Fig.  264. 


Fig.  265. 


Fig.  266. 


389.  Find  the  volume  generated  by  revolving  the  shaded  area  shown  in  Fig.  265 
about  the  x-axis. 

390.  Find  the  volume  of  the  eUipsoid  generated  by  revolving  the  right  half  of  the 

y 


ellipse,  -5+75  =  1,  about  the  y-axis. 
a        cr 


Am.     V  = 


-gwa 


'b. 


391.  Find  the  ?/-coordinate  of  the  centroid  of  the  trapezoid  shown  in  Fig.  266. 
Determine  the  volume  of  the  frustum  of  a  cone  generated  by  revolving  the  trapezoid 
about  the  x-axis. 


70.  Center  of  Pressure. — A  point  closely  associated  with,  the  center 
of  gravity  is  the  center  of  pressure.  If  a  pressure  is  distributed  over  a 
given  plane  area  the  center  of  pressure  is  that  point  in  the  area  at  which 
the  resultant  pressure  acts.  If  the  pressure  is  uniformly  distributed 
over  the  area,  the  center  of  pressui-e  coincides  with  the  centroid  of  the 
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area.  If  the  pressure  on  the  area  is  produced  by  the  weight  of  material 
placed  on  the  area,  the  center  of  pressure  is  that  point  in  the  area 
vertically  below  the  center  of  gravity  of  the  material.  The  center  of 
pressure  is  of  special  importance  in  the  study  of  hydraulics. 

ILLUSTRATIVE   PROBLEM 

I  Problem  392. — Gravel  is  piled  on  a  floor 

so   that   the   pressure   on   the  beams   which 
support  the  floor  increases  in  the  direction 
of  the  beams  as  shown  in  Fig.  267.     The  in- 
tensity of  pressure  varies  from  zero  at  the 
left   end    of    the   beam    to   a   maximiun    of 
Pvi  =  800  lb.  per  linear  foot  at  the  right  end. 
Find  the  total  pressure  on  the  floor.     Also 
find  the  position  of  the  center  of  pressure. 
Solution. — Let  the  intensity  of  pressure  at 
any  distance  x  from  the  left  end  of  the  beam  be  px  lb.  per  ft.     This  pressure  may  be 
assumed  to  be  constant  over  a  length  dx  and  hence  the  pressiu-e  over  this  length  is 

dP  =  p^flx.     But  Pi  =  7  •  Pm-     Therefore  the  total  pressure  on  the  beam  is 


Fig.  267. 


But  Px  =  J 


/rl  X  Pm 

Pxdx  =  I     J  Pmdx  =  —  X  /  = 


7200  lb. 


Hence,  the  total  pressure  of  the  gravel  (its  weight)  is  the  same  in  magnitude  as  it 
would  be  if  the  gravel  were  spread  uniformly  to  a  depth  equal  to  one-half  that  of  the 
maximum  depth.  The  total  pressure,  however,  would  then  act  at  the  center  of  the 
beam,  whereas,  according  to  the  above  distribution,  the  center  of  pressure  is  at  a 
distance  x  from  the  left  end  of  the  beam  such  that 


Px 


f 


xdP, 


\~2    ^     J  ^  ^  I     T  ^"^"^  ^  ^ 


pj^^ 
3 


Therefore 


2, 
£  =  -I. 
3 


This  result  might  have  been  obtained,  without  taking  the  above  detailed  steps, 
from  the  fact  that  the  gravel  may  be  conceived  to  be  concentrated  in  a  plane  (of 
triangular  shape),  the  position  of  the  center  of  gravitj'  of  the  gravel  then  being  the 
same  as  that  of  the  centroid  of  the  triangular  area,  and  as  noted  above  the  center  of 
pressure  is  vertically  beneath  the  center  of  gravity. 


PROBLEMS 

393.  A  beam  is  loaded  with  brick  i)iled  so  as  to  produce  the  distribution  of  pres- 
sure as  indicated  in  Fig.  268.     Find  the  center  of  pressure  on  the  beam. 

394.  A  beam  10  ft.  long  is  subjected  to  a  pressure  that  varies  as  the  ordinate  to 
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the  parabola  y'  =  lOOOx  as  indicated  in  Fig.  269,  where  y  is  the  pressure  in  pounds 
per  linear  foot,  and  x  is  the  distance  in  feet  from  the  left  end  of  the  beam.  Find  the 
reactions  Ri  and  /?2.  Ans.     Ri  =  267  lb.;  R^  =  400  lb. 


dT7\ 


"'j  '^  Y  I    " 


\<      M      \<      \' 


Fig.  268. 


Fig.  269. 


395.  The  vertical  side  of  a  tank  is  8  ft.  wide  and  6  ft.  deep.  The  tank  is  filled 
with  water.  Locate  the  center  of  pressure  of  the  water  on  the  side  of  the  tank. 
The  pressui-e  at  any  point  in  the  water  is  proportional  to  the  depth  of  the  point 
I)elow  the  free  surface,  and  is  the  same  in  all  directions. 

396.  A  rectangular  grain  bin  is  6  ft.  wide  and  12  ft. 
long.  The  depth  of  grain  across  one  6-ft.  end  is  4  ft., 
and  the  depth  increases  uniformly  to  6  ft.  at  the  opposite 
end.  Find  the  resultant  pressure  on  the  bottom  of  the 
bin  and  also  find  the  center  of  pressure,  assuming  the 
weight  of  the  grain  to  be  40  lb.  per  cu.  ft. 

Am.  P  =  14,400  lb.;  X  =  6.4  ft. 

397.  A  semi-circular  plate  that  is  supported  around 
its  semi-circumferential  boundary  is  subjected  to  a  ver- 
tical load  (not  shown)  that  produces  a  uniform  pressure 
along  the  support  as  shown  in  Fig.  270.  Find  in  terms 
of  r  the  distance,  x,  of  the  center  of  pressure  from  the 
straight  edge  of  the  plate.  If  a  pressure  is  uniformly 
distributed  along  a  line  how  is  the  center  of  pressure 
related  to  the  centroid  of  the  line? 


Fig.  270. 


71.  Graphical  Method  of  Determining  Centroids  of  Areas. — If  the 
boundary  of  an  area  is  an  irregular  curve  which  cannot  be  represented 
by  an  equation,  the  centroid  cannot  be  determined  b}'  the  method  of 
integration.  In  such  cases,  however,  the  centroid  may  be  determined 
by  a  graphical  method  which  makes  use  of  the  force  and  string  polygons. 
The  irregular  area  is  drawn  to  scale  and  is  then  divided  into  a  large 
number  of  narrow  strips  parallel  to  one  coordinate  axis,  the  areas  of 
which  can  be  determined  or  estimated  closely.  These  strips  of  area  are 
then  thought  of  as  having  weight  and  are  replaced  by  a  parallel  force 
system  in  which  the  magnitude  of  each  force  is  numericall}^  equal  to  the 
area  of  the  corresponding  strip  and  acts  vertically  downward  thi'ough 
the  center  of  the  strip.     Now  by  use  of  a  force  and  a  string  pol^'gon,  a 
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point  on  the  action  line  of  the  resultant  of  the  parallel  force  system  is 
found  as  in  Art.  25  and  the  centroid  of  the  area  lies  on  a  vertical  line 
through  this  point.  The  distance  of  this  line  from  the  coordinate  axis 
that  is  parallel  to  the  strips  gives  one  coordinate  of  the  centroid.  By 
dividing  the  area  into  strips  parallel  to  the  othei;  coordinate  axis  and 
repeating  the  process  the  other  coordinate  of  the  centroid  is  found. 

72.  Determination  of  Center  of  Gravity  by  Experiment. — When  a 
body  is  irregular  in  shape,  the  center  of  gravity  cannot  be  determined 
by  the  method  of  integration  since  the  limits  of  the  integral  cannot  be 
determined.  The  center  of  gravity  of  such  a  body,  however,  may  be 
determined  by  the  following  experimental  methods. 

Method  of  Suspension. — If  a  body  be  suspended  by  a  cord  the  center 
of  gravity  is  on  the  (vertical)  hne  coinciding  with  the  axis  of  the  cord. 
This  statement  follows  from  the  fact  that  the  tWo  forces  which  hold  the 
body  in  equihbrium  (the  upward  tension  in  the  cord  and  the  downward 
earth-pull)  must  be  equal,  opposite,  and  coUinear,  and  the  earth-pull  or 
weight  of  the  body  of  course  acts  through  the  center  of  gravity  of  the 
body.  Hence  if  a  body  be  suspended  from  each  of  two  points,  the  center 
of  gravity  will  be  located  in  each  of  two  lines  in  the  body  and  hence  is  at 
the  point  of  intersection  of  the  two  lines. 

Method  of  Balancing. — If  a  body  be  balanced  on  a  knife-edge  the 
center  of  gravity  of  the  body  will  be  in  a  vertical  plane  through  the  knife- 
edge.  Hence  if  the  body  be  balanced  on  a  knife-edge  in  three  different 
positions,  three  such  planes  in  the  body  will  be  located,  and  the  center 
of  gravity  of  the  body  is  the  point  in  which  the  three  planes  intersect. 

REVIEW   QUESTIONS  AND   PROBLEMS 

398.  Define  the  moment  of  a  line  about  a  coordinate  axis  (a)  in  words  and  (6)  by 
a  mathematical  expression. 

399.  What  is  the  value  of  the  moment  of  the  surface  area  of  a  right  circular  cone 
that  has  a  base  of  radius  r  and  an  altitude  h  about  a  plane  in  which  the  axis  of 
the  cone  lies. 

400.  What  arc  the  dimensions  of  the  moment  of  an  area  about  an  axis?  Of  a 
volume  about  a  plane? 

401.  What  is  the  value  of  the  moment  of  the  area  of  the  base  of  a  right  circular 
cone  about  a  plane  parallel  to  the  base  and  passing  through  the  vertex  of  the  cone? 
The  known  quantities  are  the  radius,  r,  of  the  base  and  the  altitude,  h,  of  the  cone. 

402.  Correct  the  following  statement:  The  centroid  of  a  plane  area  is  a  point  in 
the  area  whose  distance  from  a  given  axis  divided  by  the  area  is  equal  to  the  moment 
of  the  area  with  respect  to  the  axis. 

403.  In  finding  ccntroids  of  lines,  areas,  and  volimics  by  the  method  of  integra- 
tion, what  are  the  two  general  ways  in  which  the  element  of  the  line,  area,  or  volume 
may  be  selected? 
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404,  Explain  why  the  following  statement  is  indefinite  and  meaningless:  The 
centroid  of  a  volume  is  a  point  at  which  the  whole  volume  may  be  thought  of  as 
being  located  or  concentrated. 

405.  In  Fig.  271  show,  by  integration,  that  the  moments  of  the  areas  A  and  B 
with  respect  to  the  x-axis  are  each  equal  to  }4ab^. 


Fig.  271. 


'5[ 


1^2^ 


Fig.  272. 


Fig.  273. 


406,  Find,  without  integrating,  the  x-  and  ^/-coordinates  of  the  centroid  of  the 
area  shown  in  Fig.  272.  i  Am.     x  =  0.308  in.;  y  =  0.173  in. 

407,  The  beam  AB  (Fig.  273)  is  subjected  to  a  pressure  that  varies  as  indicated. 
How  far  from  A  is  the  center  of  pressure?  Ans.     x  =  4.33  ft. 

408,  An  isosceles  triangle  whose  two  equal  sides  are  each  c  and  whose  base  is  h 

is  rotated  360°  about  the  base.     Find  by  the  theorems  of  Pappus  and  Guldinus  the 

surface  area  generated  by  the  sides  of  the  triangle  and  the  volume  generated  by  the 

area  of  the  triangle.  ,  ,  ^  /—^ tt,  irh 

Ans.    A  =  7rcV4c-  —h-;V- 


12 


(4c2  -  h-). 


409.  A  homogeneous  cube  each  edge  of  which  is  h  in.  long  rests  on  a  horizontal 
plane.  On  top  of  the  cube  is  placed  a  homogeneous  right  circular  cone  having  a  base 
of  diameter  h  in.  and  an  altitude  of  h  in.,  the  base  of  the  cone  resting  on  the  upper 
face  of  the  cube.  Find  the  distance  of  the  center  of  gravity  of  the  two  bodies  above 
the  horizontal  plane.  Ans.     0.656. 


PART  II.     KINEMATICS 

CHAPTER  VI 
MOTION   OF  A  PARTICLE 

73.  Introduction. — Kinematics  treats  of  the  motion  of  bodies  with- 
out considering  the  manner  in  which  the  motion  is  influenced,  either  by 
the  forces  acting  on  the  bodies  or  by  the  character  of  the  bodies  them- 
selves. That  is,  the  bodies  are  treated  as  geometric  solids  and  not  as 
physical  bodies.  When  the  geometric  solids  are  endowed  with  physical 
properties,  we  are  led  to  a  study  of  force,  energy,  momentum,  etc.,  that 
is,  to  a  study  of  Kinetics  (Part  III). 

Kinematics  deals  with  the  relation  between  distance,  time,  velocity, 
and  acceleration.  In  order  to  build  up  the  fundamental  conceptions 
which  are  involved  in  the  study  of  the  motion  of  bodies,  the  kinematics 
of  a  particle  (material  point)  will  be  treated  first.  A  particle  is  a  part 
of  a  body  the  dimensions  of  which  are  negligible  compared  with  its 
range  of  motion.  Bodies  are  made  up  of  particles,  and  the  study  of  the 
motion  of  bodies  is  largely  a  study  of  the  motion  of  their  particles. 

The  study  of  the  motion  of  bodies  will,  for  the  most  part,  be  restricted 
to  rigid  bodies,  and  the  motions  considered  will  be  limited  mainly  to 
translation,  rotation,  and  plane  motion. 

74.  Vector  Addition  and  Subtraction. — In  discussing  the  motion  of 
a  point  in  terms  of  the  vector  quantities  displacement,  velocity,  and 
acceleration,  the  addition  and  the  subtraction  of  vectors  are  involved. 

According  to  the  parallelogram   (or  triangle) 
law,  the  sum   of   two  vectors,  such  as  OA  and 
OB  in  Fig.  274,  is  the  diagonal  OC  of  the  paral- 
^'g  lelogram  shown  in  the  figure.     The  difference  of 

Pj^.  274  ^^6    two    vectors    OA    and    OB    is    the    other 

diagonal,  BA,  of  the  parallelogram.  This  fact 
is  also  in  accordance  with  the  triangle  law  since  the  difference  between 
two  quantities  is  the  quantity  that  must  be  added  to  one  of  the  two 
quantities  to  make  the  resulting  quantity  equal  to  the  other.  Thus  the 
vector  BA  (not  AB)  must  be  added  to  the  vector  OB  to  make  the 
resulting  vector  equal  to  OA. 

The  symbols  -f>  and  — ^  will  be  used  to  denote  vector  addition  and 
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subtraction,  respectively.     Hence  the  above  statements,  with  reference 
to  Fig.  274,  may  be  expressed  as  follows: 

OC  =  OA-^  OB    and    BA  =  OA -^  OB 

It  will  be  observed  that  the  vector  difference,  BA,  between  OA  and 
OB  may  also  be  obtained  by  reversing  the  sense  (changing  the  sign) 
of  vector  OB  and  adding  it  to  OA,  w^hich  is  analogous  to  the  rule  for 
algebraic  subtraction.  It  should  also  be  noted  that  the  difference 
between  OB  and  OA  is  AB  (not  BA).     That  is,  OB -^  OA  =  AB. 

75.  Types  of  Motion. — The  motion  of  a  particle  along  a  straight- 
line  path  is  called  rectilinear  motion.  The  motion  of  a  particle  along  a 
curved  path  is  called  curvilinear  motion.  If  the  mo\ing  particle 
describes  equal  distances  along  its  path  in  equal  periods  of  time,  how- 
ever small,  the  motion  is  said  to  be  uniform.  If  miequal  distances  are 
described  by  the  moving  point  in  equal  periods  of  time,  the  motion  is 
said  to  be  noii-uniform  or  variable. 

Thus,  if  the  crank  shaft  of  a  steam  engine  revolves  at  a  constant 
number  of  revolutions  per  minute,  the  crosshead  of  the  engine  has  a 
non-uniform  rectilinear  motion,  the  crank  pin  has  a  uniform  curvihnear 
motion,  and  any  intermediate  point  on  the  connecting  rod  has  a  non- 
uniform, curvilinear  motion. 

76.  Linear  Displacement. — The  linear  displacement  of  a  mo\dng 
point  is  defined  as  the  change  of  position  of  the  point.  The  position  of 
a  moving  point,  at  any  instant,  may  be  y 
specified  in  a  number  of  ways,  as,  for 
example,  by  stating  the  rectangular  co- 
ordinates or  the  polar  coordinates  of  the 
point.  Thus,  in  Fig.  275  the  position,  at 
any  instant,  of  the  point  M  as  it  travels 
along  the  curve  from  B  to  C  may  be  speci- 
fied by  the  rectangular  coordinates  {x,  y) 
or  by  the  polar  coordinates  (p,  6).  The 
displacement  Ac  of  the  point  as  it  moves 
from  the  position  (.ri,  iji)  or  (pi,  ^i)  to  the  position  (.r2,  ijo)  or  {po,  0-2)  is 
the  straight  line  BC,  that  is,  the  vector  drawn  from  B  to  C.  This  dis- 
placement may  be  expressed  as  the  vector  sum  of  its  x-  and  ^-compo- 
nents by  the  vector  equation 

Ac  =  A.r  -!->•  Ay. 

The  magnitude  and  direction  of  Ac  may  be  expressed  by  the  two  scalar 
equations 


Fig.  275. 


Ac  =  V(A.r)-  +  (Ay)2,     tan  4>  = 


Ay 
Ax 
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The  displacement  Ac  may  be  expressed  also  as  the  vector  difference 
of  the  radius  vectors  to  the  two  positions  of  the  moving  point.     Thus 


Ac  =  P2 


Pi, 


that  is,  Ac  is  the  directed  distance  which  must  be  added  to  pi  to  give  P2. 
Or,  in  other  words,  P2  is  the  vector  sum  of  pi  and  Ac. 

The  unit  of  displacement  is  any  convenient  unit  of  length,  such  as 
the  inch,  foot,  mile,  etc.  It  will  be  noted,  however,  that  displacement 
is  a  directed  distance  or  length,  that  is,  a  vector  quantity.  Displace- 
ments, therefore,  may  be  combined  and  resolved  according  to  the  par- 
allelogram (or  triangle)  law  like  forces  and  other  vector  quantities.  It 
is  important  to  note  that  by  one  of  the  above  equations  the  displacement, 
Ac,  is  expressed  as  the  vector  sum  of  two  directed  distances,  whereas  by 
the  other  equation  it  is  expressed  as  the  vector  difference  of  two  directed 
distances. 

If  the  displacement  of  the  particle  is  decreased  indefinitely,  the 
point  C  (Fig.  275)  will  approach  the  point  B  and,  in  the  limit,  the  chord 
Ac  becomes  coincident  with  the  tangent  to  the  path  at  B.  Therefore, 
the  direction  of  motion  of  the  particle  at  any  point  on  its  path  is  tangent 
to  the  path  at  that  point. 

77.  Angular  Displacement. — The  angular  displacement  of  a  line  that 
moves  in  a  plane  is  the  change  in  the  angle  that  the  moving  line  makes 
with  any  fixed  line  or  axis  in  the  plane.  The  angular  displacement  of  a 
moving  point  with  respect  to  a  given  point  or  pole  is  the  angular  dis- 
placement of  the  line  joining  the  moving  point  to  the  pole.     Thus,  in 

y  Fig.  275,  the  angular  displacement.  Ad, 

of  M  relative  to  0,  corresponding  to 
the  linear  displacement,  Ac,  is 

Ad  =  62  -  01. 

It  is  important  to  note  that  the 
angular  displacement  of  a  point  de- 
pends upon  the  reference  point  or  pole 
selected.  If  the  point  moves  on  a  cir- 
cular arc,  the  center  of  the  circle  is 
usually  taken  as  the  pole.  The  unit 
of  angular  displacement  may  be  any 
convenient  angular  measure,  such  as 
the  degree,  revolution,  radian,  etc. 

78.  Relation  between  Linear  and  Angular  Displacements.— If  a 
point  moves  counter-clockwise  along  a  circular  path  of  radius  r,  the 
linear  displacement,  dc   (Fig.  276),   corresponding  to  an  indefinitely 


Fig.  276. 
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small  angular  displacement  dd  may  be  considered  to  be  coincident 
with  the  arc  ds,  which  is  subtended  by  the  angle  dd.  Since  the  arc  of 
a  circle  is  the  product  of  the  radius  and  the  central  angle,  when  the 
angle  is  measured  in  radians,  the  relation  between  the  linear  and 
angular  displacements  may  be  expressed  by  the  equation 

ds  =  rdd. 

For  a  large  angular  displacement  Ad,  the  corresponding  Imear  dis- 
placement Ac  is  7iot  equal  to  rAd.  The  distance  As  along  the  arc,  how- 
ever, is  expressed  by  rAd. 

If  the  moving  point  does  not  travel  on  a  circular  path,  but  on  a  path 
having  a  variable  radius  of  curvature,  the  equation  ds  =  rdd  may  be 
used,  provided  that  r  is  the  radius  of  curvature 
of  the  path  at  the  given  position  of  the  point 
and  that  dd  is  measured  vnth  respect  to  the 
center  of  curvature  as  the  pole. 

If,  however,  the  pole  is  not  chosen  as  the 
center  of  curvature  of  the  path  (Fig.  277),  the  p      ^_ 

displacement  may  then  be  expressed  in  terms  of 

its  two  components  parallel  and  perpendicular,  respectively,  to  the 
radius  vector  as  follows: 

ds  =  pdd  +>•  dp, 

in  which  p  is  the  radius  vector  to  the  point  and  not  the  radius  of  curva- 
ture of  the  path  at  that  point.  The  components  pdd  and  dp  are  called 
the  transverse  and  radial  components  of  displacement. 

79.  Linear  Velocity  and  Speed. — The  linear  velocity  of  a  moving 
particle  is  the  time  rate  at  which  the  particle  is  changing  position,  or, 
more  briefly,  the  time  rate  of  linear  displacement.  The  direction  of 
the  velocity  of  the  mo^dng  particle  at  a  given  point  on  its  path  is  tangent 
to  the  path  at  that  point  (Art.  76).  Velocity,  like  displacement, 
possesses  both  magnitude  and  direction  and,  therefore,  is  a  vector 
quantity.  The  magnitude  of  the  velocity  of  a  point  is  called  the  speed 
of  the  point.  Speed,  therefore,  is  a  scalar  quantity.  It  may  be  defined 
as  the  time  rate  of  describing  distance  (not  the  time  rate  of  displacement). 
Although  the  terms  velocity  and  speed  are  frequenth^  used  inter- 
changeably, it  is  important  to  associate  with  the  word  velocity  the  two 
properties  which  it  possesses,  for  a  change  in  the  direction  of  a  velocity 
is  fully  as  important  in  the  laws  of  motion  of  physical  bodies  as  is  a 
change  in  the  speed. 

If  a  point  has  a  imijorm  motion  along  any  path,  the  speed,  v,  of  the 
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point  is  the  ratio  of  any  distance,  As,  described  by  the  point,  to  the  cor- 
responding interval  of  time,  At.     Thus 

As 
V  =  — 
At 

It  will  be  noted  that  if  a  particle  has  uniform  motion,  whether  rectiUnear 
or  curvilinear,  the  speed  of  the  particle  is  constant.  The  velocity,  how- 
ever, is  constant  only  in  the  case  of  uniform  rectilinear  motion,  since  in 
any  curvilinear  motion  the  velocity  of  the  particle  continually  changes 
direction. 

If  the  motion  of  the  point  is  non-uniform,  the  above  equation  does 
not  give  the  speed  of  the  point  at  each  instant  in  the  interval,  but  gives 
only  the  average  speed  for  the  time  interval,  At.  The  instantaneous 
speed  is  the  average  speed  over  an  indefinitely  small  period  of  time 
including  the  instant,  or,  expressed  in  mathematical  form,  the  speed  at 
any  instant  is 

^.    .  As      ds  ,^, 

V  =  Limit  -—  =  — (1) 


A/  =  0 


At       dt 


The  direction  of  v,  as  already  noted,  is  tangent  to  the  path  at  the  point 
on  the  path  where  the  moving  particle  is  located  at  the  instant.  In 
order  to  find  the  value  of  v  by  differentiation,  as  indicated  in  equation  (1), 
s  must  be  expressed  in  terms  of  t. 

The  unit  of  velocity  may  be  any  convenient  unit  of  length  per  unit 
of  time;  such  as,  foot  per  second  (ft. /sec),  mile  per  hour  (mi./hr.), 
centimeter  per  second  (cm. /sec),  etc 

If  V  is  expressed  as  a  function  of  t,  the  displacement  As  along  the 
path  in  any  time  interval  ^2  —  ^1  may  be  found  by  integrating  v  with 
respect  to  t.     Thus  from  equation  (1) 

ds  =  vdt 


Integrating, 

1     ds  =   1    vdt 

That  is, 

S2  —  Si  =  As  —   1     vdt 

(2) 


It  should  be  noted  that  As  denotes  the  distance  the  point  moves 
along  its  path  and  not  the  linear  displacement  of  the  point  unless  the 
path  of  the  point  is  a  straight  line. 
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Fig.  278. 


Distance-Time  and  Speed-Time  Curves.— It  is  convenient  to  interpret 
equations  (1)  and  (2)  graphically.  Thus  let  a  distance-time  (s-t) 
curve  be  constructed  by  plotting  a  series  of  points,  the  rectangular 
coordinates  of  each  point  being  simultaneous  values  of  s  and  t  (Fig.  281). 
The  slope  to  this  curve  is  represented  by  ds/dt;  but  v  =  ds/dt,  and 
hence  it  follows  that  the  slope  at  any  point  of  the  (s-t)  curve  represents 
to  some  scale  (depending  on  the  scales  used  in  plotting  the  curve)  the 
speed  of  the  mo\dng  point  at  the  corresponding  instant. 

Similarly,  if  the  relation  between  v  and  t  is  shown  graphically  by 
plotting  a  speed-time  (v-t)  curve  for  the  moving  point  as  shown  in 
Fig.  278,  the  area  under  this 
curve  between  the  ordinates 
i'2  and  I'l  represents  to  some 
scale  (depending  on  the  scales 
used  in  plotting  the  curve) 
the  displacement  A.s  of  the 
point  along  its  path  in  the 
corresponding  time  interval 
^2  —  ^1-  This  is  e\'ident  from 
a  consideration  of  equation  (2) 
and  Fig.  278. 

80.  Angular  Velocity.— The  angular  velocity  of  a  mo\dng  line  is 
defined  as  the  time  rate  of  angular  displacement  of  the  Une.  The  angu- 
lar velocity  of  a  moving  point  with  respect  to  a  given  point  or  pole  is  the 
angular  velocity  of  the  line  joining  the  mo\'ing  point  to  the  pole.  If 
equal  angular  displacements  occur  in  equal  time  intervals,  however 
small,  the  motion  is  said  to  be  uniform,  and  the  angular  velocity,  w,  is 
expressed  as  the  ratio  of  any  angular  displacement,  Ad,  to  the  time 
interval,  M,  during  which  the  displacement  occurs.     Thus 

A^ 

CO  = 

At 

If  unequal  angular  displacements  occur  in  equal  time  intervals,  the 
motion  is  said  to  be  non-uniform  or  variable.  For  such  a  motion  the 
above  equation  gives  the  average  angular  velocity  during  the  time 
interval  At.  When  the  angular  velocity  varies  during  the  interval,  its 
value  at  any  instant  is  the  average  velocity  over  an  indefinitely  small 
time  interval  including  the  instant.  Or,  expressed  mathematically,  the 
instantaneous  angular  velocity  is 

AG       dQ 
=  Limit  —  -  -t: 
A^^o  A<       at 


0) 


(1) 
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In  order  to  determine  the  angular  velocity  from  the  above  equation,  6 
must  be  expressed  in  terms  of  t. 

The  relation  between  6  and  t  and  between  co  and  t  may  be  shown 
graphically  by  curves  similar  to  those  discussed  in  the  preceding  article. 

The  unit  of  angular  velocity  is  any  convenient  unit  of  angular  dis- 
placement per  unit  of  time,  such  as  degree  per  second  (deg./sec),  revo- 
lution per  minute  (r.p.m.),  radian  per  second  (rad./sec),  etc. 


60  =  0.10  >^ad/ 


Fig.  279. 


ILLUSTRATIVE  PROBLEMS 

Problem  410. — In  Fig.  279,  C  is  a  car  (considered  as  a 
point)  moving  on  a  straight  road  and  O  is  an  observer  in 
a  tower  directly  over  the  road.  If  the  car  moves  so 
that  its  angular  velocity  with  respect  to  the  observer 
is  constant  and  equal  to  0.10  rad./sec,  find  the  linear 
velocity  of  the  car  when  its  position  is  such  that  6  is 
0°,  30°,  and  60°. 

Solution.— From  Fig.  279  it  is  seen  that  s  =  120  tan  0 
and  since  v  =  ds/dt  we  have 


d(120ta.ne)  „     dd       ,^„       o  „  ,«       9  „ 

V  =  — =  120  sec2  0  —  =  120  sec^  0  X  w  =  12  sec^  d 

dt  dt 

=  12  X  1  =  12  ft./sec.  when  8  =  0° 
=  12  X  f  =  16  ft./sec.  when  d  =  30° 
=  12  X  4  =  48  ft./sec.  when  e  =  60°. 

Problem  411. — The  length  of  the  crank,  OA,  of  a  steam  engine  (Fig.  280)  is 
denoted  by  r  and  the  length  of  the  connecting  rod,  BA,  is  denoted  by  I.  If  the  crank 
turns  with  constant  angular  velocity,  co,  determine  the  velocity  of  the  crosshead,  B, 
in  terms  of  r,  I,  w,  and  the  angle,  6,  which  the  crank  makes  with  the  horizontal. 


-M 


Fia.  280. 

Solution. — The  displacement,  s,  of  the  crosshead  from  its  extreme  position  may 
be  determined  in  terms  of  6,  and  since  0  =  w<,  s  may  also  be  expressed  as  a  function 
of  t,  since  w  is  known.     Thus 

s  =  I  +  r  —  I  cos  <j>  —  r  cos  6. 
But 

AC  =  I  sin  <t>  =  r  sin  0, 

and  

I  cos  </)  =   V  ^2  —  I-  sin2  ^  =  v /2  —  r-  sin-  0. 
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By  expanding  the  last  expression  by  the  binomial  theorem  and  using  only  the  first 
two  terms  of  the  expansion,  since  rjl  is  generally  small,  the  last  equation  may  be 
written,  with  a  close  degree  of  approximation, 

I  cos  </>  =  ^  ~  T;  si^^  ^' 
Therefore 

„2 

s  =  r 


r  cos  0  -\ — •  sm*^  Q. 


Hence 


V  =  — 
dl 


=  rw  ( 


de      r2 

r  sin  0 h  T  sin 

dt        I 


do 

I  cos  9  — 

dt 


sin  (?  +  ■  sin  0  cos  0  j  = 


I  j  =  rw  ( 


sin  0  +  —  sin  29 


PROBLEMS 
412.  A  point  moves  along  a  straight  line  according  to  the  law  s  =  i^  +  4i^  +  2t, 
where  s  and  t  are  expressed  in  feet  and  seconds,  respectively.     Find  (a)  the  velocity 
of  the  point  at  the  end  of  2  sec,  (6)  the  displacement  during  the  third  second,  and 
(c)  the  average  velocity  during  the  foiu"th  second. 

Ans.     (a)  V  =  30  ft./sec;  (6)  As  =  41  ft.;  (c)  Vav  =  67  ft./sec. 
^413)  A  point  moves  along  a  straight  line  according  to  the  law  v  =  3t^  +  41  +  2, 
where  v  and  t  are  expressed  in  feet  per  second  and  seconds,  respectively.     If  s  =  20  ft. 
when  t  =  2  sec,  what  is  the  value  of  s  when  t  =  3  sec? 

414.  A  point  moves  on  a  circle  whose  radius  is  5  ft.  according  to  the  law 
s  =  3i^  +  8/t,  where  s  and  t  are  expressed  in  feet  and  seconds,  respectively.  Find 
the  angular  velocity  of  the  point  relative  to  the  center  of  the  circle  when  t  =  2  sec. 

Ans.    w  =  2  rad./sec. 
(  416.  A  point  moves  on  a  circle  according  to  the  law  w  =  t^  +  41  +  2,  where  w  is 
the^ngular  velocity  in  radians  per  second  relative  to  the  center  of  the  circle  and  t 
is  expressed  in  seconds.     If  9  =  10  radians  when  t  —  2  sec,  what  is  the  value  of  B 
when  t  —  3  sec? 

416.  The  speed-time  curve  for  the  rectilinear  motion  of  a  certain  point  is  shown 
in  Fig.  278.  The  scales  are:  1  in.,  vertically,  equals  200  ft./sec,  and  1  in.,  hori- 
zontally, equals  20  sec.  If  the  area  under  the  curve  between  the  ordinates  corre- 
sponding to  ;  =  10  sec.  and  t  =  35  sec.  is  1.2  sq.  in.,  how  far  does  the  point  travel  in 
the  interval?  Am.     As  =  4800  ft. 


t,   secoads 

Fig.  281. 

'     417.  In  Fig.  281  is  shown  the  (s  —  0  curve  for  a  point  moving  on  a  straight  line. 
What  is  the  velocity  of  the  point  when  i  =  20  sec? 
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418.  Two  railway  stations  are  connected  by  a  straight  track.  A  train  starts  from 
rest  at  one  station  and  after  12  min.  comes  to  rest  at  the  other  station.  The  (f  -  0 
curve  for  the  motion  is  shown  in  Fig.  282.     Find  the  distance  between  the  stations. 

419.  The  crank  OA  (Fig.  283)  rotates  with  a  constant  angular  velocity  u  about  0. 
Find,  by  use  of  equation  (1)  of  Art  79,  the  linear  velocity  of  B  in  terms  of  r,  0,  and  co. 

Ans.     V  =  —  rw  sin  d. 


O 


l£J 


fil 


Fig.  283. 


3B 


420.  In  Fig.  284  the  blocks  A  and  B  are  pinned  together.  Block  A  slides  in  a 
horizontal  slot  in  D,  and  B  slides  in  a  slot  in  OC  as  OC  rotates  about  O.  "NMien  OC 
is  in  the  position  shown  (d  =  30°),  the  angular  velocity  w  is  20  rad./sec.  Find,  by 
equation  (1)  of  Art.  79,  the  linear  velocity  of  block  A. 

.  421.  E  in  Fig.  284,  the  linear  velocity  of  block  A  is  30  ft./sec.  when  0  =  30°, 
find  by  use  of  equation  (1)  of  Art.  80  the  angular  velocity  of  OC. 

Ans.     w  =  13.0  rad./sec. 

422.  A  point  starts  from  rest  at  the  origin  and  moves  along  the  x-axis  in  such  a 
way  that  the  velocity  at  any  instant  is  proportional  to  the  elapsed  time  after  starting. 
If  s  =  8  ft.  when  t  =  2  sec,  find  the  values  of  s  and  v  when  t  =  3  sec. 

423.  A  ship  is  saihng  due  east  at  a  constant  speed  of  20  mi./hr.  At  a  given 
instant  a  second  ship  which  is  sailing  due  north  at  a  constant  speed  of  15  mi./hr. 
is  125  mi.  directly  south  of  the  first  ship.  When  will  the  distance  between  the  two 
ships  be  a  minimum?    Find  the  minimum  distance.     Ans.     t  =3hr. ;  s  =  100  mi. 

81.  Relation  be- 
tween Linear  and 
Angular  Velocities. — 
If  a  point  moves  on 
a  circular  path  the 
relation  between  its 
linear  and  angular 
velocities  may  be 
found  as  follows :  Let 
a  point  M  move  on 
Fig.  285.  a    circular    path    of 

radius  r  (Fig,  285fl) ; 
let  V  be  the  linear  velocity  of  the  point  at  any  instant  and  let  co  be  the 
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angular  velocity  of  the  point,  with  respect  to  the  center  of  the  circle,  at 
the  same  instant.     By  definition, 

ds        ,  dd 

V  =  —  and  CO  =  —  • 
dl  dt 

But  the  distance  ds  traversed  in  the  time  dt  may  be  expressed  in 
terms  of  the  corresponding  angular  displacement  dd,  by  the  equation 
ds  =  rdd  (Art.  78).     Therefore 

rdQ 
"  =  ^=''" (^) 

Hence,  at  any  instant,  the  linear  velocity  of  a  point  moving  on  a 
circle  is  the  product  of  its  angular  velocity  (with  respect  to  the  center 
of  the  circle)  and  the  radius  of  the  circle,  where  the  angular  velocity  oj 
is  expressed  in  radians  per  unit  of  time. 

If  the  particle  does  not  move  on  a  circular  path,  the  equation  v  =  cor 
is  also  true  if  r  is  the  radius  of  curvature  of  the  path  at  the  given  position 
of  the  particle,  and  if  co  is  the  angular  velocity  of  the  particle  with  respect 
to  the  center  of  curvature  as  the  pole. 

Furthermore,  if  the  point  moves  on  a  curve  of  any  form  and  the 
center  of  curvature  is  not  taken  as  the  pole  (Fig.  2856),  then  the  term  pco, 
where  p  denotes  the  radius  vector  to  the  point,  gives  one  component 
only  of  the  linear  velocity,  as  is  shown  in  the  next  article. 

PROBLEMS 

(424j  a  flywheel  6  ft.  in  diameter  rotates  at  120  r.p.m.  Find  the  Unear  velocity, 
in  feet  per  second,  of  a  point  on  its  circumference.  Ans.     v  =  37.7  ft. /sec. 

425.  A  rod  4  ft.  long  rotates  in  a  horizontal  plane  about  a  vertical  axis  through 
one  end  of  the  rod,  so  that  the  linear  velocitj^  of  its  mid-point  is  60  ft.  per  sec.  Find 
the  angular  velocity  of  the  rod,  in  r.p.m. 

426.  A  disk,  A  (Fig.  286),  rotating  with  an  angular  velocity  wi  of  30  r.p.m.  turns 
(without  slipping)   another  disk,  B,  by  means  of 

friction  at  their  surfaces  of  contact.  A  drum,  D,  is 
attached  to  the  disk,  B,  and  turns  with  it,  thereby 
raising  the  body,  C.  The  radii  n,  r2,  and  rz  are  6 
in.,  10  in.,  and  4  in.,  respectively.  Find  the 
velocity  of   C  in  ft.  per  sec. 

Ans.     vc  =  0.63  ft. /sec. 

427.  In  Fig.  204  the  disk  B  rotates  at  200  r.p.m. 
and  turns  (without  slipping)  the  wheel  C  by  means 
of  the  frictional  force   on  the  circumference  of  C  F^Q-  286. 
The  distance  from  the  center  line  of  B  to  the  point 

of  contact  between  B  and  C  is  8  in.,  and  the  diameter  of  C  is  20  in.  What  is  the 
angular  velocity  of  C,  in  r.p.m.? 

428.  A  rigid  body  composed  of  two  disks  of  different  diameters  (Fig.  287)  turns 
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about  the  center  0  with  a  constant  angular  velocity  of  80  r.p.m.     If  n  =  2  ft.  and 
r2  =  3  ft.,  what  is  the  velocity  of  body  A  and  of  body  Bl     A  unwinds  from  the  large 
disk  as  B  winds  up  on  the  small  disk.     How  far  will  A  and  B  travel  in  6  sec? 
Ans.    VA  =  25.1  ft./sec;  vb  =  16.8  ft./sec;  Asa  =  150.8  ft.;  Asb  =  100.5  ft. 


{{M 


-I- 


WmTT 


Fig.  287. 


Fig.  288. 


429.  The  rod  CT>  (Fig.  288)  is  made  to  oscillate  by  the  crank  OA  and  connecting 
rod  AB.  The  angular  velocity  w  of  the  crank  is  90  r.p.m.  In  the  position  shown 
^5  is  perpendicular  to  OA  and  to  CD.  The  length  of  OA  is  6  in.  Find  the  angular 
velocity  of  the  rod  CD  and  the  linear  velocity  of  D. 

82.  Components  of  Velocity. — It  is  frequently  convenient  to  find  the 

velocity  of  a  moving  point  by  de- 
termining its  components,  or  to 
deal  with  the  components  of  the 
velocity  instead  of  the  total  veloc- 
ity. 

Two  sets  of  components  only 

are  here  determined;  namely,  the 

axial   components    {vx   and   Wj,), 

parallel,  respectively,  to  the  x- 

and  2/-axes,  and  the  radial  and 

transverse  components   {vr   and 

vr),  parallel  and  perpendicular, 

respectively,  to  the  radius  vector 

(Fig.  289). 

Thus,  since  the  component,  in  any  direction,  of  the  linear  velocity  of 

a  point  is  the  time  rate  of  the  component  displacement  of  the  point  in  the 

given  direction,  the  axial  components  of  the  velocity  v  of  the  moving 

point  M  (Fig.  289)  are  given  by  the  expressions 


Fig.  289. 


Vx  = 


dx 
dt 


and 


dy 


(1) 
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or,  if  the  coordinates,  x  and  y,  of  the  particle  change  uniformly,  then 
Ax       a-2  —  a-,  ,  A.?y       7/2  —  Vi 


a-2  -  a-i  Ay 

Vx  =  —  — and     Vy  =  — 

At        t2  -  k  ^       At 


to    —    ^1 


Likewise,  at  any  instant,  the  transverse  and  radial  components  of  veloc- 
ity, vt  and  vr,  are  expressed  as  follows: 


pc/e      ,  f/p 

^T  =  ~n     and     Vr  =  —, 
dt  dt 


(2) 


in  which  pdd  and  dp  are  the  components  of  displacement  in  the  trans- 
verse and  radial  du-ections  during  the  time  interval  dt,  as  shown  in 
Art.  78,  and  w  is  the  angular  velocity  of  the  point  with  reference  to  the 
pole  0.  It  will  be  noted  that  when  0  is  chosen  as  the  center  of  curva- 
ture of  the  path  the  transverse  component  of  the  velocity  becomes  the 
total  velocity,  tangent  to  the  path,  vr  then  being  equal  to  zero. 

Since  the  pole  0  may  be  arbitrarily  chosen,  the  components  vt  and 
Vr  are  different  for  different  positions  of  the  pole  or  origin,  whereas 
Vx  and  Vy  are  independent  of  the  origin  and  depend  on  the  directions  only 
of  the  coordinate  axes. 

In  obtaining  the  radial  and  transverse  components  of  velocity,  the 
graphical  method  of  solution  is  frequently  preferable  to  the  algebraic 
method  which  makes  use  of  Eq.  (2)  above.  The  graphical  method  is 
illustrated  in  Prob.  431. 
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Problem  430. — If  the  angular  velocity  of  the  oscillating  arm  OM  (Fig.  290)  is 
40  r.p.m.  when  6  =  30°,  find,  by  use  of  Eq.  (2)  above,  the  radial  and  transverse 
components  of  the  velocity  of  the  block  A,  referred  to  0  as  the  pole.  Also  find 
the  total  velocity  of  A. 

Solution. — From  Fig.  290  the  value  of  p  is 

20  5 

=  -  sec  6  ft. 

12  cos  d      3 


and 


Hence 


40  X  27r       47r       ,   , 

=  -—  rad./sec. 

60  3 


dp 


5 

-  sec 
3 


de 

tan  d  — 
dt 


=  -  sec  0  tan  6  «  Fig.  290. 

3 

5         2  1         4  .^^,, 

=  -  X  -7=  X  -7=  X  -  TT  =  4.65  ft./sec.  when  e  =  30°. 
3       ^^3        vo       o 
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dd       5 
vt  =  p  —  =  ~  sec  ^  X  w 
dt       Z 


5  2  47r 

=  -  X  — 7^  X  —  =  8.06  ft./sec.  when  0  =  30' 
3       V  3        3 


VA 


V  4.652  +  8.062  =  9  31  ft./sec. 


The  student  should  show  vr,  vt  and  v  as  vectors  in  Fig.  290. 


4  ft./sec. 


Fig.  291. 


Problem  431. — In  the  quick-return  mechanism 
shown  in  Fig.  291,  OOi  =  18  in.  and  the  crank  OA 
=  8  in.  If  the  angular  velocity  of  the  crank  is  40 
r.p.m.,  what  is  the  velocity  of  the  block  A?  Find 
graphically  the  component  of  the  velocity  of  A  per- 


^  pendicular  to  the  rocker  arm  0\M  (the  transverse 


component)  in  the  position  shown.     Find  also  the 
angular  velocity  of  0\M. 

Solution. — The  block  moves  on  the  circular  path 
of  radius  r  =  8  in.  Let  w  denote  the  angular  veloc- 
ity of  A  with  reference  to  the  pole  0  and  coi  the 
angular  velocity  of  A  with  reference  to  the  pole  Oi 
(that  is,  let  wi  denote  the  angular  velocity  of  OiA, 
or  p).  The  direction  of  the  velocity  of  A  is  tangent 
to  the  circle  and  its  magnitude  is 

40  X  27 


60 


X  —  =  2.79  ft./sec. 
12 


By  resolving  v,  graphically,  into  its  transverse  and  radial  components  as  showni  in 
the  figure,  the  following  values  arc  fomid: 


But 


VT  =  1.8  ft./sec.     and     vr  =  2.17  ft./sec. 
Vt  —  wip  =  coi  X  OiA. 


By  measuring,  OiA  is  found  to  be  11.7  in. 
Therefore 

1.8  X  12 


11.7 


=  1.84  rad./sec.  =  17.6  r.p.m. 


PROBLEMS 

432.  The  link  BC  (Fig.  292)  is  2  ft.  long  and  has  an  angular  velocity,  wi,  of 
50  r.p.m.  If  the  link  BA  is  perpendicular  to  BC,  at  the  instant  considered,  what  is 
the  angular  velocity  of  the  crank  OA  if  OA  is  9  in.  long? 

433.  An  automobile  is  traveling  at  30  miles  per  hour  on  a  straight  road.  An 
observer  is  stationed  at  O  (Fig.  293).  Find  the  angular  velocity  of  the  automobile 
with  respect  to  the  observer  («)  when  the  automobile  is  at  A,  (b)  when  at  B. 

Ans.     (a)  u  =  0.44  rad./sec;  (b)  oj  =  0.352  rad./sec. 

434.  In  Fig.  294.  A  is  a  block  that  revolves  about  0  with  an  angular  velocity 
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=  60  r.p.m.     OiM  is  a  rod  that  is  pivoted  at  Oi  and  passes  through  a  slot  in  A 

H£ 50- 

^ ^ 


Fig.  292. 


Fig.  293. 


The  lengths  of  OA  and  OOi  are  12  in.  and  6  in.,  respectively.     Find,  graphically,  the 
radial  and  transverse  components  of  velocity  of  A  with  respect  to  Oi  as  a  pole. 

435.  The  cam  shown  in  Fig.  295  revolves  about  the  axis  0,  causing  the  roller  A 
to  change  its  x-coordinate  at  the  rate  of  4  in.  per  second  when  6  =  30°.  Find  th« 
angular  velocity  of  the  bell-crank  AOiB  if  OiA  is  18  in.        Am.     w  =  4.24  r.p.m. 

436.  In  Prob.  420,  find  the  radial  and  transverse  components  of  the  velocity  of 
the  block  B  with  respect  to  0  as  a  pole. 

lY 


Fig.  294. 


Fig.  295. 


437.  A  point  moves  on  the  curve  y-  =  9x  according  to  the  law  x  =  4t~  +  I,  x  and 
y  being  measured  in  feet  and  t  in  seconds.  Find  the  magnitude  and  direction  of  the 
velocity  of  the  point  when  i  =  2  sec.  Atis.     v  =  17.0  ft.,  sec;  dj:  =  20°. 

438.  A  point  moves  in  the  xy-plane  according  to  the  law  Vx  =  4;^  +  4<,  Vy  =  4/. 
If  X  =  1  and  y  =  2  when  /  =  0,  what  is  the  equation  of  the  path  of  the  point? 

439.  A  point  moves  in  the  xy-plane  according  to  thelaw  x  =  t  +  j  ,  y  =  t  -  j  , 

X  and  y  being  measured  in  feet  and  t  in  seconds.  Show  that  the  path  of  the  point  is 
a  h>Terbola  and  find  the  magnitude  and  direction  of  the  velocity  of  the  point  when 
t  =  1  sec.  Ans.     Path  x^  -  y^  =  4;  ^  =  5.82  ft./sec;  8^  =  121° 

83.  Linear  Acceleration.— The  linear  acceleration  of  a  mo\'ing  point, 
at  any  instant,  is  defined  as  the  time  rate  of  change  of  the  linear  velocity 
of  the  point  at  the  instant.     If  the  change  in  the  velocity  in  time  It 
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be  denoted  by  At;,  the  average  acceleration  for  the  time  interval  is  —  , 

and  the  limit  of  this  ratio  as  M  approaches  zero  is  the  instantaneous 
acceleration.     Or,  expressed  mathematically, 

, .    .    Ay 
a  =  Limit 

A(=0   Af 

Since  velocity  is  a  vector  quantity,  the  change.  Ay,  in  the  velocity 
may  be  due  to  a  change  in  the  magnitude,  only,  of  the  velocity  as  in 
rectilinear  motion  with  varying  speed;  or  to  a  change  m  the  direction 
only,  as  in  curvihnear  motion  with  constant  speed;  or  to  a  change  in  both 
magnitude  and  direction  as  in  curvilinear  motion  with  varying  speed. 
The  acceleration  of  a  point  having  various  types  of  motion  will  be  con- 
sidered in  the  following  articles. 

The  unit  of  linear  acceleration  is  any  unit  of  linear  velocity  per  unit 
of  tune,  such  as  foot  per  second  per  second  (ft./sec.^),  mile  per  hour  per 
second  (mi./hr./sec),  etc. 

84.  Acceleration  in  Rectilinear  Motion. — In  Fig.  296  let  a  point 
move  so  that  its  velocity  changes  in  magnitude  only.     That  is,  let  the 

point  move  on  a  straight 

• — - — ^ — ^ — • >■•  Une     path     with     varying 

^'-2         ^  speed.   Let  ^i  be  the  veloc- 

V,    ^"     Av^  ity  at  one  instant  and  let  V2 

Pjq  296  ^®   ^^^  velocity   after   the 

time  interval  A^  If  the 
velocity  changes  uniformly,  the  magnitude  of  the  acceleration  is  the 
ratio  of  any  change  in  the  velocity.  Ay,  to  the  time  interval,  A^,  during 
which  the  change  Ay  occurs.  Since  V2  and  Vi  have  the  same  dhection. 
Ay  is  the  algebraic  difference  of  V2  and  Vi  as  well  as  the  vector  difference. 
Hence,  the  magnitude  of  the  acceleration  for  uniformly  accelerated, 
rectilinear  motion  is 

Ay       V2  -  vi  ,.. 

a  =  —  = (1) 

At       t2-  h 

If  the  velocity  of  the  moving  point  in  Fig.  296  does  not  change  uni- 
formly, then  equation  (1)  gives  only  the  average  acceleration  during  the 
period  A^  When  the  acceleration  varies  from  instant  to  instant,  its 
value  at  any  instant  is  the  average  acceleration  during  a  very  small  time 
interval  including  the  instant.  Or,  expressed  mathematically,  the  in- 
stantaneous acceleration  for  rectilinear  motion  is 

.r .    .    Ay       dv  ^.^ 

a  =  Limit  —  =  "T, (^) 

At=o    A<       at 
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In  order  to  find  a  from  the  above  equation,  v  must  be  expressed  in  terms 

ds 
of  t.     Since  v  =  —  ,  the  above  expression  may  also  be  written 

dv 

dv      <Ps 

""di'd? (^' 

The  direction  of  the  acceleration  of  the  particle  is  the  same  as  that 
of  the  change  of  velocity,  Ar,  but  Ay  is  parallel  to  v,  that  is,  along  the 
path.  If  V2  is  smaller  than  Vi,  the  sense  of  Av  is  negative,  that  is,  oppo- 
site to  that  of  V,  and  hence  the  acceleration  then  is  negative.  A  negative 
acceleration  is  sometimes  called  a  deceleration. 

By  dividing  numerator  and  denominator  of  the  right  side  of  equation 
(2)  by  ds,  another  form  of  expressing  a  is  obtained,  namely, 

dv 
a  =  V  — 
ds 

If  a  is  expressed  as  a  function  of  t,  the  change  of  speed  in  any  time 
interval  ^2  —  h  may  be  found  by  integrating  a  with  respect  to  t.  Thus 
from  equation  (2) 

dv  =  a  dt 
Integrating, 

dt 

'h 

That  is, 

adt (4) 

Speed-Time  and  Acceleration-Time  Curves. — It  is  convenient  to  inter- 
pret equations  (2)  and  (4)  graphically.  The  relation  between  v  and  t 
for  the  rectilinear  motion  of  a  point  may  be  shown  graphically  by  plotting 
a  speed-time  (v-t)  curve,  the  coordinates  of  any  point  on  which  represent 
simultaneous  values  of  v  and  t.    The  slope  of  this  curve  at  any  point  is 

dv  dv 

represented  by  —  •     But  a  =  —  ,  and  hence  the  slope  of  the  (v-t)  curve 
dt  dt 

at  any  point  represents  to  some  scale  (depending  on  the  scales  used  in 
plotting  the  curve)  the  acceleration  of  the  moving  point  at  the  corre- 
sponding time.  Thus  if  the  rectilinear  motion  of  a  point  is  represented 
by  the  {v-t)  curve  in  Fig.  297,  the  acceleration  of  the  point  when 

2  X  20 

i  =  15  sec.  (corresponding  to  point  A  on  the  v-t  curve)  is  = 

2ft./sec.2  4X5 


/»2  /^h 

dv  =   I    a  I 
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Similarly,  if  an  acceleration-time  (a-t)  curve  for  the  rectilinear  motion 
of  a  point  is  plotted  as  indicated  in  Fig.  298,  the  area  under  the  curve 
between  the  ordinates  a2  and  ai  represents  to  some  scale  (depending 
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Fig.  297. 


Fig.  298. 


on  the  scales  used  in  plotting  the  curve)  the  change  in  speed  in  the 
corresponding  time  interval  (2  —  ^i  as  is  obvious  from  a  consideration  of 
equation  (4)  and  Fig.  298. 


ILLUSTRATIVE   PROBLEMS 
Problem  440. — In  Prob.  410  find  the  acceleration  of  the  car  whei.  6  =  30°. 

Solution. — The  velocity  of  the  car  corresponding  to  any  value  of  6  was  found  to 
be  12  sec.^  9  and  hence 


a  =  —  =  —  (12  sec' 
dt       dt 

=  2.4  sec^  e  tan  d 


^  24  se* ''  e  tan  6  w 


4         1 
=  2.4  X  -  X  —7=  =  1.85  ft./sec.2  when  6 
3       V  3 


30= 


Problem  441. — Find  by  use  of  equation  (3)  of  Art.  84  the  acceleration  of  the 
crosshead  of  a  steam  engine  in  terms  of  r,  I,  6,  and  w  as  defined  in  Prob.  411. 

Solution. — From  Prob.  411  we  have 


Hence 


t;  =  rw  I  sin  0  +  -  sm  0  cos  6  I 

dv       r 
dt       L 

=  ru)'^  f  cos  0  +  -  cos  20  \  . 


cos  0  +  -  (cos^  9  —  sin-  9) 


1  ^ 
J  dt 


It  may  be  noted  that  when  the  ratio  of  r  to  i  is  small,  the  second  term  in  the  above 
expression  becomes  small,  and  hence  the  acceleration  is  approximatch*  rJ^  cos  9  and 
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therefore  the  motion  of  the  crosshead  is  approximately  a  simple  harmonic  motion 
(Art.  86). 

PROBLEMS 

442.  In  Prob.  412  find  the  acceleration  of  the  point  when  t  =  2  sec. 

443.  A  point  moves  along  a  straight  line  according  to  the  law  a  =  12^^  +  6. 
If  s  =  12  and  v  =  0  when  t  =  0,  what  is  the  value  of  s  when  t  =  2?    Ans.     s  =  40. 

444.  In  Prob.  419  find  the  acceleration  of  B  in  terms  of  r,  d,  and  w.  Find  also 
the  numerical  value  of  a  if  ?•  =  2  ft.,  w  =  4  rad./sec,  and  6  =  60°. 

445.  In  Prob.  420  find  the  linear  acceleration  of  the  block  A  when  9  =  30°, 
assuming  w  to  be  constant  and  equal  to  20  rad./sec.         Ans.     a  =  1067  ft./sec.^ 

446.  In  Fig.  299  are  showTi  the  (v-t)  curves  for  three  different  rectihnear  motions 
of  a  point.  Draw  the  (s-t)  and  (a-t)  curves  for  the  motions  represented  in  each  of 
the  diagrams. 
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447.  At  a  given  point  on  the  (v-t)  curve  shown  in  Fig.  299Cc)  for  the  rectilinear 
motion  of  a  point,  the  tangent  to  the  curve  makes  an  angle  of  30°  with  the  horizontal. 
If  the  scales  used  in  plotting  the  curve  are  1  in.  =  20  ft./ sec.  and  1  in.  =  2  sec, 
what  is  the  acceleration  of  the  point  at  the  corresponding  time? 

Ans.     a  =  5.77  ft./sec.^ 

448.  The  scales  used  in  plotting  an  acceleration-time  curve  are:  1  in.  =  200 
ft. /sec. ^  and  1  in.  =  2  sec.  If  the  area  under  the  curve  between  the  ordinates 
corresponding  to  t  =  1.5  sec.  and  t  —  4:  sec.  is  1.3  sq.  in.,  what  is  the  speed  at  the 
end  of  4  sec.  if  the  speed  at  the  end  of  1.5  sec.  is  20  ft. /sec? 
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Fig.  300. 


449.  Two  railway  stations  are  connected  by  two  straight  parallel  tracks.  Two 
trains  A  and  B  start  from  rest  at  one  station  and  reach  the  second  station  in  150  sec. 
The  speed-time  curve  for  A  is  shown  in  Fig.  300(a)  and  that  for  B  in  Fig.  300(6). 
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Draw  the  acceleration-time  curve  for  each  train,  and  find  the  distance  between  the 
two  stations.     Find  also  the  maximum  speed  of  B. 

Ans.     Distance  =  1.5  mi.;  rmax.  =  64.62  mi./hr. 

450.  A  point  starts  from  rest  and  moves  on  a  straight  line  so  that  its  acceleration 
at  any  instant  is  proportional  to  the  time  after  starting  (a  =  A/),  li  v  =  10  ft. /sec. 
when  t  =  2  sec,  find  the  acceleration  and  velocity  of  the  point  when  t  =  4  sec. 

451.  A  point  starts  at  the  origin  and  moves  along  the  x-axis.  The  initial  velocity 
of  the  point  is  20  ft. /sec.  to  the  left  and  the  acceleration  of  the  point  is  constant 
and  equal  to  10  ft./sec.^  to  the  right.  Find  the  equation  of  the  (s-t)  curve  for  the 
motion.  Am.     s  =  5t^  -  20t. 

452.  A  point  starts  at  the  origin  and  moves  along  the  y-axis  with  constant  accel- 
eration. When  t  =  2  sec.  y  =  —  8  ft.  and  when  t  =  4  sec,  2/  =  16  ft.  Find  (a)  the 
initial  velocity  of  the  point,  (b)  the  acceleration  of  the  point,  (c)  the  linear  displace- 
ment during  the  first  three  seconds,  and  (d)  the  distance  traveled  by  the  point  in 
the  first  three  seconds. 


Fig.  301. 

453.  In  Fig.  301  is  shown  the  speed-displacement  graph  for  the  crosshead,  C,  of 
a  steam  engine.  If  the  scale  of  abscissas  is  1  in.  =  1.75  ft.  and  if  BC  measures 
0.33  in.,  what  is  the  .".cceleration  of  the  crosshead  in  the  position  shown.  How  may 
the  position  of  C  be  found  for  which  C  has  zero  acceleration? 

Ans.    a  =  443  ft./sec^ 

85.  Uniformly  Accelerated  Rectilinear  Motion. — Many  examples  of 
straight-line  motion  with  constant  acceleration  occur  in  engineering 
practice,  such  as  the  motion  of  a  freely  falling  body  or  of  a  train  leaving  a 
station  under  the  action  of  a  constant  draw-bar  pull.  The  relations 
between  the  distance,  time,  velocit}^,  and  acceleration,  for  uniformly 
accelerated  rectilinear  motion,  may  be  deduced  as  follows:  By  definition, 

Av       V  —  u 

a  =  —  = , 

At  t 


or 


V  =  u  -\-  at. 


(1) 


in  which  u  and  v  are  the  initial  and  final  velocities,  respectively,  corre- 
sponding to  the  time  interval  At  or  simply  t.     Equation  (1)  may  also 
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be  obtained  from  the  (v-t)  curve  shown  in  Fig.  302.     The  slope  of  the 
curve  represents  the  acceleration  of  the  moving  point.    Hence  a  = 

V  —  u 
slope  =  — 

Since  the  velocity  increases  or  decreases  uniformly,  the  average 

.    u  -\-  V 


velocity  is  ^^——  and  the  distance,  s,  traveled  in  time  t  is 


u  -\-  V   ^ 
s  =  — z —    t 


k i-t 


u  -^  u  -]-  at 
2 


Fig.  302. 


=  ut-h  hat- . 


(2) 


(3) 


This  equation  also  follows  from  the  fact  that  s  is  represented  by  the 
area  under  the  (v-t)  curve  (Fig.  302).  The  rectangular  part  of  the 
area  is  expressed  by  ut  and  the  triangular  part  by  ^at  .  Hence 
g  ^  ^it^  ia^2  gy  eliminating  t  from  equations  (1)  and  (3),  the  fol- 
lowing equation  is  obtained: 

v^  =  u^  +  2as (4) 

The  motion  of  a  freely  falling  body  is  a  special  case  of  uniformly 
accelerated  rectihnear  motion,  in  which  the  acceleration  is  usuaUy 
denoted  by  g  and  is  approximately  equal  to  32.2  ft./sec.^ 


ILLUSTRATIVE  PROBLEM 

Problem  454.— A  projectile  is  fired  from  a  gun  with  an  initial  velocity  u  making 
an  angle  e  with  the  horizontal  (Fig.  303).  Find  (a)  the  time  of  flight  to  reach  the 
level  from  which  it  started,  (6)  the  range  on 
a  horizontal  plane  through  the  point  of  pro- 
jection, (c)  the  greatest  height  reached,  and 
(d)  the  equation  to  the  path  of  the  projec- 
tile. The  actual  motion  of  a  projectile  is 
influenced  by  a  number  of  conditions  such  as 
rotation  of  the  projectile  due  to  rifling  of 
the  gun  barrel,  wind  velocity,  air  resistance, 
etc.  The  motion  of  the  projectile  under 
ideal  conditions  (in  a  vacuum  and  without 
rotation)  wiU  here  be  considered. 

Solution.— The  motion  of  the  projectile  may  be  assumed  to  be  a  combination  of 
two  simultaneous  motions,  namely,  a  uniform  horizontal  (rectilinear)  motion  ^\nth  a 
constant  velocity  of  u  cos  d  and  a  uniformly  accelerated  vertical  (rectihnear)  motion 


-3H 


Fig.  303. 
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with  a  constant  acceleration  which  is  downward  and  equal  to  g  {ciy  =  —g  —  —32.2 
ft./sec.^).    Let  v  denote  the  velocitj'  after  any  time  t.     Then  we  may  write 


and 


ax  = =0     or     Vx  =  Ux  =  li  cos  6,         (1) 

Qy  =  — =—  g    or     Vy  =  Uy  —  gt  =  ri  sin  9  —  gt (2) 

The  horizontal  displacement,  x,  in  any  time  interval  t  is 

X  =  M  cos  d-t, (3) 

and  the  vertical  displacement,  y,  in  any  time  interval  t  is  the  average  velocity  times 
the  time  interval.     Hence 

y=u  sin  d-t  —  ^  gf (4) 

Time  of  Flight. — Since  y  equals  zero  when  the  projectile  reaches  the  x-axis,  the 
time  of  flight,  tr,  as  foimd  from  equation  (4),  is 

2u  sin  B 

tr  = (5) 

Q 

Range. — The  range,  r,  equals  the  value  of  x  in  equation  (3)  when  t  —  tr.  There- 
fore 

ir  sin  26 
r  = (6) 

g 

Time  to  Reach  Greatest  Height. — When  the  projectile  reaches  its  greatest  height, 
Vy  =  0.  Hence,  the  time,  th,  required  for  the  projectUe  to  reach  its  greatest  height, 
as  found  from  equation  (2),  is 

XI  sin  6  ,_^ 

th  = (7) 

Q 

Greatest  Height. — The  greatest  height,  //,  will  be  given  by  y  in  equation  (4)  when 
t  has  the  value  th.     Hence 

n  =  'l^^ (8) 

2g 

The  equation  of  the  path  of  the  projectile  (called  the  trajectory)  may  be  obtained  by 
eliminating  t  from  equations  (3)  and  (4),  which  gives  the  following  equation: 

y  =  X  tan  6  -  —f :;- (9) 

^  2ir  cos-  d 

Hence  the  trajectory  is  a  portion  of  a  parabola  with  its  axis  vertical. 

PROBLEMS 

455.  Deduce  equations  (1),  (3),  and  (4)  of  Art.  85  by  calculus  methods,  starting 

dv  ds  dv  . 

with  the  equations  a  =  —  ,  v  =  —  ,  and  a  =  v—,  respectively. 
dt  dt  ds 

456.  A  train  is  moving  on  a  straight  track  at  a  speed  of  50  mi./hr.  toward  a 
station  at  which  it  must  stop.  If  the  brakes  can  retard  the  train  at  the  rate  of 
L5  it./sQC.  each  second,  how  far  from  the  station  should  the  brakes  be  applied? 

A  us.     s  =  1795  ft. 
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Fig.  304. 
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457.  A  bullet  leaves  the  muzzle  of  a  gim  with  a  velocity  of  2000  ft./sec.  The 
acceleration  of  the  bullet  while  traveling  in  the  barrel  is  not  constant  but  in  order  to 
obtain  an  approximate  value  of  the  acceleration,  it  will  be  assumed  to  be  constant. 
Find  the  acceleration  of  the  bullet  and  the  time  required  to  travel  the  length  of  the 
barrel  if  the  length  of  the  barrel  is  3  ft. 

458.  The  brakes  are  set  on  a  train  running  at  30  mi./hr.,  when  \  mi.  from  a  sta- 
tion. The  train  slows  down  uniformly,  coming  to  rest  at  the  station.  Find  the 
acceleration,  and  the  time  in  stopping.      Am.     a  =  0.366  ft./sec.-    t  =  120  sec. 

t       459.  If  the  maximum  allowable  speed  of  ^^^^ 

an  elevator  is  800  ft.  min.  and  if  it  acquires 

this  speed  uniformly  in  a  distance  of  12  ft., 

what  acceleration  docs  it  have? 
y      460.  A  train  in  starting  is  uniformly  accel- 
erated and  attains  a  speed  of  60  mi./hr.  in 

5  min.    After  running  for  a  certain  period  of 

time  at  this  speed,  the  brakes  are  applied  and 

it  stops  at  a  uniform  rate  in  4  min.     If  the 

total  distance  traveled  is  10  mi.  find  the  total 

time.  Ans.     t  -  14.5  min. 

461.  If  the  cam  A  (Fig.  304)  moves  to  the 
left,  changing  its  velocity  uniformly  5  in. /sec. 
each  second,  what  is  the  acceleration  of  the 

rod  B  (a)  before  the  pin  comes  in  contact  with  the  cam  and  (b)  while  it  is  in  contact 
with  the  cam? 

462.  The  speed-time  curve  for  the  rectilinear  motion  of  a  point  is  shown  in 
Fig.  305.     Find  (a)  the  acceleration  of  the  point  during  the  period  between  10  sec. 

and  20  sec,  (6)  between  30  sec.  and  60  sec,  and 
(c)  the  distance  traveled  by  the  point  in  70  sec 
Ans.     (a)  a=  0;  (b)  a  =  —  0.5  ft./sec.-; 
(c)  s  =  775  ft. 

463.  A  bullet  is  projected  upward  at  an  angle 
of  60°  with  the  horizontal  with  a  velocity  of 
2000  ft.  sec.     Find  the  range  and  time  of  fhght. 

464.  A   point   starts   from   rest  and   moves 
t,  sec.                              along  a  straight  line  so  that  v  =  2V~s  where  v 

Fig.  305.  is  the  velocity  of  the  point  in  feet  per  second 

and  s  is  the  displacement  of  the  point  in  feet. 
Does  the  point  have  a  uniform  or  non-uniform  acceleration?  Determine  the  dis- 
placement, velocity,  and  acceleration  of  the  point  at  the  end  of  5  sec. 

Ans.     s  =  25h.;  V  =  10  ft./sec;  a  =  2  ft./sec.- 

465.  A  bag  of  sand  is  thrown  out  of  a  balloon  that  is  rising  with  a  velocity  of 
4  ft./sec.  If  the  bag  reaches  the  ground  in  6  sec,  how  high  above  the  ground  was 
the  balloon  when  the  sand  was  thrown  out? 

466.  A  stone  is  dropped  into  a  well  and  the  splash  is  heard  2  sec.  later.  Assuming 
the  velocitv  of  sound  to  be  1100  ft.  sec.  how  far  is  it  to  the  sui-face  of  the  water? 

Ans.     60.6  ft. 

467.  A  shot  is  fired  from  a  gun  on  the  top  of  a  cliff  400  ft.  high,  with  a  velocity 
of  768  ft./sec,  the  angle  of  elevation  of  the  gim  being  30°.  Find  the  range  on  a 
horizontal  plane  through  the  base  of  the  cliff. 
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468.  A  stone  is  projected  from  the  surface  of  the  earth  vertically  upwards  with  a 
velocity  of  100  ft. /sec.  Foiu-  seconds  later  a  second  stone  is  projected  vertically 
upwards  with  a  velocity  of  50  ft./sec.  At  what  distance  above  the  earth  will  the 
two  stones  meet?  Ans.     s  =  37.6  ft. 

469.  A  train  starts  from  a  station  with  a  uniform  acceleration  and  attains  a  speed 
of  40  mi./hr.  in  2  min.  It  runs  for  11  min.  at  this  speed  and  then  reduces  its  speed 
uniformlj^  during  the  next  3  min.  and  stops  at  the  next  station.  Find  the  distance 
between  the  two  stations. 

470.  A  shell  fired  from  a  gim  with  an  initial  velocity  of  1000  ft./sec.  strikes  a 
balloon  that  is  1000  ft.  above  the  earth.  If  the  angle  of  projection  is  45°,  what  is 
the  horizontal  distance  x  of  the  balloon  from  the  gun?     Assiune  g  =  32  ft./sec." 

Ans.     X  =  1035  ft.  or  30,200  ft. 

471.  A  ball  is  thrown  from  a  bridge  at  a  height  of  150  ft.  above  the  water  beneath 
the  bridge.  The  initial  velocity  of  the  ball  is  directed  upward  at  an  angle  of  60°  with 
the  horizontal.  If  the  magnitude  of  the  initial  velocity  is  100  ft./sec.  find  the  time 
required  for  the  baU  to  reach  the  water.    How  far  above  the  bridge  does  the  ball  rise? 

472.  A  ball  is  thrown  upward  at  an  angle  of  45°  with  the  horizontal.  It  strikes 
a  vertical  wall  100  ft.  away  at  a  point  10  ft.  above  the  level  from  which  the  ball  was 
thrown.     What  was  the  initial  speed  of  the  ball?  Ans.     u  =  59.8  ft./sec. 

\ !  86.  Simple  Harmonic  Motion. — If  the  velocity  of  a  point  does  not 
vary  uniforml}',  the  acceleration  is  not  constant,  and  hence  the  equations 
of  Art.  85  do  not  apply.  One  special  case  of  rectilinear  motion  with 
variable  acceleration  is  simple  harmonic  motion.  A  simple  harmonic 
motio7i  is  defined  as  the  motion  of  a  point  in  a  straight  line  such  that  the 
acceleration  of  the  point  is  proportional  to  the  distance,  x,  of  the  point 
from  some  fixed  origin,  0,  in  the  line  and  is  directed  toward  0.  Or, 
expressed  mathematically, 

fl  =  ;^  =  -  ^^ (1) 

where  A;  is  a  constant  and  the  negative  sign  indicates  that  the  sense  of 
the  acceleration  is  opposite  to  that  of  the  displacement  x  (Fig.  306), 

^^    that    is,    a    is   negative   when   x   is 

S "~^^  ^ ^i    positive,    and    positive    when    x    is 

1  [  negative. 

-p      ^^r.  One  example  of  a  simple  harmonic 

motion  is  the  motion  of  a  weight 
attached  to  the  lower  end  of  a  helical  spring  (the  upper  end  being  fixed) 
which  is  allowed  to  vibrate  freely.  The  motion  of  the  crosshcad  of  a 
steam  engine  closely  approximates  a  harmonic  motion  if  the  ratio  of  the 
length  of  the  connecting  rod  to  that  of  the  crank  is  large.  The  motion 
of  an  oscillating  pendulum  also  approximates  closely  a  simple  harmonic 
motion  if  the  arc  through  which  the  pendulum  swings  is  small.  In  fact 
many  of  the  vibrational  motions  so  common  and  important  in  engineer- 
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ing  problems  may  be  assumed  without  serious  error  to  be  simple  har- 
monic motions. 

If  a  point  moves  with  constant 
speed  in  a  circular  path,  the  motion 
of  the  projection  of  the  point  on 
a  diameter  of  the  circle  is  a  simple 
harmonic  motion.  This  statement 
may  be  proved  as  follows:  In  Fig. 
307  let  M  be  a  point  moving  on 
a  circle  of  radius  r  with  constant 
speed  vm,  and  angular  velocity  w. 
If  t  is  the  time  required  for  M  to 
move  from  A  to  its  given  position, 
then 


Fig.  307. 


=  ut,     and     X  =  r  cos  6  =  r  cos  cot. 


(2) 


Hence  the  velocity  of  P,  the  projection  of  M,  is 


and 


dx 
V  =  —  =  —  cor  sin  o)t  =  —  uy,       ....     (3) 
at 


a  =  —5-  =  —  CO  r  cos  co^  =  —  u  X  ....     (4) 


Therefore,  the  motion  of  P  is  harmonic  and  the  constant  k  in  equation  (1) 
is  here  equal  to  00^.  It  should  here  be  noted  that  if  P  were  the  projec- 
tion of  AI  on  the  vertical  diameter,  the  expression  for  the  acceleration  of 
P  would  be  defined  by  the  equation  a  =  —  oP'r  sin  coi  as  in  Fig.  308. 

This  method  of  generating  a  simple  harmonic  motion  is  a  convenient 
one  for  studying  certain  features  of  the  motion.  From  the  definition 
it  follows  that  a  simple  harmonic  motion  is  a  periodic  motion.  It  is 
convenient  to  study  a  periodic  motion  by  means  of  the  displacement- 
time,  velocity-time,  and  acceleration-time  curves. 

For  example,  in  Fig.  308(a)  let  a  simple  harmonic  motion  of  the 
point  B  be  generated  by  the  mechanism  shown.  The  motion  of  B 
is,  of  course,  the  same  as  that  of  the  projection  of  C  on  the  vertical 
diameter.  A  displacement-time  {s-t)  curve  for  the  motion  of  B  is  shown 
in  Fig.  308(6).  The  time  to  complete  one  cycle  of  the  motion  is  called 
the  period  of  the  motion,  and  one  complete  cycle  is  called  an  oscillation. 
In  Fig.  308(6)  the  period  is  denoted  by  T.  The  amplitude  of  the  motion 
is  one-half  of  the  length  of  the  path  and  is  denoted  by  A.  The  frequency 
is  the  number  of  complete  cycles  or  oscillations  per  unit  of  time  and  is 
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denoted  by  /.     It  will  be  observed  that  since  the  motion  of  B  is  the  same 
as  the  motion  of  the  projection  of  C  on  a  vertical  diameter,  we  may  write 


— ,     and    f  =  -r- 


(5) 


in  which  co  is  sometimes  called  the  circular  frequency. 

The  velocity-time  and  acceleration-time  curves  for  the  motion  of  B 
are  shown  in  Fig.  308(c).  It  should  be  noted  that  at  either  end  of  the 
stroke,  v  is  zero  and  a  is  a  maximum  and  that  at  the  center  of  the  stroke  a 


'a— — rco^  sin  coi 
Fig.  308. 


is  zero  and  v  is  a  maximum.  Particular  attention  should  be  called  to 
the  fact  that  when  v  is  equal  to  zero  a  is  a  maximum;   the  student  is 

likely  to  make  the  mistake  of  reasoning  that  (^  =  ~T.  ^^^  hence  when 

V  =  Q,  a  must  also  be  zero.     In  certain  types  of  rectilinear  motion, 

including  simple  harmonic  motion,  the  velocity  may  be  changing  rapidly 

dv 
through  its  zero  value  and  hence  —  may  be  large  when  v  =  0.     Or  to 

state  the  same  idea  in  mathematical  language,  the  fii'st  derivative  of  a 
function  is  not  necessarily  equal  to  zero  when  the  function  is  equal  to 
zero. 

ILLUSTRATIVE   PROBLEM 

Problem  473. — A  body  having  a  weight  W  is  supported  by  a  heHcal  spring  as 
shown  in  Fig.  309.  The  body  is  pulled  down  a  distance  of  4  in.  from  its  equilibrium 
position  OX  and  is  then  released,  allowing  it  to  oscillate  about  the  equilibrium  jwsi- 
tion  with  a  simple  harmonic  motion.     The  weight  of  the  body  and  the  stiffness  of  the 
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spring  are  such  that  the  acceleration  of  body  for  any  value  oi  y  \s  a  =  —  =  —  GO;/. 

Find  the  amplitude  A  and  the  period   T  of  the  motion.     Find 

also   the   maximum    velocity  and  maximum  acceleration  of  thfe         ///////w///. 

body. 

Solution. — The  amplitude  is  obviously  A  =  4  in.     The  value 
of  w  in  equation  (4)  is  -\/(iO  =  7.75  rad./sec.  and  hence 

27r 

T  = =  0.81  sec. 

7.75 

The  maximum  values  of  v  and  a  occur  when  the  values  of  x  and 
y  in  equations  (3)   and   (4)  are  maximum,  that  is,  when  x  and 
y  are  each  equal  to  4  in.     Hence  the  maximiun  values  of  v  and  a     J. 
are  \ 

J'max.  =  4w  =  4  X  7.75  =  31.0  in./sec.  =  2.58  ft./sec. 

omax.  =  4a;2  =  4  X  (7.75)2  =  240  in./sec.2  =  20  ft./sec.2  p^^  ^^ 
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474.  A  point  moves  along  a  straight  line  so  that  its  distance  s  from  a  fixed  point 
in  the  line  is  s  =  b  sin  pt  where  b  and  p  are  constants  and  t  is  the  time.  Find  the 
velocity  and  acceleration  of  the  point  in  terms  of  b,  p,  and  t.  If  6  =  2  ft.  and  p  =  M 
rad./sec,  find  the  velocity  and  acceleration  of  the  point  when  t  =  3  sec. 

Ans.    V  =  bp  cos  pt;  a  =—  bp^  sin  pt;  v  =  0.366  ft./sec;  a  =  —  0.085  ft./sec^ 

475.  If  the  body  in  Prob.  473  is  pulled  down  3  in.  instead  of  4  in.  and  then 
released,  what  will  be  the  period  and  the  frequency  of  the  motion? 

476.  A  point  moves  with  a  simple  harmonic  motion  the  amplitude  of  wliich  is 
10  in.  If  the  period  is  2  sec,  determine  the  maximum  velocity  and  maximum 
acceleration.  Ans.     v  =  2.62  ft./sec;  a  =  8.22  ft./sec^ 

477.  In  Fig.  310  the  body  C  is  raised  by  the  pressure  of  the  roller  A  on  the  cam  B 
as  the  crank  OA  rotates  at  a  constant  angular  velocity  w  of  20  r.p.m.     The  length 

of  OA  is  16  in.     What  is  the  acceleration  of  C  (a)  when  6  =  30°, 
and  (b)  when  9  =  60°? 

478.  The  maximum  velocity  of  a  point  which  has  a  simple 
harmonic  motion  is  10  ft./sec.  and  the  period  is  yi  sec.  Deter- 
mine the  amplitude  of  the  motion  and  the  maxiuium  acceleration. 

Am.     r  =  0.53  ft.;  a  =  ISSft./sec^ 

479.  The  drivers  of  a  ^likado  locomotive  are  60  in.  in  diam- 
eter and  the  length  of  the  crank  is  15  in.  If  the  speed  of  the 
locomotive  is  30  mi./hr.,  determine  the  maximum  velocity  and 
the  maximum  acceleration  of  the  crosshead  and  piston  relative 
to  the  engine  frame,  assuming  that  the  connecting  rod  is  so 
long  that  the  motion  of  the  crosshead  is  harmonic 

480.  A  point  moves  with  a  simple  harmonic  motion  such  that  its  speed  is 
90  in./sec.  when  it  is  4  in.  from  the  center  of  its  path  and  SO  in./sec.  when  it  is  6  in, 
from  the  center.  Determine  the  period  and  the  amplitude  of  the  motion.  Deter- 
mine also  the  maximum  velocity  and  the  maximimi  acceleration  of  the  point. 

Am.     T  =  0.68  sec;  4  =  10.56  in.;  v  =  97.5  in./sec;  a  =  8971n./sec.2 


Fig.  310. 
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87.  Acceleration  in  Curvilinear  Motion.    Tangential  and  Normal 

Components    of    Acceleration. — Let    a    point 

move  with  varying  speed  along  the  curved 

path  shown  in  Fig.  311(a)  and  let  it  be  required 

to  find  the  magnitude  and  direction  of  the 

linear  acceleration  of  the  moving  point,  at  the 

instant  it  is  at  any  point  A  on  the  path,  from 

the  equation 

^ .    .    ^v 
a  =  Limit  — 

At  =Q      M 

Let  the  time  required  for  a  small  displace- 
ment AB  (or  As)  be  denoted  by  A^,  and  let  the 
velocities  at  A  and  B  be  denoted  by  v  and  Vi, 
respectively.  Also  let  the  radius  of  curvature  at  A  be  denoted  by  r  and 
the  angular  displacement  with  respect  to  the  center  of  curvature,  0,  be 
denoted  by  ^^.  Now  if,  in  Fig.  311(6),  O'A'  and  0'3'  be  laid  off  to  rep- 
resent in  direction  and  magnitude  v  and  f  i  respectively,  the  change  in 
velocity.  Aw,  is  represented  by  the  vector  A'B'  (Art.  74).     The  average 

A'B' 
acceleration  during  the  time  interval  M  is  therefore ,  and  the  instan- 
taneous acceleration  at  A  is  the  limit  of  this  ratio  as  M  (and  also  As 
and  A0)  approaches  zero.  If,  in  Fig.  311(6),  O'C  is  laid  off  equal  to 
O'A'  (or  v),  A'B'  may  be  expressed  as  the  vector  sum  of  A'C  and  CB', 
and  hence  the  acceleration  may  be  expressed  as  the  vector  sum  of  two 
component  accelerations  as  follows: 

.    .   A'B'       ,.    .    A'C^CB' 
a  =  Limit =  Limit 

At=0      A^  A«  =  0  A< 

^.    .    A'C       ^.    .    CB' 
=  Lirmt h>  Limit 

At=0      A^  A<iO      Af 

Since  A'C  would  represent  the  change  in  the  velocity  if  the  velocity 
were  constant  in  magnitude  and  changed  only  in  direction,  and  since 
the  length  of  CB'  represents  the  change  in  the  magnitude,  only,  of  the 
velocity,  it  is  evident  that  the  first  of  the  two  components  is  the  accelera- 
tion due  to  a  change  in  the  direction,  only,  of  the  velocity,  and  the  second 
component  is  the  acceleration  due  to  a  change  in  the  magnitude,  only,  of 
the  velocity. 

The  direction  and  magnitude  of  each  of  these  two  component  accel- 
erations defined  by  the  last  two  terms  of  the  above  equation  will  now  be 
found. 
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The  direction  of  the  first  of  the  two  components  is  the  Umiting  direc- 
tion of  A'C  as  At  (and  Ad)  approaches  zero.  As  Ad  approaches  zero,  the 
angle  O'A'C  approaches  90°  and  hence  in  the  limit  A'C  is  perpendicular 
to  O'A'  (or  v),  and  therefore  the  first  term  represents  the  component  of 
acceleration  normal  to  the  path  at  A.  This  component  is  toward  the 
center  of  curvature  and  is  denoted  by  a„.  Similarly,  the  direction  of  the 
second  component  is  the  limiting  direction  of  CB'  as  A^  approaches  0 
and  therefore  is  in  the  direction  of  O'A'  (or  v).  Hence  the  second  term 
represents  the  component  of  acceleration  tangent  to  the  path  at  A  and 
is  denoted  by  a^. 

The  magnitudes  of  a„  and  at  may  be  found  as  follows: 

^ .    .    A'C       ^.    .    2v  sin  hAd 
an  =  Limit =  Limit 

At  =  0      ^i  AiiO  At 

^.    .    Ad         dd 
=  V  Limit  —  =  V  —  =  Vixi, 


A<=0 


A^  dt 


where  w  is  the  angular  velocity  of  the  point  relative  to  the  center  of 
curvature  0.     And  since  v  =  ru,  an  may  also  be  expressed  as  rw^  or  v^/r. 
The  magnitude  of  the  tangential  component  is 

^.    .   CB'      ^.    .   vi  -  V      dv 

at  =  Lumt =  Limit =  —  , 

A<  =  o    A^  At  =  o       At  dt 


ds  drs 

—  ,  at  may  also  be  expressed  as  -r?, 
dt  dt 


and  since  v  =  —  ,  at  may  also  be  expressed  as  -72 


Summarizing;  the  two  following  important  theorems  may  be  stated: 

I.  When  the  velocity,  v,  of  a  particle  changes  in  magnitude,  an  accel- 

.      .  .  ,  .   dv    .       .        .  t 

eration  is  produced  the  value  of  which  is  —  ;  its  du'ection  at  any  instant  is 

dt 

parallel  to  that  of  the  velocity,  that  is,  tangent  to  the  path  at  the  point 

at  which  the  particle  is  located  at  the  instant.     Thus 

dv      d^s 

II.  When  the  velocity,  i',  of  a  particle  changes  in  direction,  an  accel- 
.      .  ,        v^ 

eration  is  produced  the  value  of  which  is  i-w  =  w~r  =  —  ;  its  du-ection,  at 

r 
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any  instant,  is  perpendicular  to  the  velocity,  towards  the  center  of  curva- 
ture of  the  path,  at  the  point  where  the 
particle  is  located  at  the  instant.     Thus 

On  =   V(a 


(o^r 


Fig.  312. 


The  total  acceleration  of  a  point  that 
moves  on  a  curved  path  with  varying  speed 
is  the  resultant,  or  vector  sum,  of  the 
normal  and  tangential  components  of  accel- 
eration as  shown  in  Fig.  312.  The  mag- 
nitude and  dii'ection  of  the  acceleration 
may  be  found  from  the  following  equations: 

a  =  an-^  at  =  Vo^j^  +  a^ 

cit 

tan  4)  =  — 

an 


ILLUSTRATIVE   PROBLEM 

Problem  481. — A  point  P  moves  clockwise  on  a  circular  path  of  radius  2  ft.  The 
angular  velocity  of  the  point  with  respect  to  the  center  of  the  circle  is  proportional 
to  the  square  of  the  time  after  starting,  that  is  co  =  ki'^  where  A;  is  a  constant  and 
03  and  t  are  expressed  in  radians  per  second  and  seconds,  respectively.  If  the  speed 
of  the  point  is  64  ft. /sec.  when  t  =  2  sec,  what  is  the  linear  velocity  and  the  linear 
acceleration  of  P  when  t  =  |  sec.  Assume  P  to  be  at  the  top  of  the  circle  when 
t  =  ^  sec. 

Solution. — The  linear  velocity  is  f  =  rw  =  2co  =  2kt",  and  since  v  =  64  ft./sec. 
when  t  =  2  sec,  we  have 

64  =  2A;  X  4    or    A;  =  8  :.  v  =  16t^ 

Hence  when  t  =  ^  sec, 

vp  =  16X  (1)2  =  4  ft./sec. 

And  the  tangential  and  normal  components  of  the  acceleration  of  P  are 

dv       d         „  V  tt»=16 

'"->'=  7,  -  S  <""'' 

=  32i  =  16  ft./sec^  when  t  =  §  sec. 

v^       42 
{ap)n  =  ~  =  77  =  8  ft./sec.2  when  t  —  5  sec, 
r        2 


ap 


V16-  +  8-  =  17.9  ft./scc.2 


Also  tan  0  =  x B" 


4,  =  26°  34'. 


Fig.  313. 


88.  Angular  Acceleration. — The  angular  acceleration  of  a  line  is  the 
time  rate  of  change  of  the  angular  velocity  of  the  line.     The  angular 
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acceleration  of  a  moving  point  with  respect  to  a  fixed  point  or  pole  Ls 
the  angular  acceleration  of  the  line  joining  the  moving  point  to  the  pole. 
If  the  angular  velocity,  w,  of  the  point  changes  uniformly,  the  angular 
acceleration,  a,  is  expressed  by  the  ratio  of  any  change,  Aw,  in  the 
angular  velocity  to  the  corresponding  time  interval,  A^     Thus 

Aco       C02  —  wi 

'^  ~  aT  ~  t2-h' 

If  the  angular  velocity  of  the  point  does  not  change  uniformly,  the 
acceleration  at  any  instant  is  the  average  acceleration  during  an  indefi- 
nitely small  time  interval  including  the  instant.  Or,  expressed  mathe- 
matically the  instantaneous  angular  acceleration  is 

Aoj       d(j3 
a  =  Limit  —  =  T"  • 
^(^0  ^^        dt 

de 

And  since  w  =  —  ,  the  above  expression  may  also  be  written, 
at 

dt       df 

In  order  to  find  a  from  the  above  equations,  co  and  d  must  be  expressed 
in  terms  of  t.  The  relations  between  d,  t,  co,  and  a  may  be  shown  graphi- 
cally by  diagrams  similar  to  those  used  in  Arts.  84  and  85  for  .s,  t,  v,  and  a. 

The  unit  of  angular  acceleration  is  any  convenient  unit  of  angular 
velocity  per  unit  of  time;  such  as,  degree  per  second  per  second 
(deg./sec.^),  revolution  per  minute  per  second  (rev./min./sec),  radian 
oer  second  per  second  (rad./sec.^),  etc. 

89.  Uniformly  Accelerated  Circular  Motion. — ^Manj-  problems  involv- 
ing the  motion  of  a  point  on  a  circular  path  with  constant  angular 
acceleration  occur  in  engineering  practice.  The  following  relations 
between  the  angular  displacement,  angular  velocity,  angular  accelera- 
tion, and  time  may  be  deduced  in  a  manner  similar  to  that  used  in 
Art.  84: 

a  =  (Ho  +  at (1) 

(On  +  (0 

e  =  ^Y— -^ (2) 

e  =  coo<  +  iai^ (3) 

0)2  =  0)0^  +  2aQ, (4) 

where  coq  and  co  denote  the  initial  and  final  angular  velocities,  respectively, 
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corresponding  to  any  time  interval  t,  and  6  and  a  denote  the  angular 
displacement  and  angular  acceleration,  respectively.  The  derivation  of 
the  above  equations  will  be  left  to  the  student. 

90.  Relation  between  Linear  and  Angular  Accelerations. — The 
relation  between  the  linear  and  angular  accel- 
erations of  a  point  that  moves  on  a  circular 
path  may  be  found  as  follows:  In  Fig.  314 
let  a  point  move  on  the  circular  path  shown, 
0  being  the  center  of  the  path  and  r  the 
radius.  If  the  magnitude  of  the  velocity  of 
the  point  changes  (assumed  to  increase) 
there  is,  at  any  instant  during  the  change,  a 
tangential  acceleration  given  by  the  equation 

^^"       ■  dt  =  ~r-     But  V  =  rw  and  therefore  at  = 

at 

d  doi  .        dw 

—  (rco)  =  r  -—  .  And  since  -—  is  the  angular  acceleration  a  of  the  point 
dt  dt  dt  ^  ^ 

at  the  instant,  we  have 

at  =  roL. 

Therefore  the  tangential  acceleration,  at  any  instant,  of  a  point 
moving  on  a  cii'cular  path  is  equal  to  the  product  of  the  radius  of  the 
circle  and  the  angular  acceleration  of  the  point  about  the  center  of  the 
ckcle  at  the  same  instant. 

If  the  particle  does  not  move  on  a  circular  path,  the  equation  is  also 
true  provided  that  r  is  the  radius  of  curvature  of  the  path  at  the  given 
position  of  the  particle  and  that  a  is  the  angular  acceleration  of  the  par- 
ticle with  reference  to  the  center  of  curvature. 

The  normal  acceleration,  roP',  of  the  particle  (not  shown  in  the  above 
diagram),  unlike  the  tangential  acceleration,  is  independent  of  the 
angular  acceleration.  It  depends  on  the  angular  velocity  at  the  instant, 
and  not  on  the  rate  at  which  the  angular  velocity  is  changing  at  the 
instant. 

PROBLEMS   FOR  ARTICLES   86   TO   89 

482.  A  particle  moves  on  a  circular  path  according  to  the  law  0  =  3/-  +  2/  whore 
6  and  I  are  measured  in  radians  and  seconds,  respectively.  What  is  the  angular 
velocity  and  the  angular  acceleration  of  the  particle  at  the  end  of  4  sec? 

483.  A  point  moves  on  a  circle  according  to  the  law  s  =  fi  -\-  2t^,  s  and  I  being 
measiu-ed  in  feet  and  seconds,  respectively.  If  the  acceleration  of  the  point  is 
16  -\/2  ft./sec.^  when  t  =  2  sec,  what  is  the  radius  of  the  circle?     Ans.     r  =  25  ft. 

484.  Derive  equations  (1)  and  (3)  of  Art.  89  by  calculus  methods,  starting  with 

doi  de 

the  equations  a  =  —  and  w  =  —  • 
at  ai 
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485.  A  bell-crank  operated  by  a  cam  (see  Fig.  295)  rotates  so  that  its  angular 
acceleration  a  follows  the  law  a  =  4i^  +  6.  If  its  initial  angular  velocity  is 
2  rad./sec,  what  is  the  angular  velocity  of  the  bell-crank  at  the  end  of  0.5  sec? 

Ana.     w  =  5.17  rad./sec. 

486.  A  rod  3  ft.  long  is  rotated  in  a  horizontal  plane  about  a  vertical  axis  through 
one  end  of  the  rod  so  that  the  angular  velocity  increases  uniformly  from  10  to  40 
r.p.m.  in  3  sec.     Find  the  tangential  acceleration  of  the  mid-point  of  the  rod. 

487.  A  quarter-mile  track  is  made  up  of  two  straight  parallel  sides  connected  at 
the  ends  by  two  semi-circles,  each  having  a  radius  of  100  ft.  A  boy  runs  the  quarter 
mile  in  50  sec.  at  uniform  speed.  AATiat  is  the  acceleration  of  the  boy  (a)  when  on 
the  straight  track  and  (b)  when  on  the  curved  portion? 

Am.     a  =  0;  a  =  6.97  ft./sec.^ 

488.  A  flywheel  8  ft.  in  diameter  turns  so  that  its  angular  velocity  changes  uni- 
formly from  100  r.p.m.  to  40  r.p.m.  during  a  period  of  4  sec.  Find  the  tangential 
acceleration  of  a  point  on  the  rim  during  the  4-sec.  period.  Find  the  total  accelera- 
tion of  a  point  on  the  rim  at  the  end  of  the  period. 

489.  Two  pulleys  are  connected  so  that  they  tiu-n  together  about  the  center  0 
(Fig.  315),  causing  the  weight  A  to  unwind  and  the  weight  B  to  wind  up.  If  the 
angular  velocity  of  the  points  .1/  and  P  change  uniformly  from  10  r.p.m.  to  60  r.p.m. 
during  a  period  of  2  sec,  find:  (a)  the  tangential  acceleration  of  each  of  the  two 
points  at  any  instant  during  the  2  sec;  (6)  the  acceleration  of  A  and  of  B;  (c)  the 
total  acceleration  of  M  at  the  beginning,  and  of  P  at  the  end,  of  the  2-sec.  period. 
Assume  that  M  at  the  beginning  of  the  2-sec.  period  and  P  at  the  end  of  the  period 
are  in  the  positions  shown. 

Am.     (aM)t  =  aA  =  1.96  ft./sec.^;  (ap)^  =  as  =  2.62  ft./sec^; 
an  =  2.12  ft./sec.^;  ap  =  39.5  ft./sec^ 

490.  As  the  drum  (Fig.  316)  turns,  the  weight  A  is  woimd  up  with  decreasing 
speed.     If  its  speed  decreases  20  ft./sec  each  second,  what  is  the  angular  acceleration 


Fig.  315. 


Fig.  316. 


Fig.  317. 


of  a  point  on  the  rim  of  the  drum?     What  is  the  tangential  component  of  the  accel- 
eration of  a  point  on  the  rim? 

491.  If  at  a  certain  instant  the  velocity  of  ^  in  Fig.  317  is  4  in. /sec.  and  is  chang- 
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ing  uniformly  at  the  rate  of  5  in. /sec.-,  find  the  Hnear  acceleration  of  C,  the  angular 
acceleration  of  the  drum  D,  and  the  linear  acceleration  of  E. 

Ans.     ac  =  2.5  in. /sec. ^;  a  =  0.208  rad./sec.-;  as  =  0.104  ft. /sec. ^ 

492.  A  train,  while  traveling  on  a  curve  of  J^-mi.  radius,  changes  its  speed 
uniformly  from  20  mi./hr.  to  30  mi./hr.  in  20  sec.  What  is  the  total  acceleration 
of  the  train  at  the  beginning  and  at  the  end  of  the  20-sec.  period? 

493.  What  is  the  angular  acceleration,  with  respect  to  the  center  of  the  curve,  of 
the  train  having  the  motion  described  in  Prob.  492?   Ans.     a  =  0.000555  rad./sec.^ 

494.  A  point  moves  on  a  circular  path  having  a  radius  of  2  ft.  If  its  speed  changes 
uniformly  from  100  ft./min.  to  240  ft./min.  during  a  period  of  3  sec,  what  are  the 
tangential  and  normal  accelerations  (a)  at  the  beginning  of  the  period,  (6)  at  the  end 
of  the  period? 

495.  If  in  Fig.  288  the  angular  velocity  of  the  crank  OA  is  6  rad./sec.  and  the 
angular  acceleration  is  9  rad./sec.^,  what  is  the  angular  acceleration  of  CD?  Find 
also  the  tangential  and  normal  components  of  the  linear  acceleration  of  the  point  D. 
Assume  the  length  of  OA  to  be  6  in. 

Ans.    acD  =  1.5  rad./sec.^;  at  =  7.5  ft./sec.^;  an  =  5  ft./sec.^ 

496.  A  point  starts  from  rest  and  moves  on  a  circle  whose  radius  is  400  ft.  in 
such  a  way  that  the  rate  of  change  of  speed  at  any  instant  is  proportional  to  the 
time  after  starting.  If  t^  =  18  ft./sec.  when  t  =  3  sec,  find  the  magnitude  of  the 
velocity  and  of  the  acceleration  at  the  end  of  8  sec. 

497.  A  point  moves  on  a  circle  with  a  constant  angular  acceleration,  with  respect 
to  the  center,  of  2  rad./sec^  At  a  certain  instant  the  angular  velocity  is  30  r.p.m. 
Find  the  angular  velocity  of  the  point  after  it  has  made  50  revolutions. 

Ans.    w  =  340  r.p.m. 

498.  The  total  acceleration  of  a  point  on  the  rim  of  a  pulley,  at  a  given  instant, 
is  40  ft./sec^  in  a  direction  making  an  angle  of  20°  with  the  radius  to  the  point. 
If  the  radius  of  the  pulley  is  18  in.  what  are  the  angular  velocity  and  the  angular 
acceleration  of  the  point  at  the  given  instant? 

499.  A  wheel  starting  from  rest  turns  so  that  its  angular  velocity  is  increased 
uniformly  to  200  r.p.m.  in  6  sec.  After  it  has  turned  for  a  certain  period  of  time  at 
this  speed  a  brake  is  applied  and  the  wheel  stops  at  a  imiform  rate  in  5  sec.  If  the 
total  number  of  revolutions  is  3100,  find  the  total  time.  Ans.     /  =  15.6  min. 

500.  A  point  starts  from  rest  and  moves  on  a  circle  whose  radius  is  64  ft.  with  a 
constant  angular  acceleration  with  respect  to  the  center  of  the  circle.  When  it  has 
moved  along  the  circle  32  ft.  from  its  initial  position  the  speed  is  32  ft./sec.  Find 
the  magnitude  of  the  linear  acceleration  of  the  point  in  this  position. 

501.  A  flywheel  having  a  radius  of  4  ft.  rotates  with  constant  angular  acceleration 
through  2  radians  in  a  time  interval  of  %  sec.  If  the  angular  velocity  at  the  end 
of  the  interval  is  twice  that  at  the  beginning,  find  the  linear  acceleration  of  a  point 
on  the  rim  at  the  beginning  of  the  interval.  Ans.     a  =  20  ft./sec." 

502.  A  point  P  moves  along  a  certain  curve  according  to  the  law  s  =  3/-  +  2. 
At  the  end  of  2  sec,  P  is  at  a  point  on  the  curve  for  which  the  radius  of  curvature  is 
27  ft.     Find  the  magnitude  of  the  linear  acceleration  of  P  at  that  instant. 

91.  Axial  Components  of  Acceleration. — In  Art.  87  the  acceleration 
of  a  point  was  determined  as  the  vector  sum  of  the  components  of 
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acceleration  tangent  and  normal,  respectively,  to  the  path  of  the  point. 
It  is  sometimes  more  convenient,  however,  to  determine  the  accelera- 
tion of  a  point  as  the  vector  sum  of  the  components  of  acceleration, 
ttx  and  Qy,  parallel  to  the  coordinate  axes. 

Since  the  component,  in  a  given  direction,  of  the  acceleration  of  a 
point  is  the  rate  of  change  of  the  component  of  the  velocity  of  the  point 
in  the  given  direction  the  axial  components  of  acceleration  (Fig.  318)  are 


flx    = 


dVx 
'dt 


and     a„  =  — 
"       dt 


And  since  Vx 
we  have 

d^ 
df 


a^.  = 


dx 
-and.„ 


and 


^  dy 
dt 

df' 


Fig.  318. 

In  order  to  determine  the  axial 

components  from  the  above  equations  Vx  (or  x)  and  Vy  (or  y)  must  be 
expressed  in  terms  of  t,  unless  Vx  and  Vy  change  uniformly,  in  which  case 


ttx    = 


AVx 
At 


V"x  -  V 
to   -   t. 


and     Qu  = 


AVy 

At 


V    y-  V 
to  -  t. 


where  v'  and  v"  are  the  velocities  at  the  beginning  and  end  of  the  time 
interval  A^(=  ^2  —  ^i)- 

It  is  important  to  note  that,  although  the  component  of  velocity  in  a 
given  dii'ection  may  be  zero,  it  does  not  necessarily  follow  that  the  com- 
ponent of  acceleration  of  the  point  in  that  dii'ection  is  zero.  For  exam- 
ple, a  ball  thrown  horizontally  from  a  window  has  no  vertical  velocity 
just  as  it  leaves  the  window,  that  is,  Vy  =  0,  but  the  ball  has  an  accelera- 
tion, the  vertical  component  of  which  is  aj,  =  32.2  ft./sec.^  In  other 
words,  Vy  is  changing  through  its  zero  value  at  the  rate  of  32.2  ft./sec.^ 
Likewise,  the  velocity  of  the  crosshead  of  a  steam  engine  is  zero  at  the 

dv 
end  of  the  stroke,  but  its  acceleration,  —  ,  has  a  large  value  as  the 

dt 

velocity  changes  through  its  zero  value;    also  a  point  moving  on  a 

circular  path  has  no  velocity  component  normal  to  the  path,  but  there 

is  a  normal  acceleration  the  magnitude  of  which,  as  shown  in  Art.  87 


and  also  in  the  following  illustrative  problem,  is  —  • 

r 
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ILLUSTRATIVE  PROBLEM 

Problem  503. — A  point  moves  with  constant  speed  on  a  circle  of  radius  r  as 
indicated  in  Fig.  319.  Let  the  directions  parallel  and 
perpendicular  to  the  velocity  w  at  B  be  denoted  by  x 
and  y,  respectively.  Derive  expressions  for  Oi  and 
ay,  the  rates  of  change  in  the  x-  and  y-directions  of 


/     CO  I        /  ^2/     N?'     the  velocity,  as  the  point  moves  from  A  to  C.     From 
P^"    p*^  /  \    these  expressions  find  the  accelerations  in  the  x-  and 

y-directions  when  the  point  is  at  B. 

Solution. — When  the  moving  point  is  at  A,  the 
Fig.  319.  components  of  its  velocity  in  the  x-  and  y-directions 

are  Vx  =  v  sin  d  and  Vy  =  —  v  cos  9.     Hence  the  x-  and 
y-components  of  acceleration  of  the  point  are 

dvx       d  dd 

ax  =  —  =  —  {v  sin  d)  =  v  cos  6  —  =  vu  cos  0 
dt        dt  dt 

dvy       d  -  dd 

ay  =  —  =  —  (  —  V  cos  6)  =  V  sin  d  —  =  vw  sin  8. 
^       dt        dl         '  dt 

Now  when  the  point  is  at  B,  cos  0  =  0  and  sin  6  =  \,  and  hence 

2 

Ci  =  0     and     ay  =  vu  =  rco^  =  —  • 

r 

PROBLEMS 

604.  A  ball  is  thrown  from  a  room  through  an  open  window.  As  the  ball  passes 
over  the  window  sill  its  velocity  is  40  ft. /sec.  in  a  horizontal  direction.  What  is  the 
radius  of  curvature  of  the  path  of  the  ball  at  this  point?  Ans.     r  =  49.7  ft. 

505.  Find  the  magnitude  and  direction  of  the  acceleration  of  the  point  whose 
motion  is  described  in  Prob.  439  when  t  =  ^  sec. 

x^  o 

506.  A  point  moves  along  the  curve  y  =  —  according  to  the  law  x  =  t-,  x  and  y 

being  expressed  in  ft.  and  t  in  sec.     Find  the  magnitude  and  direction  of  the  accelera- 
tion of  the  point  when  t  =  2  sec.  Ans.     a  =  2.83  ft./sec.^;  dx  =  45°. 

507.  A  point  starts  from  rest  and  moves  in  the  a-y-plane  in  such  a  wa}^  that  the 
x-component  of  its  acceleration  is  proportional  to  the  time  after  starting,  and  the 
?/-component  of  its  acceleration  is  constant  and  equal  to  3  ft./sec.^  If  the  linear 
acceleration  of  the  point  is  5  ft./sec'  when  t  =  4  sec,  find  the  linear  velocity  when 
t  =  6  sec. 

508.  A  particle  starts  from  the  point  x  =  0,  y  =  3  and  moves  in  the  a;/-plane 
according  to  the  law  Vx  —  4:  cos  t,  Vy  =  —  3  sin  t.     Find  the  equation  to  the  path  of 

IT 

the  particle  and  determine  the  acceleration  when  t  =  -• 

4 

Ans.    —  +  —  =  1;  u  =  3.53  ft./sec.^ 
16      9 

609.  A  part  iclc  moves  on  the  path  xy  =  4  according  to  the  law  x  =  2<'.  (o)  Find 
the  X-  and   v/-components   of   the   velocity   and   of   the   acceleration   when   t  =  2. 
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(b)  Determine  the  total  acceleration  by  combining  the  components  graphically. 

(c)  Find  the  tangential  and  normal  components  graphically  by  resolving  the  total 
acceleration  in  the  tangential  and  normal  directions. 

92.  Relative  Motion.— In  the  preceding  articles,  the  motion  of  a 
particle  is  defined  or  described  with  reference  to  a  point  or  a  set  of  axes 
assumed  to  be  fixed.  All  points  and  bodies,  however,  are  in  motion, 
but  in  most  practical  problems  it  is  convenient  to  consider  the  earth  to 
be  fixed.  Therefore  a  set  of  axes  passing  through  anj-  point  on  the  earth 
will  be  regarded  as  a  fixed  reference  frame.  The  motion  of  a  particle 
described  with  reference  to  a  point  on  the  earth  is  called  its  absolute 
motion.  The  motion  of  a  particle  described  with  reference  to  a  point 
that  is  moving  with  respect  to  the  earth  is  called  its  relative  motion.  It 
will  be  observed  that  the  absolute  motion  of  a  particle  is  its  relative 
motion  with  respect  to  the  earth. 

In  considering  the  motion  of  two  moving  particles,  the  motion 
of  one  particle  relative  to  the  other  particle  is  often  required.  The 
relation  between  the  absolute  and  relative  motions  of  two  particles  A  and 
B  (assumed,  for  convenience,  to  be  moving  in  a  plane)  may  be  expressed 
b}^  an  important  theorem  which  may  be  stated  in  two  forms  as  follows : 

I.  The  absolute  displacement,  velocity,  or  acceleration  of  A  is  the 
geometric  or  vector  sian  of  the  relative  displacement,  velocity,  or  acceleration, 
respectively,  of  A  with  respect  to  B  and  the  absolute  displacement,  velocity,  or 
acceleration,  respectively,  of  B. 

II.  The  relative  displacement,  velocity,  or  acceleration  of  A  with  respect 
to  B  is  the  vector  difference  of  the  absolute  displacement,  velocity,  or  accelera- 
tion, respectively,  of  A  and  the  absolute  displacement,  velocity,  or  accelera- 
tion, respectively,  of  B. 

This  theorem  may  be  expressed  in  the  form  of  equations  as  follows : 

sa  =  Sa  +>  sb     or    sa  =  sa^  sb. 

B  B 

va  -  Va  -f>  vb     or    va  =  va—^  vb. 

B  B 

O'A  =  «A  ^^  0£     or     a  A  =  Oa^  aB- 

B  B 

where  sa  denotes  the  absolute  displacement  of  ^1,  sb  denotes  the  abso- 
lute displacement  of  B,  and  Sa  denotes  the  relative  displacement  of  A 

B 

with  respect  to  B,  and  similarly  for  velocities  and  accelerations. 

Relative  Di^lacement. — As  applying  to  displacements,  the  above 
theorem  is  neai'ly  self-evident.     To  illustrate,  let  A  and  B  be  two  par- 
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tides  which  have  the  same  initial  position  as  shown  in  Fig.  320.  Let  the 
point  A  be  given  a  displacement  sa  =  AAi,  and  the  point  B  a  displace- 
ment SB  =  BBi.  The  displacement  of  A  relative  to  B,  then,  is  repre- 
sented in  direction  and  magnitude  by  the  vector  BiAi,  and  it  is  evident 

*^^*  Sa  =  Sa-^  SB    or    Sa  =  Sa-^  SB (1) 


Fig.  320. 


Fig.  321. 


If  the  points  A  and  B  do  not  have  the  same  initial  position,  the 
reasoning  is  changed  but  Uttle,  the  final  conclusion  being  the  same  as 
stated  above  as  will  be  evident  from  a  study  of  the  diagram  in  Fig.  321. 

ILLUSTRATIVE  PROBLEM 
Problem  510. — The  current  in  a  river  with  parallel  sides  is  4  mi./hr.     A  motor 
boat  starting  from  one  side  keeps  headed  perpendicular  to  the  sides  and  moves  at 
a  rate  (relative  to  the  water)  of  6  mi./hr.     If  the  river  is  1  mi.  wide,  what  is  the  abso- 
lute displacement  of  the  boat  after  reaching 
the  other  side? 

Solution— Let  B  (Fig.  322)  represent 
the  boat  and  W  the  water  that  is  in  contact 
with  the  boat  when  the  boat  starts.     Then 

SB  =  STT  +>  Sg  . 


Bi 

/     1 

I 

Sy/ 

Sb 

w 

bA     s^ 

Fig.  322. 


The  displacement  of  the  water  while  the 
boat  is  moving  across  is 

sw  =  irTI'i  =  f  mi. 


After  the  boat  has  reached  the  other  side  its  displacement  relative  to  the  water 
(now  at  Wi)  is 


8„   =  WiBi  =  1  mi. 


Therefore 
and 


w 


35  =  1  4>  I  =  V(l)2  +  (I)-  =  1.2  mi. 


tan  0  = 


TT        3 


«  =  56°  20'. 
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Relative  Velocity.— The  above  theorem,  as  applying  to  the  velocities 
of  two  moving  particles,  may  be  proved  by  making  use  of  an  important 
principle  of  kinematics,  namely,  that  the  relative  motion  of  two  par- 
ticles is  not  affected  by  any  motion  that  they  have  in  common.  If,  then, 
equal  velocities  are  imposed  on  the  motions  of  two  particles,  the  relative 
velocity  of  one  v/ith  respect  to  the  other  will  not  be  changed.  Further, 
if  the  velocities  imposed  cause  the 
velocity  of  one  particle  to  become  zero, 
the  resulting  velocity  of  the  other  par- 
ticle is  then  by  definition  its  velocity 
relative  to  the  one.  It  may  be  noted 
that  the  relative  velocity  of  one  pomt 
with  respect  to  another  point  is  the 
velocity  that  the  first  point  would  appear 
to  have  to  an  observer  moving  with 
the  second  point.  yio.  323. 

Let  A  and  B  (Fig.  323)  be  any  two 
moving  particles  (assumed  to  move  in  a  plane),  let  the  absolute  velocity, 
VA,  of  A  be  represented  by  AAr,  and  let  BB,  represent  the  absolute 
velocity  VB  of  B.  Let  a  velocity  equal  to  vb  but  reversed  m  dn-ection 
be  given  to' each  point.  The  velocity  of  the  pomt  B  will  then  be  zero 
and  hence  the  resulting  velocity  of  the  point  A  is  the  velocity  of  A 
relative  to  B.    Hence  it  is  evident  from  the  diagram  that 

....     (2) 


B 


or 


Va 

B 


Va-^Vb 


Fig.  324. 


The  above  method  could  also  be  used 
in  finding  the  relation  between  the  absolute 
and  relative  displacements  of  tw^o  par- 
ticles, as  expressed  in  equation  (1). 

ILLUSTRATIVE   PROBLEM 

Problem  511. — In  the  shaper  mechanism  shown 
in  Fig.  324,  let  A  be  the  sUding  block  and  let  B  be 
the  point  on  the  rocker  arm  OiBM  which  is  coin- 
cident with  A  at  the  instant.  The  distance  OOi  is 
20  in.  and  d  is  30°.  If  w  =  20  r.p.m.  and  r  =  |  ft., 
find  I'B,  the  absolute  velocity  of  B,  and  v^,  the 
relative  velocity  of  A  with  respect  to  B.       b 

Solution.— Since  the  block  A  moves  on  a  cir- 
cular arc  at  constant  speed,  its  velocity  is  given  in 
magnitude  by  the  equation 

20  V  ''tt        1 
VA  =  o:r  =  — — ^  X  -  =  1.05  ft./sec. 
60  - 
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and  its  direction  is  perpendicular  to  r,  as  shown  in  Fig.  324.  The  direction  of  the 
absolute  velocity  of  B  is  perpendicular  to  OiBM  and  its  magnitude  is  unknown. 
Likewise,  the  direction  of  the  velocity  of  A  relative  to  B  is  known  since  it  is 
along    (parallel  to)  the  rocker  arm.     By  applying  the  equation 

f ^  =  i'a  +>  VB, 
B 

the  magnitudes  of  v^  and  vb  are  determined  by  the  intersection  of  the  lines  that 

B 

represent  their  directions.  By  scaling  off  the  magnitudes,  the  following  values  are 
found : 

v^  =  0.70  ft./sec.     and     vb  =  0.79  ft./sec. 

B 

In  the  illustrative  Prob.  431  the  method  of  solving  this  problem  by  use  of  radial 
and  transverse  components  of  velocity  is  given. 


PROBLEMS 

512.  Two  trains  A  and  B  travel  on  parallel  straight  tracks.  The  speed  of  A  is 
40  mi./hr.  and  that  of  B  is  50  mi./hr.  in  the  same  direction.  What  is  the  velocity 
of  A  relative  to  B?     Of  B  relative  to  A? 


Ans.     V.  =  —  10  mi./hr.;  r. 


10  mi./hr. 


513.  A  train  A  travels  with  a  velocity  va  =  40  mi./hr.  and  another  train  B 
travels  with  a  velocity  vb  =  50  mi./hr.  in  the  directions  shown  in  Fig.  325.  "\Miat 
are  the  magnitude  and  the  direction  of  the  relative  velocity  of  B  with  respect  to  A? 


Fig.  325. 


Fig.  326. 


514.  In  Fig.  326,  let  ^  be  a  block  which  revolves  about  0  at  a  constant  angular 
velocity  w  =  30  r.p.m.  and  let  B  be  the  point  on  the  arm  OiBM  coincident  with  A 
at  the  instant.  If  r  =  0^  =  9  in.,  OOi  =  3  in.,  and  d  =  45°,  find  the  absolute 
velocity  of  B.  -^ns.     vb  =  2.27  ft./sec. 

516.  A  point  A  moves  along  the  parabola  i/  =■-  9x  according  to  the  law  x  =  t-, 
X  and  y  being  expressed  in  ft.,  and  t  in  sec.  At  the  same  time  a  point  B  moves  to 
the  right  along  the  x-axis  with  a  constant  velocity  of  8  ft. /sec.  Find  the  velocity  of 
A  relative  to  B  when  t  =  2  sec. 
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516.  A  car  A  is  moving  north  on  a  straight  road  at  a  speed  of  GO  mi./hr.  and  at 
the  same  time  another  car  B  is  moving  southeast  on  a  straight  road  at  a  speed  of 
30  mi./hr.    Find  the  velocity  of  B  relative  to  A. 

Am.     Vq  =  84.0  mi./hr.;   0^^  =  284°  38'. 
1 

517.  If,  in  Fig.  288,  w  =  120  r.p.m.  and  OA  =  0.5  ft.,  what  is  the  velocity  of  D 
relative  to  A? 

518.  Solve  Prob.  420  by  use  of  the  principle  of  relative  motion.  See  solution  of 
Prob.  511. 

519.  A  point  P  moves  on  a  circle  with  constant  speed.  A  and  B  are  the  pro- 
jections of  P  on  any  two  perpendicular  diameters  of  the  circle.  Prove  that  for  all 
positions  of  P  the  magnitude  of  the  velocity  of  A  relative  to  B  is  constant  and  equal 
to  the  speed  of  P. 


Relative  Acceleration. — In  order  to  prove  the  above  theorem  as  it 
relates  to  accelerations,  it  will  be  assumed  that  the  relative  accelera- 
tion of  two  particles  is  not  changed  if  equal  additional  velocities  and 
accelerations  be  given  the  two  particles.  This  is  similar  to  the  as.sump- 
tion  made  in  the  discussion  of  relative  velocities.  Consider,  then,  two 
particles  A  and  B  which  move  along  paths  as  indicated  in  Fig.  327. 
Assume  that  a  velocity  equal  and  opposite  to  the  velocity  of  B{  —  vb) 
is  imposed  on  each  particle  (not  shown  at  ^  in  Fig.  327).  Assume  also 
that  accelerations  equal  to  the 
acceleration  of  B  but  of  oppo- 
site sense  are  imposed  on  the 
two  particles.  This  will  not 
change  the  relative  motion  of  A 
with  respect  to  B.  Imposing 
a  velocity  of  —vb  and  an 
acceleration  of  —as  on  the 
particle  B  will  make  its  position 
fixed.  Now  smce,  by  definition, 
the  acceleration  of  A  relative  to 
B  is  the  acceleration  that  A 
would  have  if  B  were  fixed,  it 
follows  that  the  resulting  accel- 
eration of  A  after  imposing  the  Fig.  327. 
acceleration  —as  on  A  is  the 
acceleration  of  A  relative  to  B.    Hence,  as  indicated  in  Fig.  327, 


B  B 


(3) 


which  are  in  accordance  with  the  principle  stated  at  the  beginning  of  this 
article. 
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ILLUSTRATIVE  PROBLEM 

Problem  520. — Two  friction  disks  (Fig.  328)  rotate  with  constant  angular 
velocities.  Let  A  and  B  be  points  on  the  circumferences  of  the  large  and  small  disks, 
respectively.  If  wi  =  40  r.p.m.,  ri  =  9  in.,  and  r2  =  3  in.,  find  the  magnitude  and 
the  direction  of  the  acceleration  of  A  relative  to  B. 

a.  =  13.2 


Solution. — 


wiri       40  X  9 
win  =  W2''2-     •'•  W2  =  ■ —  =  — - —  =  120  r.p.m., 
r2  3 


dA 


OB 


/sec.  , 


/40  X   27rV       9        ^^^^ 

/120  X  27r\2        3         „^  ,  ,     , 
=  cci'ri  =  ( j  X  —  =  39.5  ft./sec 


Therefore 


and 


a.  =  GA  ^  as 


=  V(13.2)"  +  (39.5)2  =  415  ft./sec.2, 


tan  «^  =  —  =  — -  =  0.33.        .-.  <p  =  18°  25'. 
^      UB       39.5 


PROBLEMS 

621.  What  is  the  relative  acceleration  of  vli  (Fig.  328)  with  respect  to  B,  the  data 
being  the  same  as  in  the  preceding  problem?  Am.    a^    =  52.6  ft./sec.^ 

"b 

622.  Two  trains  A  and  B  travel  in  the  same  direction  on  parallel  tracks;  A 
increases  its  speed  uniformly  10  mi./hr./min.  and  B  decreases  its  speed  imiformly 
5  mi./hr./min.     What  is  the  relative  acceleration  of  A  with  respect  to  B? 

523.  An  automobile,  A,  is  traveling  on  a  straight  road,  increasing  its  speed  at  the 
rate  of  300  ft./min./scc.  when  in  the  position  shown  (Fig.  329).  At  the  same  time 
another  automobile,  B,  is  traveling  in  a  circular  path  increasing  its  speed  at  the  rate 
of  5  ft./sec-     Its  speed  when  in  the  position  shown  is  vb  =  12  mi./hr.,  and  the 
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radius  of  the  circular  path  is  40  ft.      What  is  the  relative  acceleration  of  A  with 
respect  to  B?  Ans.     a^  =  12.3  ft./sec.^;  d^  =  41°  41'. 

B 


A  "a 

Fig.  329.  Fig.  330. 

524.  A  point  P  (Fig.  330)  moves  on  a  circle  of  2-ft.  radius  with  a  constant  speed 
of  4  ft./sec.  Another  point  A  moves  at  the  same  time  on  the  horizontal  diameter 
from  M  toward  N  with  a  constant  acceleration  of  10  ft./sec.^  towards  N.  Find  the 
acceleration  of  P  relative  to  A  (a)  when  P  is  in  the  position  shown,  (6)  when  P  is 
in  position  P'. 

525.  In  Fig.  317  assume  the  velocity  of  C  to  be  2  ft./sec.  upward  and  the  accelers/- 
tion  to  be  2  ft./sec.^  upward.    Find  the  acceleration  of  A  relative  to  E. 

Ans.     a^  =  3.61  ft./sec.^;  e^  =  16°  5'. 

E 

526.  In  Fig.  325  assume  that  va  is  increasing  uniformly  at  the  rate  of  4  ft./sec.^ 
and  that  vb  is  decreasing  uniformly  at  the  rate  of  2  ft./sec.^  Find  the  acceleration 
of  B  relative  to  A. 

527.  Two  points  A  and  B  move  counter-clockwise  with  constant  speeds  on  a 
circle  of  radius  2  ft.  that  lies  in  a  vertical  plane.  At  a  given  instant  A  is  at  the 
right  end  of  the  horizontal  diameter  and  B  is  at  the  upper  end  of  a  vertical  diameter. 
If  the  speed  of  yl  is  4  ft./sec.  and  the  acceleration  of  A  relative  to  B  is  10  ft./sec.^, 
what  is  the  speed  of  B?  Ans.     vb  =  3.46  ft./sec. 

528.  A  point  P  moves  on  a  circular  path  of  radius  r.  The  angular  velocity  of  P 
relative  to  the  center  of  the  circle  is  constant.  Points  A  and  B  are  the  projections 
of  P  on  the  horizontal  and  vertical  diameters,  respectively,  of  the  circle.  Show  that 
for  all  positions  of  P  the  magnitude  of  the  acceleration  of  A  relative  to  B  is  constant 
and  equal  to  the  magnitude  of  the  acceleration  of  P. 

529.  A  particle  P  moves  along  the  curve  y  =  —  according  to  the  law  x  =  f^, 
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X  and  y  being  measured  in  feet  and  t  in  seconds.  The  projections  of  P  on  the  x- 
and  y-axes  are  A  and  B,  respectively.  Find  the  magnitude  and  direction  of  the 
acceleration  of  A  relative  to  B  when  t  =  2  sec. 


CHAPTER    VII 
MOTION   OF  RIGID   BODIES 

93.  Introduction. — In  the  preceding  chapter  the  motion  of  a  point 
or  particle  and  the  relation  between  the  motions  of  two  particles  have 
been  considered.  In  engineering  problems  in  general,  however,  the 
motion  of  bodies,  not  particles,  must  be  considered.  In  some  prob- 
lems, the  dimensions  of  the  body  may  be  small  in  comparison  with  its 
range  of  motion,  and  hence  the  body  may  be  treated  as  a  particle  with- 
out introducing  a  serious  error.  In  such  problems,  the  methods  and 
equations  of  the  preceding  chapter  apply  directly  to  the  motion  of  the 
body.  In  general,  however,  the  motion  of  bodies  as  met  in  engineering 
practice  is  such  that  the  various  points  of  a  body  have  different  motions. 

The  object  of  this  chapter  is  to  analyze  certain  common  types  of 
motion  of  a  rigid  body  so  that  the  displacement,  velocity,  and  accelera- 
tion, both  linear  and  angular,  of  any  point  in  the  body  maj^  be  found 
from  the  methods  and  equations  developed  in  the  preceding  chapter. 
The  motions  considered  are  translation,  rotation,  and  plane  motion. 

94.  Translation.^ — Translation  of  a  rigid  body  is  a  motion  such  that 
no  straight  line  in  the  body  changes  direction,  that  is,  each  straight  line 
remains  parallel  to  its  initial  direction.  Hence,  all  points  in  the  body 
move  along  parallel  paths  and  have,  at  any  instant,  the  same  velocity 
and  acceleration.  If  the  particles  move  on  curved  paths  the  motion 
is  called  curvilinear  translation,  as,  for  example,  the  motion  of  the 
parallel  rod  of  a  locomotive.  If  the  particles  move  on  straight-Une 
paths  the  motion  is  called  rectilinear  translation.  The  bod}^  may  have 
a  uniformly  or  non-uniformly  accelerated  motion.  Hence  a  point  in  a 
translating  body  may  have  any  of  the  motions  treated  in  the  preceding 
chapter.  Furthermore,  since  all  particles  in  the  body  have  the  same 
displacement  in  any  time  interval  and  have,  at  any  instant,  the  same 
velocity  and  acceleration,  the  displacement,  velocity,  and  acceleration 
of  the  body  are  described  by  the  displacement  velocity,  and  accelera- 
tion of  any  particle  of  the  body. 

PROBLEMS 

530.  The  crank  OA  in  Fig.  331  rotates  with  a  constant  angular  velocity  w  of 
20  r.p.m.,  causing  the  jointed  frame  CDFE  to  oscillate.     In  the  position  shown  AB 
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and  DF  are  horizontal  and  OA,  CD  and  EF  are  vertical.  The  length  of  OA  Ls  6  in. 
and  the  length  of  CD  and  of  EF  is  4  ft.  B  is  the  mid-point  of  CD.  Find  the  accel- 
eration of  G,  the  mid-point  of  DF,  in  the  position  shown.     Arts,     uq  =  1.10  ft./sec.^ 


(x) 


c 

lUmUl 
Fig.  331. 


E 

UUmil 


Fig.  332. 


531.  A  locomotive  is  running  on  a  straight  track  at  a  constant  speed  of 
40  mi./hr.  The  diameter  of  the  drivers  is  6  ft.  and  the  radius  of  the  crank -pin 
circle  is  15  in.  What  is  the  magnitude  and  the  direction  of  the  velocity  and  of 
the  acceleration  of  the  parallel  rod,  relative  to  the  engine  frame,  when  the  rod  is 
in  the  position  shown  in  Fig.  332?  WTiat  is  the  absolute  velocity  and  the  absolute 
acceleration  for  the  same  position? 


95.  Rotation. — Rotation  of  a  rigid  body  is  a  motion  such  that  one 
Une  in  the  body  (or  body  extended)  remains  fixed  in  space  while  all 
points  of  the  body  not  on  the  line  describe  circular  paths  havuig  centers 
on  the  fixed  fine.  The  fixed  fine  is  called  the  axis  of  rotation,  and  the 
plane  in  which  the  mass-center  of  the  bod}-  moves  is  called  the  plane  of 
motion.  The  point  of  intersection  of  the  axis  of  rotation  and  the  plane 
of  motion  is  called  the  center  of  rotation.  It  will  be  noted  that  any  line 
parallel  to  the  plane  of  motion  changes  direction.  This  motion  is  some- 
times called  a  pure  rotation  in  contrast  to  rotation  in  plane  motion 
(Art.  96)  in  which  all  lines  in  the  plane  of  motion  change  direction  but 
no  line  perpendicular  to  the  plane  of  motion  remains  fixed. 

The  motion  of  a  bod}-  having  rotation  cannot  be  defined  or  described 
by  stating  the  litiear  chsplacement,  velocitj^,  and  acceleration  of  any 
point  in  the  body,  as  was  the  case  for  translation,  since  all  points  in  the 
body  do  not  have  the  same  linear  motion.  However,  the  angular  dis- 
placements, velocities,  and  acceleration,  respectiveh%  about  the  axis  of 
rotation,  are  the  same  for  all  particles  in  the  body.  Hence  the  motion 
of  a  rotating  rigid  body  may  be  described  by  the  angular  motion,  about 
the  axis  of  rotation,  of  any  point  in  the  body  not  on  the  axis  of  rotation. 
Thus  all  the  equations  in  the  preceding  chapter  dealing  with  the  angular 
motion  of  a  point  moving  on  a  circular  path,  in  which  the  radius  vector 
is  the  radius  of  the  circle,  apply  to  the  motion  of  a  rotating  rigid  body, 
as  well  as  to  each  point  in  the  body.  The  linear  displacement,  velocitj^ 
and  acceleration  of  any  point  may  also  be  fomid  from  the  equations  in 
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the  preceding  chapter,  that  deal  with  the  Unear  motion  of  a  point 
moving  on  a  circular  path. 

PROBLEMS 

532.  A  straight  stick  4  ft.  long  rotates  in  a  horizontal  plane  about  a  vertical  axis 
through  one  end  of  the  stick.  Its  angular  velocity  changes  uniformly  from  20  to 
50  r.p.m.  in  5  sec.     What  is  the  hnear  velocity  of  its  mid-point  at  the  end  of  2  sec? 

Ans.     V  =  6.7  ft. /sec. 

533.  The  flywheel  of  a  punching  machine  fluctuates  from  100  r.p.m.  to  80  r.p.m. 
at  a  uniform  rate  when  a  hole  is  punched.  If  the  flywheel  makes  13^  revolutions 
while  this  change  of  speed  takes  place,  how  long  does  it  take  to  punch  the  hole? 

534.  The  flywheel  of  a  rolling-mill  engine  is  14  ft.  in  diameter.  Just  before  the 
steel  is  fed  in  the  rolls  the  speed  of  the  flywheel  is  90  r.p.m.  As  the  steel  enters  the 
rolls  the  speed  decreases  uniformly  during  3^  sec,  before  the  governor  can  operate. 
If  the  angular  acceleration  (negative)  of  the  flywheel  is  20  r.p.m.  per  sec,  what  is 

the  decrease  in  the  speed  of  the  flywheel,  expressed  in  revolu- 
tions per  minute?  Am.     Aw  =  10  r.p.m. 

535.  A  rod  AB  which  is  2  ft.  long  rotates  clockwise  about 

a  horizontal  axis  that  passes  through  the  mid-point  of  AB  and 

is  perpendicular  to  AB.     When  AB  is  in  a  horizontal  position 

its  angular  velocity  is  2  rad./sec  and  its  angular  acceleration 

is  4  rad./sec^    Find  the  relative  velocity  and  relative  accelera^ 

Fig.  333.  tion  of  A  with  respect  to  B.     Assume  A  to  be  the  left  end  of 

the  rod. 

536.  The  circular  disk  in  Fig.  333  rotates  about  an  axis  through  0  perpendicular 

to  the  plane  of  the  disk.     If  co  =  2  rad./sec.  and  a  =  4  \/3  rad./sec.-,  find  the  linear 

acceleration  of  A  relative  to  P.  Atis.     a.  =  16  ft./sec^;  6x  =  30°. 


96.  Plane  Motion. — Plane  motion  of  a  rigid  body  is  a  motion  such 
that  each  point  in  the  body  remains  at  a  constant  distance  from  a  fixed 
plane.  The  motion  of  the  connecting  rod  of  a  steam  engine  is  an  example 
of  plane  motion.  The  wheels  of  a  locomotive  running  on  a  straight 
track  also  have  plane  motion.  The  plane  in  which  the  mass-center  of 
the  body  moves  is  called  the  plane  of  motion.  It  is  evident  that  a  pure 
rotation  is  always  a  special  case  of  plane  motion,  whereas  a  translation 
may  or  may  not  be  a  plane  motion. 

In  plane  motion,  in  general,  a  straight  line  in  the  body  lying  in  the 
plane  of  motion  changes  direction  and,  hence,  the  body  rotates,  but  not 
about  a  fixed  axis.  The  body,  therefore,  has  angular  motion,  and  its 
angular  displacement,  velocity,  and  acceleration  are  the  same  as  that  of 
any  straight  line  in  the  body,  in  the  plane  of  motion,  since  all  such  linos 
have  the  same  angular  motion  if  the  body  is  rigid.  The  angular  motion 
of  the  body,  therefore,  may  be  studied  by  means  of  the  same  equations 
that  apply  to  the  rotation  of  a  rigid  body  about  a  fixed  axis. 
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Rotation,  however,  is  only  one  part  of  the  motion  of  a  rigid  body 
having  piano  motion  (except  in  a  special  case  as  noted  in  the  next  article). 
Plane  motion  of  a  rigid  body  may  be  resolved  into  two  component 
motions,  a  rotation  and  a  translation,  according  to  the  following  theorem: 

Plane  motion  of  a  rigid  body,  at  any  instant,  is  a  combination 
of:  (1)  a  pure  rotation  of  the  body,  about  an  axis  (perpendicular 
to  the  plane  of  motion)  passing  through  any  point  B  in  the  body, 
with  an  angular  velocity  and  acceleration  the  same  as  that  which 
the  body  has  at  the  instant;  and  (2)  a  translation  of  the  body 
which  gives  to  each  point  the  same  linear  velocity  and  accelera- 
tion that  the  point  B  has  at  the  instant. 

The  point  B  is  called  the  base  -point.  It  is  evident  that  all  points 
except  the  base  point  have  two  motions :  a  rotation  about  the  base  point, 
and  a  motion  the  same  as  that  of  the  base  point.  From  the  analysis  of 
the  motion  according  to  the  above  theorem,  the  displacement,  velocity, 
and  acceleration  of  any  point.  A,  in  the  body  may  be  found  from  the 
equations  developed  in  Art.  92  of  the  preceding  chapter. 

To  arrive  at  the  above  theorem,  consider  the  motion  of  the  connecting 
rod  of  a  steam  engine  (Fig.  334).  Let  P  denote  the  position  of  the  cross- 
head  and  Q  that  of  the  crank  pin.  When  the  crank  moves  from  position 
OQ  to  position  OQi  the  connecting  rod  moves  from  position  PQ  to  posi- 
tion PiQi.  This  change  of  position  can  be  given  the  rod  by  first 
rotating  the  rod  about  P,  until  it  becomes  parallel  to  its  new  position, 
and  then  giving  the  rod  a  translation  such  that  each  point  receives  a 
displacement  equal  to  PPi.     By  this  combination  of  motions  the  point 

P  moves  along  its  actual  q'  q,. -^ 

path  but  any  other  point  -r::::^^^^X/\  \ 

does  not  travel  in  its  actual  ^^^-^^J^Ju. — 1 — R"~----Nv  \ 

path.     The    point    Q,    for  p     p7  1  ^o  ) 

example,  moves  along  the  \  / 

path  QQ'Qi  instead  of  its  \ / 

actual    circular    path   QQ\.  p,      004 

However,  as  the  change  of 

position  is  made  smaller  and  smaller,  the  path  QQ'Q\  approaches  the  cir- 
cular path  QQx  and,  in  the  limit,  as  the  two  motions  are  generated  simul- 
taneously, each  point  is  made  to  move  on  its  actual  path  by  successive 
combinations  of  a  proper  rotation  and  a  proper  translation.  The 
rotation,  at  any  instant,  must  give  the  body  its  actual  angular  velocity 
and  acceleration  at  the  instant,  since  the  translation  does  not  influence 
the  angular  motion  of  the  body.     The  translation  must  give  all  points  of 
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the  body  the  same  motion  that  the  base  point  has  at  the  instant,  since 
the  base  point  receives  its  total  motion  from  the  translation. 

By  the  above  method,  the  rod  is  given  a  rectilinear  translation,  since 

the  point  P  moves  on  a 

Q^^ ■^s,^^        straight-line    path.      If, 

^^„-'-— '/^'V  \      however,    another    base 

p^_^^_,,^^?:^^^3Z^====T'^^        ^\     point  is  chosen,  as,  for 

V^^^JZ-^^^^""^  t  j     example,  the  point  Q,  the 

p'  \  /      change  of  position  from 

^^ ^        PQ  to   PiQi   may  then 

Pjq  335  be  made  by:    (1)  a  rota- 

tion about  Q  (Fig.  335); 
and  (2)  a  curviUnear  translation  giving  to  each  point  the  same  motion 
that  Q  has.  By  this  combination  of  a  rotation  and  a  translation  the 
point  P  is  made  to  take  the  path  PP'Pi  instead  of  its  actual  path  PPi. 
but,  reasoning  as  above,  if  the  change  of  position  is  made  smaller  and 
smaller,  the  path  PP'Px  approaches  the  path  PPi  and,  in  the  limit,  as 
the  two  motions  are  imposed  simultaneously^,  each  point  in  the  body  is 
given  its  exact  motion  at  any  instant.  Likewise,  any  other  point  in  the 
body  may  be  selected  as  the  base  point.  And  the  plane  motion  of  any 
other  rigid  body  may  be  treated  in  like  manner.  Hence,  a  plane  motion 
of  a  rigid  body  may  be  considered,  at  any  instant,  as  a  combination  of  a 
rotation  of  the  body  about  any  base  point  in  the  body,  with  an  angular 
velocity  and  acceleration  equal  to  the  angular  velocity  and  acceleration 
that  the  body  has  at  the  instant,  and  a  translation  of  the  body  that 
gives  to  each  point  the  same  linear  velocity  and  acceleration  that  the 
base  point  has  at  uhe  instant. 
In  applying  the  equations 

vp  =  vp-\^  vq    and     ap  =  ap-¥>  aQ 
Q  Q 

to  the  motion  of  any  two  points  in  a  rigid  body  having  plane  motion,  the 
point  Q  represents  the  base  point. 

Since  any  two  points  in  a  rigid  body  remain  a  fixed  distance  apart, 
the  relative  velocity  of  either  point  with  respect  to  the  other  is  perpen- 
dicular to  the  line  joining  the  two  points.  This  is  not  true,  however,  of 
the  relative  acceleration,  since  it  is  made  up  of  a  tangential  and  a  normal 
component,  the  normal  component  having  a  direction  along  the  line 
joining  the  two  points.  The  principles  discussed  in  this  article  are 
involved  in  the  solution  of  the  following  problem. 
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Problem  537. — A  circular  disk  of  radius  r  rolls  without  slipping  on  a  horizontal 

straight  track.  If  i^o  and  ao  denote  the  Unear  velocity  and  Unear  acceleration  of  the 
center,  0,  of  the  disk,  and  w  and  a.  denote  the  angular  velocity  and  angular  acceleration 
of  the  disk,  show  that  v^  =  rw  and  oo  =  ra. 

Solution. — The  angular  displacement  of  the  disk  (Fig.  336)  corresponding  to 
any  linear  displacement  00'  (or  s)  of  its  center  is 
the  angle  6  through  which  the  radius  OB  turns  in 
moving  from  the  position  OB  to  O'B'.     Hence  from 
the  figure  we  have 

8  =  AB'  =  arc  AB  =  r9, 


and  therefore 

ds 

de 

--  r—  =  rw 
dt 

and 

d^9 

Problem  538.— A  cylinder  whose  radius  is  2  ft.  (Fig.  337)  rolls  without  sUpping 
down  an  inclined  plane  with  an  angular  acceleration  of  6  rad./sec.^  At  a  given 
instant  the  angular  velocity  is  3  rad./sec.  Find  the  linear  velocity  and  hnear  accelera- 
tion of  the  point  A  at  the  instant. 


('aA/o)£ 


Fig.  337. 


Solution. — The  velocity  of  0  is  ro  =  rw  =  2  X  3  =  6  ft./sec.  parallel  to  the 
inclined  plane.  The  velocity  of  A  may  be  found  from  the  equation  va  =  vajo  "^  vq 
in  which  vajo  =  wr  =  6  ft./sec.  perpendicular  to  OA,  as  shown  in  Fig.  337(a),  since 
O  and  A  are  points  on  a  rigid  body.  It  should  be  noted  that  va/o  is  the  velocity  that 
A  receives  owing  to  the  rotational  component  of  the  plane  motion  of  the  cylinder, 
using  0  as  the  base  point,  and  vq  is  the  velocity  that  A  receives  due  to  the  transla- 
tional  component  of  the  plane  motion.  Hence  the  magnitude  and  direction  of  the 
velocity  are  given  by  the  equations 

VA  =  VAio  4>  fo  =  V(6)2  +  (6)2  =  8.48  ft./sec. 
tan  »  =  f  =  1  .-.   0  =  45° 

The  acceleration  of  A  may  be  found  from  the  equation  ga  =  oa/o  "t^  ao-  The 
acceleration  aA/o  is  the  acceleration  given  to  the  point  A  by  the  rotational  component 
of  the  plane  motion  of  the  cylinder,  and  ao  is  the  acceleration  given  to  A  by  the 
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translational  component  of  the  plane  motion.     It  is  convenient  to  replace  Qa/o  by 
its  normal  and  tangential  components  as  shown  in  Fig.  337(fe).     Hence 

dA   =  CLAjO  -|->  ao   =   {aAI0)n  +>  iaA/o)t  +>  OQ 

=  2  X  9+>2  X  6-B-2  X  6 


=  V  (30)2  ^  (12)2  =  32.3  ft./sec.2 
tan  0  =  -^  =  0.4  .-.  </,  =  21°  48'. 

Problem  539. — A  50-h.p.  engine  has  a  cylinder  10  in.  in  diameter  and  a  stroke  of 
10  in.  The  engine  runs  at  a  constant  speed  of  w  =  300  r.p.m.  The  ratio  of  the 
length  of  the  connecting  rod  to  that  of  the  crank  is  5.  Find  the  velocity  and  the 
acceleration  of  the  crosshead  when  the  crank  angle  is  30°. 


Fig.  338. 


Solution. — Let  P  be  the  crosshead  and  Q  the  crank  pin.  Then  in  Fig.  338  PQ 
represents  25  in.  and  OQ  or  r  represents  5  in.,  according  to  the  scale  used.  The 
velocity  of  P  may  be  found  from  the  equation 

rp  =  vp  +>  VQ. 

Q 

Six  elements  are  involved  in  the  equation,  namely,  three  magnitudes  and  three 

directions,  foiu-  of  which  must  be  found  before  the  equation  can  be  used  to  determine 

the  other  two.     The  direction  of  the  velocity  of  Q  is  perpendicular  to  OQ,  and  its 

magnitude  is 

'300  X  27.  ,        „        ,„  ,  ,    , 
VQ  =  ur  =  \  ;;;; )   X  —  =  13.1  ft./sec. 


_  /300  X  27r\       _5   _ 
"V       60       y  ^  12  " 


The  direction  of  Vp  is  perpendicular  to  the  line  joining  P  and  Q,  and  its  magnitude 

Q 
is  unknown.     The  direction  of  vp  is  horizontal.     Hence  by  laying  of?  vq  to  a  conve- 
nient scale  in  the  proper  direction  from  P,  and  by  drawing  a  line  from  the  end  of  vq, 
perpendicular  to  the  connecting  rod,  until  it  intersects  a  horizontal  line  through  P, 
the  magnitudes  of  Vp  and  vp  are  determined  by  the  intersection.     By  scaling  off  the 

Q 
values  of  Vp  and  vp,  the  following  results  are  found: 


=  11.4  ft./sec.  and  vp  =  7.7  ft./sec. 


If  the  plane  motion  of  the  connecting  rod  is  thought  of  as  a  combination  of  a 
rotation  and  a  translation,  Vp  is  the  velocity  which  P  is  given  by  the  rotation  of  the 
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rod  about  Q,  and  vq  is  the  velocity  given  to  P  by  the  translation  of  the  rod.     The 
two  velocities  produce  the  resultant  velocity  vp. 
The  acceleration  of  P  is  given  by  the  equation 

ap   =  Gp-^  QQ. 

Q 
For  convenience,  Op  will  be  replaced  by  its  tangential    and    normal    components. 


Hence 


ap 


(ap\   +>  /ap\ 


-^OQ. 


Eight  elements  are  involved  in  the  equation,  namely,  four  magnitudes  and  four 
directions,  six  of  which  must  be  found  before  the  graphical  construction  representing 
the  equation  can  be  completed,  qq  is  directed  from  Q  toward  0,  and  its  magni- 
tude is 


OQ  =  co-r 


/300  X  27rV        5        .      .    ,       . 
=  (~^^j    X-=412ft./sec. 


ap  is  known  in  direction,  being  parallel  to  PO  (horizontal),  since  vp  changes  in 
magnitude  only.     {('p\    is  directed  from  P  toward  Q,  and  its  magnitude  is 

\    Q/n 

(aA     =M  =  aL4)_^ 


25 
12 


62.4  ft./sec.2 


(ap\  has  a  direction  perpendicular  to  PQ.     The  two  unknown  elements  are, 
Q^  t 
therefore,  the  magnitudes  of  ap  and  /'«p^  • 

In  Fig.  339,  starting  at  P,  the  vectors  are  laid  off  to  a  convenient  scale.     Thus 
flQ  and  (ap\  (both  of  which  are  completely  known)  are  draAvn,  and  then,  from  the 

end  of  (ap\  ,  a  line  is  drawn  that  represents  the  direction  of  /'flp^  ,  that  is,  it  is 

drawn  perpendicular  to  PQ.    The  intersection  of  this  line  with  the  hne  PO  (which 


Fig.  339. 


represents  the  direction  of  ap)  determines  the  lengths  of  the  vectors  that  represent 
(op\  and  ap.     By  scaling  off  the  values,  the  following  results  are  obtained: 

(ap\  =  200  ft./sec.2     and     ap  =  404  ft./sec.^ 
^  q/< 
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PROBLEMS 

540.  If  A  and  B  are  any  two  points  in  the  plane  of  motion  of  a  body  that  has 
plane  motion,  and  C  is  a  point  midway  between  A  and  B,  show  that  the  velocity 
and  acceleration  of  C  may  be  expressed  in  terms  of  the  velocities  and  accelerations 
of  A  and  B  as  follows: 

vc  =  2(^4  +>  vb),     and     ac  =  |(aA  -^  afi). 

541.  In  Fig.  340,  one  end  A  of  a  bar  AB  that  is  5  ft.  long  moves  downward 
along  OM  and  the  other  end  B  moves  along  ON.  When  the  bar  is  horizontal  the 
velocity  of  A  is  10  ft. /sec.  Find  the  linear  velocity  of  B  and  the  angular  velocity 
of  the  bar  at  this  instant.  Am.     vb  =  5.77  ft. /sec;  w  =  2.31  rad./sec. 


Fig.  340. 


Fig.  341. 


90° 


90° 


777777777777777777777^ 
Fig.  342. 


642.  A  wheel  4  ft.  in  diameter  rolls,  without  slipping,  on  a  horizontal  track 
(Fig.  341).  The  velocity  of  its  center,  at  a  given  instant,  is  4  ft. /sec.  to  the  right, 
and  the  acceleration  of  the  center  is  6  ft./sec.^  in  the  same  direction.  Find  the 
velocities  and  the  accelerations  of  the  points  A  and  B. 

543.  In  Fig.  342  «  =  4  rad./sec,  AB  =  0.5  ft.,  and  BC  =  1.5  ft.  Find  the 
angular  velocity  wi  of  DC  and  the  angular  velocity  W2  of  BC. 

Ans.     wi  =  4  rad./sec,  «2  =  1.33  rad./sec. 

544.  An  elliptical  disk  whose  principal  axes  are  8  in.  and  6  in.  long  rolls  clock- 
wise, without  slipping,  on  a  straight  line,  the  plane  of  the  disk  being  vertical.  ^Mien 
the  major  axis  is  vertical  the  angular  velocity  of  the  disk  is  2  rad./sec.  If  A  is  the 
forward  end  of  the  minor  axis  and  B  is  the  upper  end  of  the  major  axis,  find  the 
velocity  of  A  relative  to  B. 

545.  A  circular  disk  whose  diameter  is  4  ft.  rolls,  without  slipping,  on  a  straight 
horizontal  track,  the  plane  of  the  disk  being  vertical.  The  center  of  the  disk  moves 
with  a  constant  acceleration  of  12  ft./sec^  At  a  given  instant  the  acceleration  of 
the  highest  point  of  the  disk  is  30  ft./sec^  Find  the  velocity  of  the  center  of  the 
disk  at  that  instant.  Am.     t;  =  6  ft. /sec. 

546.  A  disk  whose  radius  is  3  ft.  rolls,  without  slipping,  in  the  ary-plane  and  along 
the  X-axis  to  the  right.  The  angular  velocity  of  the  disk  is  2  rad./sec  and  its  angular 
acceleration  is  4  rad./sec'  Find  the  linear  acceleration  of  the  point  whose  coordi- 
nates with  respect  to  a  set  of  rectangular  axes  through  the  center  of  the  disk  are 
.r  =  2,  y  =  -  1. 

547.  A  circular  disk  4  ft.  in  diameter  rolls,  without  slipping,  to  the  riglit  on  w 
straight  horizontal  track.     The  angular  velocity  of  the  disk  is  2  rad./sec.   and  the 
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angular  acceleration  is  4  rad./sec.^,  both  clockwise.     Find  the  acceleration  of  the 
point  on  the  disk  1  ft.  below,  and  1  ft.  to  the  right  of  the  center  of  the  disk. 

Ans.     a  =  0. 

548.  The  horizontal  bar  AB  (Fig.  343)  rotates  about  a  vertical  axis  YY  with  an 
angular  velocity  of  30  r.p.m.  in  the  clockwise  direction. 
At  the  same  time  the  horizontal  bar  CD,  which  is  2  ft. 
long,  rotates  with  an  angular  velocity  (relative  to  AB) 
of  60  r.p.m.  in  the  clockwise  direction.  If  CB  =  BD, 
what  is  the  magnitude  of  the  linear  velocity  of  C, 

(a)  when  CD  is  parallel  to  AB  with  C  between  A  and  B, 

(b)  when  CD  is  perpendicular  to  AB,  and  (c)  when  CD 
is  parallel  to  AB  with  D  between  A  and  B. 

649.  If  the  bar  AB  shown  in  Fig.  343  rotates  about  YY  with  an  angular  velocity 
of  2  rad./sec.  and  an  angular  acceleration  of  5  rad./sec.^,  and  at  the  same  time  CD 
rotates  with  a  constant  angular  velocity  (relative  to  AB)  of  3  rad./sec,  what  are 
the  magnitudes  of  the  accelerations  of  C  and  D  when  CD  is  perpendicular  to  AB? 
Assume  that  the  velocities  and  acceleration  are  all  clockwise  and  that  CB  =  BD  = 
1  ft.  as  in  Prob.  548.  Am.     ac  =  19.8  ft./sec.^;  ao  =  35.1  ft./sec.^ 

550.  One  end  A  of  a  line  AB  Ait.  in  length  moves  along  the  positive  end  of  the 
X-axis  to  the  right  and  the  other  end  B  moves  downward  along  the  y-axis.  WTien 
the  angle  between  AB  and  the  x-axis  is  60°  va  =  10\/3  ft./sec.  and  qa  =  50  ft./sec.^ 
to  the  right.     Find  the  velocity  and  acceleration  of  B. 

551.  In  addition  to  the  data  given  in  Prob.  543  (Fig.  342)  assume  that  w  is 
increasing  at  the  rate  of  4  rad./sec.  each  second.  Find  the  angular  accelerations 
of  DC  and  BC.  Ans.     a^c  =  2.22  rad./sec.^;  aco  =  6.67  rad./sec.^ 

552.  Find,  by  the  graphical  method,  the  velocity  and  the  acceleration  of  the  point 
C  of  the  four-link  mechanism  described  in  Prob.  553  (Fig.  345).  Use  the  following 
scales:  1  in.  =  1  ft.;    1  in.  =  2  ft./sec;  and  1  in.  =  10  ft./sec^ 

Ans.     vc  =  1.54  ft./sec;  ac  =  55.5  ft./sec^ 

97.  Instantaneous  Center. — It  was  shown  in  the  previous  article 
that  a  plane  motion  of  a  rigid  body  may  be  considered,  at  any  instant,  as 
a  rotation,  about  an  axis  through  any  point  in  the  body,  combined  wdth 
a  translation.  However,  by  choosing  a  particular  axis  in  the  body  (or  its 
extension),  the  motion  of  the  body,  at  any  instant,  becomes  one  of  rota- 
tion only,  that  is,  no  translation  need  be  combined  with  the  rotation  to 
produce  the  actual  motion  of  the  body.  This  axis  is  called  the  instan- 
taneous axis  of  rotation  or  the  instantaneous  axis  of  zero  velocity.  Its 
intersection  with  the  plane  of  motion  is  called  the  instantaneous  center  of 
rotation  or  the  instantaneous  center  of  zero  velocity. 

In  order  to  show  how  the  instantaneous  center  may  be  located, 
assume  A  and  B  in  Fig.  344  to  be  any  two  points  m  the  plane  of  motion 
whose  velocities  va  and  Vb  are  known  in  direction.  Let  lines  through  A 
and  B  perpendicular  to  va  and  vb,  respectively,  intersect  at  0.  The 
point  0  is  the  instantaneous  center,  as  will  now  be  shown.     The  velocity 
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of  0  is  the  vector  sum  of  Vq,  the  velocity  of  0  relative  to  A,  and  va-  Since 
the  body  is  rigid,  Vq  is  perpendicular  to  OA,  and  since  va  is  also  perpen- 

A 

dicular  to  OA,  it  follows  that  the  velocity  of  0,  if  not  zero,  must  be 
perpendicular  to  OA.  Similarly  the  velocity  of 
0,  considered  as  a  point  on  OB,  if  not  zero,  must 
be  perpendicular  to  OB.  Hence,  vq  is  zero  since  it 
cannot  be  perpendicular  to  OA  and  OB  at  the 
same  time.  In  order  to  locate  the  instantaneous 
center,  then,  it  is  necessary  to  know  the  direc- 
tions,  only,  of  the  velocities  of  any  two  points  in 
the  plane  of  motion. 
If,  then,  A  and  0  are  two  points  in  the  rigid  body  having  plane 

motion,  A  being  any  point,  and  0  the  instantaneous  center,  the  velocity 

of  A  is  found  as  follows : 

va  =  Va  +>  z;o  =  i'.4  +>  0  =  CO  •  OA . 
o  o 

Similarly,  the  velocity  of  B  is  u-OB,  and  hence  the  velocities  of  A  and  B 
vary  as  their  distances  from  the  instantaneous  center.  Or,  expressed 
in  equational  form, 

Va  _  wOA       OA 

v^  ~~  o)OB  ~  OB' 

It  should  be  noted  that  the  instantaneous  center  is  the  center  of 
zero  velocity  and  7iot  of  zero  acceleration.  In  the  case  of  the  motion  of 
rotation  of  a  rigid  body  about  a  fixed  axis,  which  is  a  special  case  of  plane 
motion,  the  axis  of  rotation  is  also  the  instantaneous  axis  and  it  has  zero 
acceleration  as  well  as  zero  velocity  since  it  is  at  rest.  In  the  general 
case  of  plane  motion,  however,  the  instantaneous  center  changes  its 
position  in  the  body  and  also  in  space.  Although  the  velocity  of  the 
point  in  the  body,  coinciding  with  the  instantaneous  center  at  a  given 
instant,  is  zero,  the  velocity  is  changing  through  its  zero  value  and  hence 
the  point  has  an  acceleration.     Therefore  in  the  equation 

a  A  =  a  A  +>  do, 
o 

in  which  A  is  any  point  and  0  is  the  instantaneous  center,  ao  is  not  zero. 
Hence  the  absolute  acceleration,  at  any  instant,  of  a  point  in  a  rigid  body 
having  plane  motion  caimot  be  found  by  considering  the  bodj'"  to  be 
rotating  about  a  fixed  axis  through  the  instantaneous  center  of  zero 
velocity,  as  may  be  done  in  determining  the  velocity  of  any  point  of  the 
body. 
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ILLUSTRATIVE   PROBLEM 

Problem  553. — The  four-link  mechanism,  A  BCD,  shown  in  Fig.  345  has  the 
following  dimensions:  AB  =  6  in.;  BC  =  3ft.;  DC  =  2  ft.;  AD  =  4ft.;  d  =  45°. 
Find  the  instantaneous  center  for  the  link  BC. 
If  the  crank  AB  rotates  at  a  constant  angular 
velocity  w  =  10  rad./sec,  find  the  angular  veloc- 
ities, C02,  of  the  link  DC,  and  cos  of  the  link  BC. 
Also  find  the  linear  velocity,  vg,  of  H,  the  mid- 
point of  BC. 

Solution. — The  instantaneous  center  for  the 
link  BC  is  O,  the  point  of  intersection  of  the  lines 
A  B  and  DC  extended.  By  scaling  off  the  lengths 
of  OB,  OC,  and  OH,  the  following  values  are  P       oac 

foimd: 

OB  =  3.1  ft.     OC  =  0.96  ft.     OH  =  1.72  ft. 

The  velocity  of  B,  considered  as  a  point  on  AB,  is 

I'B  =  w  X  AB  =  10  X  ^  =  5  ft./sec. 

Therefore  the  angular  velocity  of  B,  considered  as  a  point  on  BC,  is 

I'B  5 

'^3  =  TTTT  =  7^  =  1-61  rad./sec. 
UrS       o.L 

and  the  angular  velocities,  about  0,  of  all  points  on  BC  are  the  same.     The  linear 
velocity  of  C  is,  therefore, 


And 
Therefore 


vc  =  W3  X  OC  =  1.61  X  0.96  =  L54  ft./sec. 
VH  =  mXOH  =  1.61  X  1.72  =  2.77  ft./sec. 


vc        1.54 
W2  =  —  =  —  =  0.77  rad./sec. 


PROBLEMS 

554.  Losing  the  data  of  Prob.  553,  find  the  magnitude  and  the  direction  of  the 
velocity  of  the  point  E  (Fig.  345)  on  link  DC  midway  between  D  and  C? 

Ans.     t'E  =  0.77  ft./sec.  perpendicular  to  DC. 

555.  In  Prob.  543,  find  the  instantaneous  center  of  BC  and  determine  co2  by  the 
instantaneous  center  method. 

556.  Using  the  data  of  Prob.  542,  find  bj'  the  instantaneous  center  method  the 
velocities  of  the  points  B,  C,  and  D  in  Fig.  341. 

Ans.     VB  =  5.66  ft./sec;  vc  =  9>  ft./sec;  vd  =  5.66  ft./sec. 

557.  In  Fig.  346,  AB  rotates  about  -4  with  an  angular  velocity  of  3-s/3  rad./sec. 
and  C  moves  along  a  horizontal  line.  When  C  is  verticallj-  beneath  A,  find  the 
instantaneous  center  of  rotation  of  CB  and  determine  the  linear  velocity  of  P,  the 
mid-point  of  CB. 
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558.  A  disk  A  (Fig.  347)  rolls,  without  slipping,  on  a  horizontal  rail.  Another 
disk  B  is  attached  to  A  and  turns  with  it.  The  velocity  of  the  center  of  disk  A  is 
10  ft./sec.  to  the  right.     Find  the  velocity  of  the  point  M  and  of  the  point  P. 

Ans.    vjd  =  3.33  ft./sec;  vp  =  16.7  ft./sec. 


Fig.  346. 


Fig.  348. 


559.  In  Fig.  348,  ABCD  is  a  board  2  ft.  square.  A  moves  downward  on  the 
?/-axis  with  a  velocity  of  4  ft./sec.  and  B  moves  on  the  x-axis.  Find  the  velocities 
of  C  and  D  when  9  =  45°.  Solve  algebraically  by  the  method  of  instantaneous 
centers. 

560.  Find  the  velocities  of  C  and  D  in  Prob.  559  when  d  =  30°.  Solve  graphi- 
cally. Ans.     vc  —  2.84  ft./sec;  vb  =  4.32  ft./sec. 

561.  Locate  the  instantaneous  center  of  the  connecting  rod  of  the  steam-engine 
mechanism  described  in  Prob.  539.  Find  the  angular  velocity  of  the  connecting  rod, 
the  linear  velocity  of  the  crosshead,  and  the  linear  velocity  of  a  point  on  the  con- 
necting rod  midway  from  the  crosshead  to  the  crank  pin. 

Ans.    ui-2.  =  5.47  rad./sec;  vp  =  7.70  ft./sec;  vm  =  9.12  ft./sec. 


REVIEW   QUESTIONS  AND  PROBLEMS 

662.  Point  out  and  correct  the  error  in  each  of  the  following  statements: 
(a)  The  linear  velocity  of  a  point  is  the  time  rate  of  change  of  the  linear  displace- 
ment of  the  point. 

(6)  The  total  linear  acceleration  of  a  point  moving  on  any  curved  path  is  defined 
as  the  rate  of  change  of  the  speed  of  the  point  and  is  expressed  mathematically  by 

dv 

the  equation  a  =  — -  • 

^  dt 

(c)  If  a  point  moves  on  a  circular  path,  the  velocity  is  tangent  to  the  path  and 
hence  can  have  no  component  towards  the  center  of  the  circle;  therefore,  there  can 
be  no  acceleration  towards  the  center  of  the  circle. 

(d)  The  angular  velocity  of  a  point  moving  in  a  plane  is  the  same  with  respect 
to  all  points  in  the  plane. 

(e)  In  imiformly  accelerated  rectilinear  motion,  the  velocity  of  the  moving  point 
is  constant. 

(/)  The  tangential  acceleration  of  a  point  moving  on  a  curved  path  is  equal  to 
the  product  of  the  angular  velocity  of  the  point  with  respect  to  the  center  of  curva- 
ture and  the  radius  of  curvature. 

{g)  Simple  harmonic  motion  of  a  point  is  a  periodic  motion  in  a  straight  line 
.such  that  the  velocity  of  the  point  is  proportional  to  the  displacement  of  the  point 
from  a  fixed  origin  in  the  line  and  is  directed  away  from  the  origin. 
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563.  Starting  with  the  defining  equation  for  the  linear  acceleration  of  a  point, 
prove  that  the  tangential  and  normal  components  of  the  acceleration  are  at  =  — 

,2  dt 

and  Un  =  w  r  =  —  • 
r 

564.  Prove  that  in  uniformly  accelerated  rectilinear  motion  s  =  ut  +  ^at^. 

565.  Derive  and  interpret  the  equation  va  =  va-^  vb- 

B 

566.  Define  each  of  the  following  motions  of  a  body:  (a)  translation,  (b)  rotation, 
and  (c)  plane  motion. 

567.  If  a  rigid  bar  is  given  a  plane  motion,  explain  why  the  velocity  of  one  end 
relative  to  the  other  end  must  be  in  a  direction  perpendicular  to  the  length  of  the 
bar.    Is  the  acceleration  of  one  end  relative  to  the  other  end  perpendicular  to  the  bar? 

568.  When  plane  motion  of  a  rigid  body  is  regarded  as  a  combination  of  a  rota- 
tion and  a  translation,  state  what  angular  velocity  and  angular  acceleration  are 
assiuned  to  be  given  to  the  body  in  the  rotational  motion  and  what  linear  velocity 
and  Unear  acceleration  are  assumed  in  the  translational  motion. 

569.  Define  instantaneous  center  of  rotation.  If  the  directions  of  the  velocities 
of  any  two  points  in  the  plane  of  motion  of  a  body  which  has  plane  motion  are 
known,  how  may  the  instantaneous  center  of  rotation  be  found?     Explain. 

570.  A  point  moves  on  a  circular  path  having  a  radius  of  20  ft.  The  angular 
velocity  of  the  point  with  respect  to  the  center  of  the  circle  changes  uniformly  from 
1  rad./sec.  to  5  rad./sec.  in  3^  sec.  Find  the  total  linear  acceleration  of  the  point 
at  the  middle  of  this  H-sec.  period  and  represent  it  as  a  vector,  assuming  the  point 
to  be  at  the  top  of  the  circle  at  the  instant.  Ans.     a  =  241  ft./sec.^ 

571.  A  car  moves  on  the  circular  track  shown  in  Fig.  349  at  a  constant  speed  of 
30  mi./hr.  If  the  radius  of  the  track  is  352  ft.,  find  by  three  different  methods  the 
x-component  of  acceleration  of  the  car  when  0  =  30°.       Ans.     Ox  =  4.76  ft./sec.^ 


Fig.  349. 


s2'  8'  90"^ 

^^m777m777777777im7*^ 

Fig.  350. 


572.  In  the  four-link  mechanism  shown  in  Fig.  350,  the  angular  velocity  w  of  J.5 
is  5  rad./sec.  Find  the  linear  velocity'  of  C  and  the  angular  velocity  of  CD.  Show, 
by  means  of  a  sketch,  how  the  velocitj^  of  H,  the  mid-point  of  BC,  may  be  found 
graphically  by  means  of  the  instantaneous  center. 

Ans.     vc  =  10.5  ft./sec;  wi  =  1.75  rad./sec. 


PART  III.     KINETICS 

CHAPTER  VIII 
FORCE,   MASS,  AND   ACCELERATION 

§  1.  Preliminary  Considerations.     Kinetics  of  a  Particle 

98.  Introduction. —  Kinetics  is  that  branch  of  mechanics  which 
treats  of  the  laws  in  accordance  with  which  the  motion  of  physical  bocUes 
takes  place. 

A  change  in  the  state  of  motion  of  a  body  always  occurs  when  an 
unbalanced  force  system  acts  on  the  body,  the  unbalanced  part  (resultant) 
of  the  force  system  being  the  cause  of  the  change  in  the  motion.  Experi- 
ence teaches  that  the  change  of  motion  of  the  bod}^  is  influenced  both 
by  the  characteristics  (Art.  5)  of  the  resultant  of  the  forces  acting  on  the 
body  and  by  the  nature  of  the  bodj^  itself.  For  example,  different 
force  systems  acting,  in  turn,  on  the  same  bod}"  do  not  produce  the  same 
change  of  motion  of  the  body.  Further,  the  same  force  system  applied 
to  different  bodies  does  not  produce  the  same  change  in  the  motion  of  all 
of  the  bodies. 

Although  experience  suggests  that  relations  exist  between  the  force 
system  acting  on  a  body,  the  properties  of  the  body,  and  the  change  in 
the  motion  of  the  body,  it  required  the  work  of  man}-  eminent  men  and 
a  period  of  several  centuries  before  definite  and  complete  fundamental 
relations  between  these  three  factors  were  finally  established.  The 
laws  expressing  these  relations  were  formulated  b}'  Sir  Isaac  Newton 
(1642-1727)  and  are  known  as  Newton's  laws  of  motion. 

Newton's  fundamental  laws,  however,  apply  directly  only  to  the 
motion  of  a  particle  under  the  action  of  a  single  force,  whereas  in  engi- 
neering practice  the  motion  of  a  body  (system  of  particles)  under  the 
action  of  a  system  of  forces  must  be  considered.  The  body  may  be 
rigid  or  non-rigid,  and  the  force  system  acting  on  the  body  may  produce 
any  type  of  motion.  The  bodies  treated  hereafter,  however,  will,  for 
the  most  part,  be  regarded  as  rigid,  and  the  motions  treated  will,  in 
general,  be  restricted  to  translation,  rotation,  and  plane  motion. 
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99.  The  General  Kinetics  Problem.— In  each  type  of  motion  the 
general  character  of  the  kinetics  problem  is  the  same;  namely,  a  phys- 
ical body  is  acted  on  by  a  force  system  that  has  a  resultant,  which  causes 
a  change  in  the  motion  of  the  body,  and  in  each  problem  it  is  required  to 
deduce,  by  the  use  of  Newton's  laws,  the  equations  expressing  the  definite 
relations  between  (1)  the  resultant  of  the  force  system,  (2)  the  kinetic 
properties  (mass,  moment  of  inertia,  etc.)  of  the  body,  and  (3)  the  change 
of  motion  of  the  body,  so  that  the  motion  of  a  given  body  produced  by  a 
given  force  system  may  be  determined,  or  the  force  system  required  to 
produce  a  given  motion  may  be  found.  The  equations  which  express 
these  relations  are  called  the  equations  of  motion  for  the  body. 

These  three  elements  or  factors  which  are  involved  in  the  equations 
of  motion  of  bodies  may  be  considered  briefly  before  stating  Newton's 
laws  and  before  deriving  the  equations  which  express  the  relations 
between  these  three  factors.  Change  of  motion  is  measured  by  acceler- 
ation, which  in  turn  may  be  expressed  in  terms  of  distance,  time,  and 
velocity,  as  discussed  in  Chapter  VL  The  characteristics  of  the  result- 
ant of  a  force  system  have  also  been  considered,  in  Chapter  II,  and 
need  only  be  reviewed  briefly  at  this  point  (see  next  article)  to  show 
their  connection  with  the  general  problem  in  kinetics.  The  property  of  the 
body  (mass)  which  enables  it  to  have  an  influence  in  determining  its  own 
motion,  however,  needs  to  be  discussed  at  greater  length  (see  Art.  101). 

100.  Characteristics  of  a  Force  System. — The  only  part  of  a  force 
system  that  influences  the  motion  of  a  body  is  the  unbalanced  part 
(resultant)  of  the  force  system.  The  forces  which  produce  the  types 
of  motion  considered  in  this  chapter  are  coplanar  and  hence,  the  resultant 
of  the  forces  is  either  a  force  or  a  couple  (Art.  28).  If  the  resultant  is  a 
force,  the  characteristics  of  the  resultant  which  influence  the  motion  of 
the  body  on  which  the  force  system  acts  are  (1)  its  magnitude,  (2)  the 
position  of  its  action  line  in  the  body,  and  (3)  its  sense  (Art.  5).  If, 
however,  the  resultant  is  a  couple,  the  characteristics  of  the  resultant 
which  influence  the  motion  of  the  body  on  which  the  force  system  acts 
are  (1)  the  moment  of  the  couple,  (2)  the  sense  of  the  couple,  and  (3)  the 
aspect  or  direction  of  the  plane  of  the  couple  (Art.  15). 

Now  the  equations  of  motion  of  a  body  must  be  sufficient  in  number 
to  take  account  of  the  influence  of  all  the  characteristics  of  the  resultant 
of  the  force  system  as  mentioned  above.  This  may  be  done,  for  the 
types  of  motion  considered  in  this  chapter,  by  means  of  three  equations. 
These  three  equations  will  contain  the  algebraic  sum  of  the  x-components 
of  the  forces  acting  on  the  body,  the  algebraic  sum  of  the  y-components, 
and  the  algebraic  sum  of  the  moments  of  the  forces  about  some  axis  in 
the  body  (Art.  30). 
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101.  Inertia  and  Mass. — The  property  of  a  body  by  virtue  of  which 
it  offers  resistance  to  any  change  in  its  motion,  and  thereby  makes  the 
body  itself  a  factor  in  determining  the  motion  which  unbalanced  forces 
impress  upon  it,  is  called  inertia.  All  physical  bodies  are  inert  or  pos- 
sess inertia,  but  different  bodies  possess  different  amounts  of  inertia. 
That  is,  all  bodies  influence  their  own  motion  according  to  the  same  law 
but  not  to  the  same  degree.  In  other  words,  all  bodies  do  not  offer  the 
same  resistance  to  being  accelerated  at  a  given  rate.^ 

The  quantitative  measure  of  the  inertia  of  a  body,  that  is,  the  resist- 
ance the  body  offers  to  being  accelerated  at  a  given  rate,  is  called  the 
viass  of  the  body,  and  is  found,  like  other  properties  of  bodies,  by  experi- 
ment.    This  may  be  done  as  follows : 

Let  a  given  body  be  acted  on  by  a  single  force  Fi ,  and  let  the  resulting 
acceleration  be  a^.  In  like  manner  let  forces  F2,  F3,  etc.,  be  applied  in 
turn  to  the  body  and  let  the  resulting  accelerations  be  02,  03,  etc.  The 
results  of  such  an  experiment  show  that 

—  =  —  =  —  =  •  •  •  a  constant  =  C  (say), 
ai        02        03 

Or,  in  general,  if  any  force  F  applied  to  the  body  causes  an  acceleration  a 

F 

-=C (1) 

a 

Now  since  C  is  the  measure  of  the  resistance,  F,  that  the  body  offers  to 
being  accelerated  at  a  rate  a,  it  is  proportional  to  the  mass,  M,  of  the 
body  since  the  mass  of  a  body  is  defined  as  a  measure  of  the  resistance 
the  body  offers  to  being  accelerated  at  a  given  rate.  Hence,  C  =  kM, 
where  /c  is  a  constant.     Then  equation  (1)  becomes 

-  =  kM (2) 

a 

In  the  above  experiment,  it  was  found  that  the  ratio  of  any  impressed 
force  to  the  corresponding  acceleration  had  a  constant  value  C.    Now  if 

^  The  way  in  which  bodies  resist  motion  is  analogous  to  the  manner  in  which 
elastic  materials,  such  as  steel,  resist  being  stretched.  Each  material,  within  limits, 
resists  according  to  the  same  law  (stretch  is  proportional  to  stress),  but  some  mate- 
rials resist  to  a  greater  degree,  that  is,  some  materials  are  stiffer  than  others,  which 
means  that  some  materials  require  a  greater  force  to  produce  a  given  stretch  than  do 
other  materials,  just  as  some  bodies  require  a  greater  force  to  produce  a  given  accel- 
eration than  do  other  bodies. 
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the  body  is  allowed  to  fall  freely  under  the  influence  of  its  weight  W,  the 
resulting  acceleration  is  found  to  be  g  (32.2  ft./sec.-),  and  hence 

W      F      ^ 

-=-  =  C (3) 

g        a 

From  equations  (2)  and  (3)  we  have,  then, 

W 

—  =  kM (4) 

9 

If  units  for  W,  g,  and  M  are  so  chosen  that  k  in  equation  (4)  equals  unity 
(as  will  be  discussed  in  Art.  103),  then  the  number  of  units  of  mass  in 
the  body  may  be  found  from  its  weight  by  the  equation 

W 

M  =  —' 


102.  Newton's  Laws. — Newton  established  his  laws  of  motion  from 
a  study  of  the  motion  of  planets.  Since  the  dimensions  of  a  planet  are 
negligible  in  comparison  with  the  range  of  its  motion,  Newton's  laws 
apply  directly  only  to  a  particle,  that  is,  to  a  body  all  points  of  which 
may  be  considered  at  any  instant  to  have  the  same  acceleration.  In 
most  cases  of  motion  of  bodies,  however,  the  accelerations  of  different 
particles  of  the  body  are  not  the  same,  and  hence  Newton's  laws  do  not 
apply  directly  to  bodies.  Bodies,  however,  may  be  considered  to  be 
made  up  of  particles,  and  thus  Newton's  laws  may  be  extended  to  bodies. 

Newton's  laws  may  be  stated  as  follows: 

First  Law. — If  no  force  acts  on  a  particle,  the  particle  remains  at  rest 
or  continues  to  move  with  uniform  velocity  in  a  straight  line. 

Second  Law. — If  a  force  acts  on  a  particle  the  particle  is  accelerated; 
the  direction  of  the  acceleration  is  the  same  as  that  of  the  force  and  its 
magnitude  is  directly  proportional  to  the  force  and  inversel}-  propor- 
tional to  the  mass  of  the  particle. 

Third  Law. — There  are  mutual  actions  between  any  two  particles 
of  a  system  (body)  such  that  the  action  of  the  one  on  the  other  is  equal, 
collinear,  and  opposite  to  that  of  the  other  on  the  one. 

1.  The  first  law  implies  that  a  particle  has  inertia,  that  is,  it  resists 
having  its  motion  changed.  It  implies  that  a  force  must  act  on  the  par- 
ticle if  its  motion  (velocity)  is  changed  either  in  direction  or  in  magni- 
tude, that  is,  if  an  acceleration  is  produced. 

2.  The  second  law  is  a  quantitative  one.  It  states  what  the  mag- 
nitude and  the  direction  of  the  force  must  be  in  order  to  produce  a  given 
acceleration  of  a  given  particle,  and  shows  that  although  a  particle 
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cannot,  of  itself,  change  its  state  of  motion  it  does  nevertheless  influence 
the  change  of  motion  caused  by  the  force,  by  regulating  or  governing 
the  manner  in  which  the  acceleration  shall  take  place;  namely,  that  it 
shall  be  always  inversely  proportional  to  the  mass  of  the  particle. 

3.  In  the  second  law,  it  is  assumed  that  a  single  particle  is  acted  upon 
by  a  single  force.  But  the  third  law  brings  out  the  fact  that  a  single 
force  does  not  exist.  The  special  significance  of  the  third  law  lies  in  the 
fact  that  by  its  use  Newton's  second  law,  which  applies  only  to  a  single 
particle  under  the  influence  of  a  single  force,  may  be  extended  to  a 
system  of  particles  (body)  acted  on  by  a  system  of  forces. 

103.  Mathematical  Statement  of  Newton's  Second  Law.  Units.— 
Newton's  second  law  may  be  expressed  mathematically  by  the  equation 

F  =  kma, 

in  which  a  is  the  acceleration  of  the  particle  of  mass  m,  F  is  the  single 
force  acting  on  the  particle,  and  A:  is  a  constant  factor  the  value  of  which 
depends  upon  the  units  used  to  express  the  other  quantities  (F,  m,  and  a) 
in  the  equation.  In  general  the  mass  of  a  body  w'ill  be  denoted  by  M 
and  that  of  a  particle  of  the  body  by  ni  or  dM. 

It  is  convenient  to  use  a  system  of  units  in  which  k  in  the  above  equa- 
tion is  unit3^  Such  a  system  of  units  is  sometimes  called  a  kinetic  system. 
Thus,  a  kinetic  system  of  units  is  one  in  which  a  unit  force  acting  on  a 
unit  mass  causes  a  unit  acceleration.  Now,  in  engineering  problems, 
the  units  of  force  and  acceleration  are  chosen  arbitrarily,  and  hence  the 
unit  of  mass  is  a  derived  unit — derived  from  the  units  of  force  and 
acceleration,  since,  if  a  kinetic  system  of  units  is  used,  7n  =  F/a  =  W/g. 
A  system  of  units  in  which  the  unit  of  mass  is  a  derived  unit  is  frequently 
called  a  gravitational  system. 

Thus,  if  one  pound  is  chosen  as  the  unit  of  force  and  one  foot  per 
second  per  second  as  the  unit  of  acceleration,  as  is  usual  in  engineering 
calculations,  then  since  M  —  W/g,  the  number  of  units  of  mass  in  a 
body  is  the  weight  of  the  bod}^  in  pounds  divided  by  the  acceleration  of 
gravitj^,  g,  in  feet  per  second  per  second  (32.2),  Thus  a  body  weighing  g 
(32.2)  pounds  has  one  unit  of  mass;  this  fact  has  suggested  the  name 
g-pound  or  gee-pound  for  this  unit  of  mass.  However,  no  name  has 
gained  general  acceptance,  although  the  name  slug  (from  sluggishness 
which  suggests  inertia)  has  gained  rather  wide  acceptance  and  will  be 
employed  in  the  subsequent  pages.  It  is  also  frequently  referred  to  as 
the  engineer's  unit  of  mass.  In  using  a  special  name  such  as  slug,  it  is 
important  to  keep  in  mind  that  the  unit  of  mass  is  not  an  arbitrarily 
chosen  unit  but  is  derived  from  the  units  of  force  and  acceleration. 
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In  another  system  of  units  used  considerably  in  electrical  engineering  the  units 
of  mass  length,  and  time  are  chosen  arbitrarily  and  the  unit  of  force  is  the  derived 
unit  Such  a  svstem  is  frequently  called  an  absolute  system  of  units.  If  one  gram 
is  chosen  as  the\mit  of  mass,  one  centimeter  as  the  unit  of  length,  and  one  second  a.s 
the  unit  of  time,  a  unit  force  is  a  force  that  gives  an  acceleration  of  one  cantimeter 
per  second  per  second  to  a  mass  of  one  gram.     This  force  is  called  a  dyne. 

104.  Equations  of  Motion  for  a  Particle.— In  Fig.  351,  a  particle  of 

mass  m  is  acted  on  by  any  system  of  forces  Fi, 
^9,^3,  etc.,  which  give  to  the  particle  an  accel- 
eration a.  It  is  required  to  find  the  equations 
that  express  the  relations  between  the  forces  act- 
ing on  the  particle,  the  mass  of  the  particle,  and 
the  acceleration  of  the  particle.  Let  R  denote 
the  resultant  of  the  forces  acting  on  the  particle 
and  let  d^,  By,  6^  denote  the  angles  that  R  makes 
with  the  X-,  y-,  and  2-axes,  respectively.     From  piQ.  351. 

Newton's  second  law  we  have  R  =  ma.  :Multi- 
plying  each  side  of  this  equation  by   cos  d„  we  have 

R  cos  dx  =  ma  cos  6^    or    Rx  =  ma^. 
But  Rx  may  also  be  expressed  in  terms  of  the  forces  acting  on  the  particle 
by  the  equation  Rx  =  2/^.,  and  hence  we  have  SF.  =  max.     Sunilarly 
equations   may  be  obtained  by  expressing  in  two  ways  the  y-  and 
^-components  of  the  resultant  of  the  forces  acting   on  the   particle. 
Hence  the  equations  of  motion  for  a  particle  are: 

SFx  =  max, 

^Fy  =  may, 

^Fz  =  ma^. 
105  Procedure  in  the  Solution  of  Problems  in  Kinetics.— In  solving 
problems  in  kinetics,  it  is  important  to  follow  a  rather  definite  procedure 
as  outUned  below.  This  procedure  will  be  followed  in  the  solution  of  the 
problems  immediately  following  this  article,  in  which  the  bodies  are 
treated  as  particles,  as  well  as  in  the  solution  of  problems  mvohing  rigid 
bodies  having  various  types  of  motion,  which  will  be  considered  later. 
The  main  steps  in  the  solution  are  as  follows: 

1  Determine  carefully  (a)  what  is  given  in  the  problem  and  (6)  what  is  required 
in  the  problem.  The  quantities  involved  in  this  step  may  f requentlj- be  indicated 
by  means  of  an  illustrative  sketch.  Failure  to  carry  out  this  step  is  a  common  cause 
of  difficulty  in  the  solution  of  problems. 

2  Draw  a  complete  free-body  diagram  of  the  body  whose  motion  is  under  con- 
sideration (see  Art.  40  for  discussion  of  free-body  diagram).     That  is,  show  the  body 
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and  all  the  forces  exerted  on  it  by  other  bodies.  This  diagram  is  of  particular  impor- 
tance in  determining  the  left-hand  member  of  each  of  the  equations  of  motion  for  the 
body. 

3.  Write  all  the  equations  of  motion  for  the  body  and  select  the  axes  to  be  used 
in  applying  these  equations.  These  axes  should  be  shown  in  the  free-body  diagram. 
Frequently,  by  a  proper  choice  of  axes,  the  problem  may  be  solved  without  using  all 
the  equations  of  motion.  As  a  rule,  it  is  convenient  to  select  one  axis  parallel  to  the 
acceleration  of  the  particle  and  to  make  the  positive  direction  of  the  axis  agree  with 
the  sense  of  the  acceleration.  Likewise  when  dealing  with  rotational  motion,  the 
positive  direction  of  rotation  will  usually  be  made  to  agree  with  the  sense  of  the 
angular  acceleration  of  the  body.  The  positive  directions  are  chosen  in  this  way 
for  the  purpose  of  making  the  right  hand  sides  of  the  equations  of  motion  positive. 

4.  Observe  whether  there  are  a  sufficient  number  of  equations  of  motion  to  deter- 
mine all  the  quantities  desired.  If  there  are  not,  write  any  equations  in  addition  to 
the  equations  of  motion  (such  as  kinematics  equations,  etc.)  that  apply  to  the  par- 
ticular problem,  and  if  possible  solve  the  equations  and  determine  the  unknown 
quantities. 

5.  If,  however,  there  are  still  more  unknowns  than  there  are  equations  it  is 
usually  possible,  when  several  bodies  are  involved  in  the  motion,  to  select  another 
body  (or  group  of  bodies)  in  the  system  on  which  is  acting  one  (or  more)  of  the  forces 
that  acts  on  the  first  body,  and  to  treat  the  motion  of  this  second  body  by  the  proce- 
dure outlined  above  and  then  to  solve  the  two  sets  of  equations  simultaneously. 

Note. — In  the  problems  which  follow,  the  assumption  is  made  that  the  bodies 
having  the  motions  described  may  be  considered  to  be  particles  without  introduc- 
ing serious  errors  in  the  analysis  of  the  motion.  In  the  solution  of  the  following 
illustrative  problems,  the  steps  in  the  above  procedure  are  emphasized. 

ILLUSTRATIVE   PROBLEMS 

Problem  573. — In  Fig.  352,  A  and  B  are  bodies  suspended  from  the  ends  of  a 
flexible,  inextensible,  weightless  rope  that  passes  over  a  smooth  cylindrical  surface. 
The  weight  of  A  is  40  lb.  and  the  weight  of  B  is  30  lb.  Find  the  tensile  stress  in  the 
rope. 

Solution.— Since  the  cylindrical  surface  is  frictionless  and  the  rope  is  flexible,  the 
force  (stress)  T  in  the  rope  has  the  same  value  on  each  side  of  the  cylinder.  Further- 
more, since  the  rope  does  not  stretch,  the  bodies  A  and  B  have  accelerations  that  are 
equal  in  magnitude.  The  unknown  force  T,  therefore,  is  a  force  acting  on  each  of 
the  two  bodies.  A  free-body  diagram  of  B  is  shown  in  Fig.  352,  the  axes  being  chosen 
in  accordance  with  step  3  of  Art.  105.  There  is  one  equation  of  motion  only  for  this 
body;  namely, 

30 
XFy  =  may    or     T  -  30  =  —  a (1) 

Since  there  are  two  unknown  quantities  in  this  equation,  T  can  not  be  found. 

Hence  in  accordance  with  step  5  of  Art.  105  a  free-body  diagram  of  A  is  drawn  (which 

also  involves  the  force  7").     For  this  body  there  is  also  one  equation  of  motion, 

namely, 

40 
i:/^„  =  muy     or     40  -  7'  =  —  (I (2) 
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The  solution  of  the  two  simultaneous  equations  (1)  and  (2)  gives  the  following  results: 

r  =  34.3  lb.     and     a  =  4.60  ft./sec.^ 

Problem  574. — A  small  body  weighing  4  lb.  is  attached  to  one  end  of  a  string 
5  ft.  long  and  is  made  to  revolve  as  a  conical  pendulum  with  a  constant  angular 
velocity,  co,  so  that  the  string  is  inclined  30°  to  the  vertical  as  shown  in  Fig.  353. 
What  are  the  tension,  T,  in  the  string  and  the  hnear  velocity,  v,  of  the  body? 


Fig.  352. 


W=4  1b 


Solution. — The  body  moves  on  a  circular  path  in  a  horizontal  plane  under  the 
influence  of  two  forces  T  and  W  as  shown  in  the  free-body  diagram  (Fig.  353).     The 

acceleration  of  the  body  is  rw^,  or  —  ,  toward  the  center  of  the  circle.     The  equations 

of  motion  are: 


SK 


2/^. 


W     ,       Tl'  y2 

max  =  —  rw  = ,   .     .     . 

g  9    r 

W 
moz  =  —  ra  =  0,  since  a  =  0, 
9 


From  (1), 
From  (3), 


^Fy  =  may  =  0,  since  Oy  =  0. 


T  cos  60° 


X 


32.2       5  sin  30° 

T  cos  30°  -  4  =  0.      .-.   T  =  4.62  lb 

By  substituting  this  value  of  T  in  (4),  the  value  of  v  may  be  found.     Thus 


(1) 

(2) 
(3) 

(4) 

(5) 


4.62  cos  60°  = 


X 


32.2       5  sin  30= 
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Hence 


Therefore 


4.62  X  0.5  X  32.2  X  5  X  0.5 


=  46.3. 


■^^ 


Fig.  354. 


V  =  6.8  ft. /sec. 

Problem  575. — In  Fig.  354,  .A  is  a  small  block 
attached  to  the  end  of  a  vertical  rod  B  whose  lower 
end  is  connected  to  a  smooth  horizontal  pin  at  0. 
The  rod  and  block  are  given  a  very  small  displace- 
ment and  then  allowed  to  rotate  about  the  pin  at 
0.  If  the  weight  of  the  rod  B  is  negligible,  show 
that  the  velocity  of  A  is  ■\/2gr  when  B  reaches  a 
horizontal  position. 

Solution. — The  only  forces  acting  on  A  are  its 
weight  W  and  the  reaction  of  the  bar  B,  denoted 
by  P.  A  free-body  diagram  of  A  is  showii  in  Fig. 
354.     The  equations  of  motion  for  A  are 


liFt  =  mat     or 


\\  sm  0  =  —  r — -  . 
g      dl^ 


^Fr,= 


From  equation  (1) 


TT'  cose  -  P  = 


<fe       g 

—-„  =  -  sin  6. 


W 


(f- 


dt' 


de 


Multiplying  each  side  of  equation  (3)  bv  —  ,  we  have 

dt 

de  d-d       g  de 

:,  =  -  sin  d  —  . 

dl  dt-       r  dt 

Integrating  equation  (,4)  with  respect  to  t,  we  have 

cos  e  +  C 


(1) 


(2) 


(3) 


(4) 


1  (dey  ^  _g 

2  \  (///  r 


Since 


Hence 


When 
Hence 


dd  g 

—  =  0     when  6  =  0,     C  =  - 

dt  r 


dd 
dt 

IT 

2' 


'■g 


(1  -  cos  e) 


4H  =  ^^- 


It  will  be  noted  that  the  body  A  would  attain  the  same  velocity  if,  starting  from 
rest,  it  were  to  fall  freely  through  a  vertical  distance  r. 
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PROBLEMS 
•     576.  A  box  weighing  16.1  lb.  rests  on  the  floor  of  an  elevator.     If  the  elevator 
starts  up  with  an  acceleration  of  8  ft./sec.^,  what  is  the  pressure  on  the  floor  of  the 
elevator?  ^^-     ^  =  20.1  lb. 

577.  A  man  weighing  150  lb.  stands  in  an  elevator  weighing  2000  lb.  If  the 
tension  in  the  hoisting  cable  is  2700  lb.,  with  what  acceleration  wiU  the  elevator 
ascend?     What  will  be  the  pressure  of  the  man  on  the  floor  of  the  elevator? 

578.  A  balloon  weighing  400  lb.  has  a  vertical  component  of  acceleration  of 
2  ft  /sec  2  upward.  The  horizontal  wind  pressure  causes  the  balloon  to  travel  m  a 
direction  making  an  angle  of  30°  with  the  vertical.  Find  the  horizontal  component 
of  the  acceleration  of  the  balloon  and  the  horizontal  wind  pressure. 

Ans.     1.15ft./sec.2;  14.351b. 

579.  A  body  weighing  120  lb.  is  attached  to  the  lower  end  of  a  rope  and  is  lowered 
with  a  constant  acceleration  by  means  of  the  rope.  If  the  greatest  piUl  the  rope  can 
resist  is  80  lb.,  what  is  the  least  acceleration  the  body  can  have? 

580.  In  Fig.  355  the  bodies  A,  B,  and  C  weigh  10  lb.,  20  lb.,  and  30  lb.,  respec- 
tively The  cord  connecting  B  and  C  passes  over  a  weightless,  frictionless  pulley. 
The  coefficient  of  friction  between  A  and  B  and  the  plane  is  0.2.  Find  the  accelera- 
tion of  the  bodies  and  the  tension  in  the  cord  connecting  A  and  B. 

Ans.     a  =  12.9  it./sec};  T  =  6  lb. 


1 [ 
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Fig.  355. 


0 
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Fig.  356. 


'  '  581.  In  Fig.  356,  .4  weighs  40  lb.,  B  weighs  20  lb.,  and  C  weighs  10  lb.  The 
coefficient  of  friction  for  A  and  D  is  14.  If  the  weights  of  the  cord  and  puUey  are 
neghgible  and  the  pulley  turns  in  smooth  bearings,  find  the  tension  in  the  cord 
between  A  and  B,  and  in  the  cord  between  B  and  C.  Find  also  the  acceleration  of 
A,  B,  and  C. 

582.  Boxes  are  sent  from  the  street  into  the  basement  of  a  store  by  means  of  an 
inclined  plane.  The  plane  is  20  ft.  long  and  makes  an  angle  of  30°  with  the  floor. 
The  boxes  are  given  an  initial  velocity,  I'o,  of  10  ft./sec.  Assuming  that  the  coeflfi- 
cient  of  friction  for  the  box  while  on  the  incline  is  0.4,  what  is  the  velocity,  v,  of  the 
box  as  it  reaches  the  bottom  of  the  incline,  and  how  many  seconds  does  it  take  to 
reach  the  bottom?  Ans.     v  =  17.3  ft./sec;  t  =  1.47  sec. 

583.  A  man  who  is  just  strong  enough  to  Hft  a  150-lb.  weight  when  standing  on 
the  ground  can  lift  a  200-lb.  weight  from  the  floor  of  an  elevator  when  the  elevator  is 
going  down  with  a  certain  acceleration.  ^Miat  is  the  acceleration?  VThat  weight 
can  the  man  lift  from  the  floor  when  the  elevator  is  going  up  with  the  same 
acceleration? 

584.  A  box  is  projected  up  an  inclined  plane,  which  makes  an  angle  of  20°  with 
the  horizontal,  with  an  initial  velocity  of  2400  ft.  min.  If  the  coefficient  of  friction 
is  0.2,  how  far  up  the  plane  does  the  box  travel  before  coming  to  rest?  Will  the  box 
remain  at  rest?    If  not,  how  long  docs  it  take  it  to  reach  the  bottom  of  the  incline? 

Ans.    s=  46.9  ft.;  No;  t  =  4.35  sec. 
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585.  A  3-ton  cage  descending  a  shaft  with  a  speed  of  9  yd. /sec.  is  brought  to  rest 
with  a  uniform  acceleration  in  a  distance  of  18  ft.  What  is  the  tension  in  the  cable 
while  the  cage  is  coming  to  rest? 

586.  An  automobile  that  weighs  3000  lb.  is  accelerated  uniformly  on  a  level  road 
from  10  mi./hr.  to  40  mi./hr.  in  6  sec.  Calculate  the  force  exerted  on  the  tires  by 
the  road,  neglecting  air  resistance.  Ans.     F  =  683  lb. 

587.  A  body  weighing  8  lb.  and  resting  on  a  smooth  horizontal  plane  is  acted  on 
by  a  horizontal  force  which  causes  the  body  to  move  along  a  straight  line.  If  the 
distance  s  traveled  by  the  body  in  time  t  is  s  =  20t^  where  s  is  expressed  in  feet  and 
t  in  seconds,  find  the  magnitude  of  the  force. 

588.  In  Fig.  357,  ^  is  a  small  ball  that  weighs  4  lb.  and  5  is  a  block  that  weighs 
12  lb.  A  is  attached  to  i?  at  O  by  a  weightless,  flexible  cord.  A  force,  P,  is  applied 
to  B  increasing  very  slowly  until  it  reaches  a  value  of  8  lb.  after  which  it  remains 
constant.     Find  the  value  of  6,  assuming  the  plane  on  which  B  slides  to  be  smooth. 

Ans.     e  =  26°  34'. 


Fig.  357. 


Fig.  358. 


589.  A  body  C  weighing  10  lb.  rests  upon  a  frame  D  (Fig.  358)  which  rotates  about 
a  vertical  axis  AB.  When  the  frame  is  not  rotating,  the  tension  in  the  spring,  S,  is 
201b.  If  the  angular  velocity  of  the  frame  is  30  r.p.m.  and  the  friction  under  C  is 
neglected,  what  is  the  pressure  against  the  stop  at  El 

590.  A  small  body,  A ,  weighing  4  lb.  (Fig.  359)  rotates  in  a  vertical  plane  about  a 
horizontal  axis  through  0,  to  which  it  is  attached  by  means  of  a  weightless  cord  2  ft. 
long.     If  the  tension  in  the  cord  is  6  lb.  when  0  =  30°,  what  is  the  velocity  of  A1 

Ans.     V  =  6.39  ft./sec. 


Fig.  359.  Fig.  360. 

591.  In  "looping  the  loop"  (Fig.  360),  show  that,  if  friction  is  neglected,  the 
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minimum  value  of  the  velocity  of  the  car  when  at  C  is  a/ ^  if  the  car  does  not  leave 
the  track. 

592.  A  small  body  weighing  12  lb.  rests  on  an  inclined  surface  (Fig.  361)  which  is 
revolved  about  a  vertical  axis  with  a  constant  angular  velocity  of  20  r.p.m.    If  the 


Fig.  361. 


Fig.  362. 


body  is  attached  to  the  axis  of  rotation  by  a  cord  as  shown  in  the  figure,  and  if  friction 
between  the  body  and  plane  is  neglected,  find  the  tension,  T,  in  the  cord. 

Ans.     T  =  18.5  lb. 

593.  In  Fig.  362,  B  is  a  small  body  that  starts  from  rest  at  A  and  slides  on  the 
surface  of  a  smooth  sphere  until  it  leaves  the  surface  at  C. 
Find  the  angle  6.  Ans.     6  =  cos"^  f  =  48°  11'. 

594.  Find  the  velocity  of  the  body  A  in  Prob.  575  when 
it  reaches  its  lowest  position. 

595.  In  Fig.  363,  the  body  A  is  attached  to  a  flexible  rope 
and  is  raised  by  winding  the  rope  on  a  reel.  The  reel  turns 
at  a  constant  angular  velocity  of  w  rad./sec.  If  the  weight 
of  A  is  T7  lb.,  the  diameter  of  the  rope  is  d  in.,  and  the  weight 
of  the  rope  is  neglected,  find  the  tension  in  the  rope.  Assume 
that  A  moves  only  vertically.  /         ^^dX 

^^.  r  =  w[i+-y 

106.  Inertia-Force  Method  for  a  Particle, — As  pointed  out  in 
Art.  104,  the  resultant  of  all  the  forces  that  act  on  a  particle  having  a 
mass  m  and  an  acceleration  a  is  a  force  having  a  magnitude  ma  and  a 
direction  the  same  as  that  of  a.  Furthermore,  since  the  forces  acting  on 
a  particle  constitute  a  concurrent  system,  the  action  line  of  the  resultant 
passes  through  the  particle.  Therefore,  if  a  force  equal  to  this  resultant 
but  of  opposite  sense  is  assumed  to  act  on  the  particle  in  addition  to  the 
actual  forces  acting  on  the  particle,  the  particle  will  be  in  equihbrium  and 
hence  the  equations  of  equilibrium  may  be  applied  to  this  force  system. 
The  reversed  resultant  {ma)  force  is  called  the  inertia  force  for  the 
particle.  The  resultant  {ma)  force  is  called  the  effective  force  for  the 
particle  and  hence  the  inertia  force  is  sometimes  called  the  reversed 
effective  force.  It  will  be  observed  that  the  introduction  of  the  inertia 
force  transforms  the  kinetics  problem  to  an  equivalent  statics  problem. 
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ILLUSTRATIVE   PROBLEM 
Problem  5S6.— Solve  Prob.  574  by  the  inertia-force  method. 

Solution. — The  resultant  R  of  all  the  forces  acting  on  the  particle  (effective  force 
for  the  particle)  is 

4         11^         4  v^  rP" 

^  ~  32^2  ^7  ~  32^2  ^2^  ~  201 

and  is  directed  toward  0  the  center  of  the  circle. 
If  a  force  equal  but  opposite  to  R  is  assumed  to  act 
on  the  body  as  shown  in  Fig.  364  in  addition  to  T 
and  TF,  the  three  forces  would  be  in  equilibriimi 
and  hence  the  equations  of  equilibrium  for  a  concur- 
rent force  s,ystem  may  be  applied  to  the  forces,  thus 
IFy  =  r  cos  30°  -  4  =  0         .'.   T  =  4.62  lb. 

^'■ 
2Fx  =  4.62  sin  30 =0 


Hence 


20.1 


46.4     or    t;  =  6.8  ft./sec. 


PROBLEMS 
697.  Solve  Prob.  592  by  the  inertia-force  method. 

598.  Solve  Prob.  589  by  the  inertia-force  method. 

599.  The  bodies  A  and  B  (Fig.  365)  and  the  frame  on  which  they  rest  rotate 
about  the  vertical  axis  with  a  constant  angular  velocity  of  40  r.p.m.  The  weights 
of  A  and  B  are  48  lb.  and  32  lb.,  respectively.  Find  the  pressure  of  the  stop  E  on  B, 
neglecting  the  friction  between  A  and  B  and  the  frame.  Ans.     Re  =  26.1  lb. 

t< 24!'-  — 
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600.  The  shaft  AB  and  the  balls  C  and  D  (Fig.  366)  rotate  at  a  constant  angular 
velocity  of  100  r.p.m.  The  weights  of  C  and  D  are  8  lb.  and  12  lb.,  respectively. 
Find  the  reactions  of  the  bearings  at  A  and  B  on  the  shaft  when  the  balls  are  in  the 
position  shown,  neglecting  the  weight  of  the  shaft  and  also  of  the  rods  connecting 
the  balls  to  the  shaft. 

107.  Force  Proportional  to  Displacement.  Free  Vibration. — ]\Iany 
problems  in  kinetics  deal  with  a  body  having  a  periodic  or  vibrational 
motion  (such  as  a  simple  harmonic  motion)  under  the  action  of  a  result- 
ant force  that  varies  as  some  function  of  the  displacement  of  the  body. 
Such  a  force  is  usually  applied  to  the  body  by  means  of  a  spring  (or  its 
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equivalent),  which  exerts  a  force  directly  proportional  to  the  displace- 
ment of  the  body.  It  is  the  purpose  of  this  article  to  study  briefly  the 
periodic  rectilinear  motion  of  a  body  acted  on  by  a  resultant  force  whose 
magnitude  is  proportional  to  the  displace- 
ment of  the  body  from  some  fixed  point  in  its 
path. 

In  Fig.  367  a  small  body  whose  weight  is 
W  is  suspended  from  one  end  of  a  hehcal  spring, 
thereby  causing  a  displacement  of  the  lower 
end  of  the  spring  equal  to  8s  t  when  the  body 
and  spring  are  in  static  equilibrium.  A  down- 
ward pull  is  then  exerted  on  the  body  causing 
the  displacement  xq  of  the  body  from  its 
equihbrium  position;  the  pull  is.  suddenly 
released  and  the  body  undergoes  a  periodic 
(up  and  down)  motion  under  the  action  of  the 
earth-pull  (weight)  and  the  force  exerted  by  the 
spring.  The  main  features  of  this  periodic  or 
vibrational  motion  are  to  be  investigated. 

After  the  downward  pull  is  released  and  the 
displacement  from  the  position  of  static  equilib- 
rium has  attained  any  value  .r,  the  forces  acting 

on  the  body  are  as  shown  in  Fig.  367,  where  k  is  the  force  required  to 
stretch  the  spring  a  unit  length  and  is  called  the  spriJig  constant.     Thus 

W 
the  spring  constant  may  be  defined  by  the  equation  ^  =  — •     Or,  m  a 

somewhat  more  general  form,  it  may  be  defined  as  the  force  that  tends 
to  restore  the  body  to  its  initial  equilibrium  position  divided  by  the 
correspondmg  displacement  of  the  body. 

If,  in  Fig.  367,  the  positive  direction  for  x  is  downward,  the  equation 
of  motion,  ZFj,  =  ma^,  may  be  written  as  follows: 


Fig.  367. 


W  W  (fx 

g  g   dt 


Hence 


d^ 
dt^ 


kg 


W 


(1) 


(2) 


Eq.  (2)  shows  that  the  motion  of  the  body 


led 
in  which  i;;;  is  a  constant. 

W 

is  a  simple  harmonic  motion  (see  Art.  86)  since  the  acceleration  is  a 
constant  times  the  displacement  and  has  a  du-ection  opposite  to  that 


234  FORCE,   MASS,  AND  ACCELERATION 

of  the  displacement.  Eq.  (2)  is  the  differential  equation  for  the  free  or 
natural  vibration  of  a  particle. 

kg 
It  will  be  noted  by  reference  to  Art.  86  that  the  constant  —  in 

Eq.  (2)  corresponds  to  w^  in  the  equation  «  =  — 2  =  —  w^x  which  was 

obtained  by  considering  that  the  simple  harmonic  motion  was  the  pro- 
jection of  a  uniform  circular  motion  on  the  diameter  of  the  circle,  w 
being  the  angular  velocity  of  the  point  on  the  circular  path.     In  Art.  86 

d^x 
the  solution  of  the  equation  -r^  =  —  <^'^x  was  found  to  be  x  =  r  cos  ut 

at 

and  hence  the  solution  of  Eq.  (2)  is 

X  =  Ci  cos  \/—  t (3) 

\  If 

in  which  Ci  is  a  constant  whose  value  depends  on  the  initial  conditions 
of  the  motion.  Thus,  since  the  body  was  started  in  motion  by  giving  it  a 
displacement  Xq  from  its  equilibrium  position  and  then  releasing  it 
without  initial  velocity  we  have  x  =  Xq  when  t  =  0,  and  hence  by 
substituting  these  values  in  Eq.  (3)  we  find  that  Ci  =  Xq.  Therefore, 
the  equation 

kg  ,  . 

X  =  a^ocos-v— «       (4; 

expresses  the  relation  between  the  displacement  x  and  the  time  t  for 
the  free  vibration  of  a  particle.  It  is  important  to  note  that  in  Eq.  (4), 
X  is  measured  from  the  equilibrium  position  of  the  body;  or  in  other 
words  the  body  oscillates  about  its  equilibrium  position. 

The  two  properties  or  characteristics  of  the  motion  that  are  of 
particular  significance  are  the  amplitude  and  the  period  (or  frequency) 
of  the  motion. 

The  amplitude,  denoted  by  ^,  is  the  maximum  value  that  x  in 

kg 
Eq.  (4)  can  have.     This  value  is  xq  since  the  maximum  value  of  cos  \]—  t 

is  unity. 

The  period  of  oscillation  or  of  vibration,  denoted  by  T,  is  the  time 

required  for  the  moving  body  to  make  one  oscillation,  that  is,  one 

complete  cycle.     Hence  the  period  of  vibration  is  the  time  required  for 

cos  yj—  t  to  pass  through  all  of  its  values  and  return  to  the  same  value 
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it  had  at  the  beginning  of  the  period.     Thus  T  is  the  value  of  t  in  the 

equation  \  tjt  ^  =  27r.     Hence 
W 

T  =  2.V?  =  2.V^ (5) 

It  will  be  observed  that  the  period  of  oscillation  depends  only  on 
the  spring  constant  and  the  weight  of  the  body;  the  period  varies 
directly  as  -y/W  and  inversely  as  V^-  For  example,  a  stiff  spring 
(having  a  large  value  of  k)  and  a  light  weight  (small  value  of  W)  will 
have  a  short  period  of  vibration  and  a  flexible  spring  and  a  large  weight 
will  have  a  long  period  of  vibration. 

The  frequency,  /,  of  vibration  is  the  number  of  complete  cycles  per 
unit  of  time  and  hence 


^.i.lJ^.lJl. (e) 


■>st 


Equations  (5)  and  (6)  show  that  the  natural  period  and  frequency  of 
vibration  can  be  calculated  from  one  measurable  quantity  alone;  namely, 
the  static  elongation  of  the  spring  caused  by  the  weight  W  of  the  body. 
It  is  important  to  observe  that  the  above  equations  apply  only  to 
free  vibrations;  namely,  to  the  periodic  motion  of  a  body  acted  on  only 
by  its  weight  and  a  force  exerted  by  a  spring  (or  system  of  springs) 
such  that  the  force  is  proportional  to  the  displacement  of  the  body  and 
acts  always  to  restore  the  position  of  the  body  to  its  equilibrium  posi- 
tion. Thus  the  motion  of  the  body  described  by  the  above  equations 
does  not  occur  in  a  resisting  medium  such  as  a  liquid,  which  would 
produce  a  damped  vibration  rather  than  a  free  vibration.  Nor  is  the 
motion  a  forced  vibration  in  which  an  additional  (periodic)  force  is 
applied  to  the  body  as  it  vibrates.  In  a  forced  vibration  if  the  period 
of  the  impressed  force  is  the  same  as  that  of  the  free  or  natural  period  of 
vibration  of  the  system,  the  theoretical  amplitude  of  the  vibration 
becomes  exceedingly  large.  This  condition  is  known  as  resonance  and 
is,  of  course,  a  condition  to  be  avoided  in  parts  of  machines  and  struc- 
tures. On  the  other  hand  it  is  a  condition  that  we  often  intuitively 
create  when  we  wish  to  build  up  a  large  amplitude  as,  for  example,  in 
jumping  on  a  spring  board  in  order  to  execute  a  high  dive.  We  create 
the  same  condition  in  causing  a  tree  to  fall  after  it  has  been  chopped 
almost  through  at  the  base,  by  pushing  repeatedly  with  our  hand  on 
the  tree  trunk  with  a  force  that  has  the  same  frequency''  as  that  of  the 
free  oscillations  of  the  tree.  Damped  and  forced  vibrations,  including 
the  condition  of  resonance,  are  discussed  briefly  in  Chapter  XI. 
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ILLUSTRATIVE   PROBLEM 

Problem  601. — A  machine  that  weighs  800  lb.  rests  on  a  platform  that  weighs 
200  lb.  The  platform  and  machine  are  supported  by  fom-  springs,  one  at  each  corner 
of  the  platform,  the  four  springs  being  alike.  An  additional  downward  force  of  100  lb. 
is  applied  at  the  center  of  the  platform  and  compresses  each  spring  34  in-  If  the 
100-lb.  force  is  suddenly  removed  what  will  be  the  frequency  and  amplitude  of  the 
resulting  vibratory  motion  assuming  that  the  motion  of  the  platform  is  a  transla- 
tion only? 

Solution. — The  restoring  force  in  the  system  and  hence  the  spring  constant  k  is 

100 
A;  =  -^  =  400  Ib./in. 

4 

The  frequency,  /,  according  to  Eq.  (6)  is 


/  = 


1 


400  X  (12  X  32.2) 


1000 


27r    \    W         27 

=  1.98  oscillations  per  sec. 

It  should  be  noted  that  since  k  is  expressed  in  pounds  per  inch,  g  must  be  expressed 
in  inches  per  second  per  second. 

The  amplitude  of  the  oscillations  is  the  value  of  xo  which  is  J^  in. 


PROBLEMS 

602.  A  vertical,  helical  spring,  one  end  of  which  is  attached  to  a  fixed  point  is 
stretched  2  in.  by  a  weight  of  20  lb.  suspended  from  its  lower  end.  The  20-lb.  weight 
is  lifted  2  in.  so  that  the  spring  has  its  imstretched  length  and  the  weight  is  then  sud- 
denly released.     What  will  be  the  amplitude  and  frequency  of  the  resulting  motion? 

Ans.     A  =  2  in.;  /  =  2.21  cycles  per  sec. 

603.  A  miiform  bar  weighing  60  lb.  is  supported  by  two  helical  springs  as  shown 
in  Fig.  368.  When  the  bar  is  pulled  down  3  in.  from  its  equilibrium  position  and  then 
released,  the  frequency  of  the  resulting  motion  is  2.21  cycles  per  sec.  What  is  the 
spring  constant  for  each  spring,  assuming  that  the  two  springs  are  alike  and  that  the 
bar  has  a  motion  of  translation  only? 

604.  Each  of  the  springs  on  which  a  car  is  mounted  carries  a  load  of  P  lb.  and 
deflects  vertically  3  in.  under  this  load.  What  will  be  the  frequency  of  the  vertical 
oscillations  of  the  car  if  a  vertical  force  gives  the  springs  an  additional  deflection 
and  is  then  removed?  Ans.    /  =  1.81  cycles  per  sec. 


/■'//('//// 


Fig.  368. 
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Fig.  369. 


Fig.  370. 


605.  A  body,  B  (Fig.  369),  weighing  16  lb.  is  held  in  equilibrium  by  two  springs 
in  which  there  are  equal  initial  tensile  stresses.    The  body  is  displaced  horizontally 
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2  in.  from  its  equilibrium  position  and  is  then  released  causinpj  the  liody  to  oscillate 
on  the  smooth  surface  C.  The  spring  constant  for  each  spring  is  20  lb.  per  in.  What 
is  the  frequency  of  oscillation  of  Bl 

606.  A  simple  pendulum  (Fig.  370)  consists  of  a  small  body,  A,  of  weight  W  lb. 
attached  to  a  weightless  string  of  length  I.  The  body  (and  string)  is  deflected  a 
small  angle  6  from  its  vertical  position  and  is  then  released.  Let  it  be  assumed  that 
the  body  moves  in  a  straight  line  path  since  the  angle  6  is  small.     Show  that  the 

period  of  oscillation  is  T  =  2iv\\  —  -     Hint:    The  restoring  force  is  P  sin  0  or  Pd 

\  g 

Pe      P 

(approximately)  since  6  is  small  and,  the  spring  constant  is  A;  =  —  =  — .     Also 

10         I 

P  cos  0  =  W  and  for  small  values  oi  0,  P  =  W,  approximately. 


§  2.  Kinetics  of  Bodies 

108.  Introduction.  Methods  of  Analysis. — As  pointed  out  in  the 
preceding  section,  the  general  character  of  a  problem  in  kinetics  of  bodies 
may  be  stated  as  follows :  A  physical  body  is  acted  on  by  a  force  system 
that  has  a  resultant  which  causes  a  change  in  the  motion  of  the  body,  and 
relations  are  required  between  (1)  the  resultant  of  the  external  force 
system,  (2)  the  properties  of  the  body  (mass,  moment  of  inertia,  etc.), 
and  (3)  the  change  in  the  motion  of  the  body.  For  each  of  the  types  of 
motion  of  rigid  bodies  treated  in  this  section,  the  equations  which 
express  the  relations  between  the  three  factors  or  elements  in  the  prob- 
lem (equations  of  motion)  are  found  by  the  same  procedure  or  series  of 
steps,  as  follows: 

1.  The  body  is  considered  to  be  composed  of  particles,  and,  from  the 
motion  of  the  body,  the  acceleration,  a,  of  any  particle  in  the  body  is 
found,  both  in  magnitude  and  in  direction.  This  step  involves  the  use 
of  the  facts  and  equations  developed  in  the  study  of  kinematics. 

2.  From  the  acceleration,  a,  of  any  particle  and  its  mass,  m,  the  force 
required  to  produce  the  acceleration  is  found,  both  in  magnitude  and  in 
direction,  by  applying  Newton's  second  law.  This  force,  R,  is  called 
the  effective  force  for  the  particle  and,  in  accordance  with  Newton's 
second  law,  may  be  expressed  by  the  equation  R  =  ma,  the  direction  of 
R  being  the  same  as  that  of  a.  Since  R  is  the  resultant  of  the  actual 
forces  acting  on  the  particle,  it  may  also  be  expressed  in  terms  of  the 
actual  forces.  Thus,  by  expressing  the  resultant  of  the  forces  acting  on 
the  particle  in  two  ways:  (1)  in  terms  of  m  and  a  and  (2)  in  terms  of  the 
actual  forces  acting  on  the  particle,  the  relation  between  the  forces 
acting  on  the  particle,  the  mass  of  the  particle,  and  the  acceleration  of 
the  particle  may  be  found. 

It  should  be  noted  that  some  (most)  of  the  particles  of  a  body  are 
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acted  on  by  internal  forces  only  (in  addition  to  their  weights),  that  is, 
by  the  neighboring  particles  of  the  body,  and  some  of  the  particles 
(located  where  the  external  forces  are  applied  to  the  body)  are  acted  on 
by  both  internal  and  external  forces. 

3.  The  magnitude  and  the  direction  of  the  effective  force  for  each 
particle  of  the  body  having  been  determined,  in  terms  of  the  mass  and 
acceleration  of  the  particle,  the  resultant  of  the  effective  forces  for  all  the 
particles  of  the  body  is  found  completely  by  the  same  methods  as  were 
used  in  Chapter  II  for  finding  the  resultant  of  a  given  system  of  forces. 
The  effective  forces  for  bodies  having  the  motions  considered  in  this 
section  may  be  assumed  to  form  a  coplanar  force  system.  Therefore, 
the  characteristics  of  the  resultant  of  the  effective  forces,  in  general,  may 
be  expressed  by  writing  three  equations  (Art.  30)  involving  the  suroma- 
tions  of  the  a;-components  of  the  effective  forces,  of  the  ^/-components  of 
the  effective  forces,  and  of  the  moments  of  the  effective  forces  about 
some  axis. 

4.  In  the  preceding  step,  the  resultant  of  the  forces  acting  on  all  the 
particles  is  expressed  in  terms  of  the  effective  {ma)  forces;  it  may  also  be 
expressed  in  terms  of  the  actual  forces  which  include  all  the  internal 
forces  and  all  the  external  forces.  But  in  obtaining  the  summations 
of  the  X-  and  of  the  ^/-components,  and  of  the  moments  of  these  forces, 
the  internal  forces  drop  out  of  the  expressions  since  they  occur  in  col- 
Unear  pairs,  the  forces  of  each  pair  being  equal  and  opposite  (Newton's 
third  law).     Therefore, 

The  resultant  of  the  effective  forces  for  the  particles  of  a  body 
is  identical  with  the  resultant  of  the  external  forces  which  act  on 
the  body.     Or, 

The  resultant  of  the  effective  forces  for  all  the  particles  of  a 
body,  if  reversed  and  assumed  to  act  on  the  body  with  the  exter- 
nal forces,  will  hold  the  body  in  equilibrium. 

The  principle  stated  in  the  two  forms  above  is  known  as  D'Alombert's 
principle.  It  will  be  noted,  therefore,  that  D'Alembert's  principle  in 
the  second  form  makes  it  possible  to  reduce  a  problem  in  kinetics  to  an 
equivalent  problem  in  statics  by  introducing  a  force  (or  forces)  which 
may  be  found  completely  from  the  motion  of  the  body  by  means  of  the 
first  three  steps  outlined  above. 

Note  on  Limitations  on  Equations  of  Motion. — In  the  above  discussion  the  body 
considered  was  assumed  to  be  symmetrical  with  respect  to  the  phine  of  motion. 
Thus  the  effective  force  system  was  equivalent  to  a  coplanar  system  in  the  plane  of 
motion,  and  the  external  force  system  was  likewise  assumed  to  lie  in  the  plane 
of  motion.     When  these  conditions  are  satisfied  three  equations  are  sufficient  to 
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determine  completely  the  motion  of  the  bodj'.  It  will  be  found  that  the  kinetics 
problems  most  frequently  encountered  in  engineering  practice  in  connection  with  the 
translation,  rotation,  or  plane  motion  of  rigid  bodies  can  be  solved  by  use  of  the 
three  equations  obtained  for  the  particular  type  of  motion  involved,  on  the  basis  of 
the  above  assumptions. 

For  the  most  general  tj^pe  of  motion  of  a  rigid  body,  however,  there  are  six 
equations  of  motion,  and  hence  if  one  (or  more)  of  the  above  assumptions  is  not 
satisfied,  more  than  the  three  equations  referred  to  above  are  needed  for  a  complete 
solution  although  even  then  much  useful  information  may  often  be  obtained  from  the 
three  equations  alone. 

Furthermore,  in  certain  problems  in  which  the  external  forces  do  not  lie  in  the 
plane  of  motion  and  hence  do  not  satisfy  one  of  the  above  assumptions,  a  complete 
solution  may  be  made  by  using  the  inertia-force  method,  since  this  method  then 
becomes  equivalent  to  using  one  or  more  of  the  six  equations  of  motion  in  addition 
to  the  three  equations  that  are  obtained  by  assuming  that  all  the  above-mentioned 
conditions  are  satisfied. 

109.  Motion  of  the  Mass-Center  of  a  System  of  Particles. — The 
steps  outlined  in  the  preceding  article  will  be  used  first  to  deduce  an 
important  principle  of  kinetics,  which  is  applicable  to  the  motion  of  any 
mass-system  (rigid  or  non-rigid)  moving  in  any  way,  called  the  principle 
of  the  motion  of  the  mass-center. 

Let  a  system  of  particles  (Fig.  371)  whose  masses  are  denoted  by 
m',  w",  m'" ,  etc.,  move  in  any  way  under  the  action  of  any  force  system 


The  principle  of  the  motion  of  the  mass-center  expresses  the  relation 
between  the  external  forces  acting  on  this  mass-system,  the  mass  M  of 
the  whole  system,  and  the  acceleration  of  one  point  in  the  system, 
namely,  the  mass-center  of  the  system.  The  principle  may  be  deduced 
as  follows : 

In  Fig.  371(a)  only  three  particles  are  shown,  and  for  convenience 
the  particles  are  assumed  to  move  in  a  plane.  The  forces  that  act  on 
each  particle  and  give  the  particle  its  acceleration  are  shown  in  Fig. 
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371(6).  The  forces  acting  on  any  particle  consist  of  the  forces  exerted 
by  other  particles  of  the  system  (internal  forces  such  as  Fi  and  F2 
acting  on  the  particle  of  mass  m')  and  any  forces  exerted  by  bodies  that 
are  not  a  part  of  the  mass-system  whose  motion  is  being  considered 
(external  forces) .  The  internal  forces  occur,  of  course,  in  equal,  opposite, 
and  collinear  pairs.  For  example,  in  Fig.  371(6)  the  particle  of  mass 
m'  is  acted  on  by  two  external  forces,  namely,  the  earth  pull  Wi  (weight 
of  the  particle)  and  the  force  P',  and  by  two  internal  forces  Fi  and  F2. 

Step  1.  The  acceleration  of  each  particle  is  here  assumed  to  be 
known;  a' ,  a" ,  a'" ,  etc.,  are  the  accelerations  of  m' ,  m" ,  tn'",  etc. 

Step  2.  The  resultant  of  the  forces  acting  on  any  particle  is  equal  to 
ma  and  acts  through  the  particle  in  the  direction  of  the  acceleration  a  of 
the  particle;  and  the  component  of  the  resultant  in  any  direction  x  is 
max,  etc. 

Step  3.  The  a--component  of  the  resultant  of  all  the  forces  acting 
on  all  the  particles  then  is 

R:c  =  m'a'^  +  m"a"^  +  m"'a"'^  +  •  •  •        ...     (1) 

Step  4-  The  a;-component  of  the  resultant  of  all  the  forces  acting 
on  all  the  particles  may  also  be  expressed  in  terms  of  the  actual  forces 
acting  on  all  the  particles,  which  are  made  up  of  forces  external  to  the 
mass-system  and  the  internal  actions  and  reactions  between  the  par- 
ticles.    Hence 

Rx   =    (2F^)external  +    (2/^x)lntemaI   =   w'tt'^  +  m"a"^  +  m"'a"\  +    •  •  •    (2) 

But  by  Newton's  third  law  (Si^a;)internai  =  0  since  the  internal  forces 
occur  in  pairs  of  equal,  opposite,  and  collinear  forces,  and  hence  letting 
2Fa;  refer  to  external  forces  only,  we  have 

1:Fx  =  m'a'x  +  m"a"x  +  m"'a"\ (3) 

To  evaluate  the  right-hand  side  of  this  equation  for  any  body  (mass- 
system)  would,  in  general,  be  an  endless  task  since  the  acceleration  of 
each  particle  of  the  body  would  have  to  be  found. 

It  can  be  proved,  however,  that  the  right-hand  side  of  the  equation 
is  equal  to  the  product  of  the  mass,  il/,  of  the  whole  system  and  the 
a:-component  of  the  acceleration,  a,  of  the  mass-center  of  the  system. 
In  Fig.  371(a)  the  x-coordinatcs  of  the  particles  are  denoted  by  x' ,  x",  x'" , 
etc.,  and  the  x-coordinate  of  the  mass-center  by  x.  From  the  definition 
of  mass-center  we  have  then 

vi'x'  +  m"x"  +  iyi"'x"'  -\-  ••■  =  Mx    .     .     .     .     (4) 

But,  since  the  system  of  particles  is  in  motion,  the  x-coordinates  of  the 
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particles  vary  with  respect  to  time.  Hence,  differentiating  the  above 
equation  with  respect  to  t  we  have 

^.i?^  +  ^.-!^'  +  ™"'^+-=Mf   .     .     .     (5) 
dt  dt  dt  di 

or 

m'v'^  +  m"v":c  +  m"'v"',  -^  ■  ■  ■  =  Mv^     .     .     .     (6) 

This  equation  expresses  an  important  principle  concerning  the  momen- 
tum of  the  system  of  particles  and  will  be  used  later  in  Chapter  X. 
Differentiating  Eq.  (5)  with  respect  to  t  we  obtain 

d^x'  d^x"  d^x'"  d~x 

-'^  +  -"-^  +  »'"-^+-=-^^^  •  •  (^) 

or, 

m'a',  +  ni"a",  +  m"'a"':,  +  ■  ■  ■  =  Ma^  .     .     .     (8) 

Therefore  Eq.  (3)  may  be  written 

1:F^  =  Ma^ 

In  a  similar  way  equations  involving  the  components  in  the  y-  and 
2-directions  may  be  found.  Hence  the  equations  that  express  the 
relations  between  the  external  forces  acting  on  any  system  of  particles, 
the  mass  of  the  system,  and  the  acceleration  of  the  mass-center  of  the 

system  are: 

SF,  =  Ma, 


1:F„  =  Ma,. 


y 


1:F,  =  Ma, 


(9) 


If  the  resultant  of  the  external  forces  actmg  on  the  system  of  particles 
is  a  force,  denoted  by  R,  the  above  three  equations  are  equivalent  to 
the  single  equation 

R  ^  Ma, (10) 

where  M  is  the  mass  of  the  system  and  a  is  the  acceleration  of  the  mass- 
center  of  the  system. 

The  principle  expressed  either  by  equations  (9)  or  by  equation  (10) 
is  sometimes  called  the  principle  of  motion  of  the  mass-center;  it  simphfies 
the  solution  of  many  problems  and  is  of  great  importance  in  the  study  of 
kinetics.     The  principle  may  be  stated  in  words  as  follows: 

If  an  unbalanced  external  force  system  acts  on  a  body  (whether 
rigid  or  not),  the  resultant  of  the  external  force  system,  if  a  force, 
has  a  magnitude  which  is  equal  to  the  product  of  the  mass  of 
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the  body  and  the  acceleration  of  the  mass-center  of  the  body,  and 
the  direction  of  the  resultant  force  is  the  same  as  that  of  the 
acceleration  of  the  mass-center. 

It  should  be  noted,  however,  that  the  action  line  of  the  resultant  force 
does  not,  in  general,  pass  through  the  mass-center  of  the  body. 

Translation 

110.  Kinetics  of  a  Translating  Rigid  Body. — The  equations  of  motion 
for  a  translating  rigid  body  may  be  found  by  applying  the  four  steps 
outlined  in  Art.  108.  In  Fig.  372(a)  is  shown  a  body  that  is  assumed 
to  have  a  motion  of  translation  when  acted  on  by  the  external  forces 
P,  W,  N,  etc.  It  will  further  be  assumed  that  the  body  is  symmetrical 
with  respect  to  the  plane  of  motion  and  that  the  forces  he  in  the  plane  of 
motion.  (See  note  in  Art  108.)  For  convenience,  the  particles  of 
which  the  body  is  composed  may  be  regarded  as  small  cubes. 

Acceleration  of  Any  Particle. — Since  the  body  has  a  motion  of  trans- 
lation, all  the  particles  have  the  same  acceleration  a. 

Effective  Force  for  Any  Particle.—By  Newton's  second  law,  the  result- 
ant of  the  forces  (not  shown)  that  act  on  any  particle  of  mass  m  and  give 
it  its  acceleration  a  is  equal  to  ma  and  is  in  the  chrection  of  a.  This 
resultant  force  is  the  effective  force  for  the  particle.  Thus,  the  effective 
forces  WiC,  m20,  etc.  (Fig.  372a),  constitute  a  system  of  parallel  forces. 
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Fig.  372. 


Resultant  of  the  Effective  Forces. — The  resultant  of  the  effective  forces 
is  a  force  and  may  be  found  by  the  methods  of  Chapter  II.  Thus,  the 
magnitude  of  the  resultant  is  equal  to  Ima  =  a'^m  =  Ma,  where  M  is 
the  mass  of  the  body;  and  the  direction  of  the  resultant  is  the  same  as 
that  of  the  acceleration  a  of  the  body.  The  action  line  may  be  found 
by  use  of  the  principle  of  moments  (Art.  26).  Thus,  if  y  (Fig.  3726)  is 
the  distance  from  any  point  0  to  the  effective  force  ma  for  any  particle, 
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and  p  is  the  distance  from  0  to  the  action  line  of  the  resultant  of  the 
effective  forces,  we  have 

Ma-p  =  lima-y)  =  aHmy (1) 

or, 

27nv       Mij 

V    = =    -J-    ^    y (2) 

where  y  is  the  vertical  distance  of  the  mass-center  from  0.  Hence  the 
resultant  passes  through  the  mass-center,  G,  of  the  body  as  shown  in 
Fig.  373(a)  and  is  not  in  the  position  shown  in  Fig.  372(6). 

Summarizing:  If  a  rigid  body  has  a  motion  of  translation,  the 
resultant  of  the  effective  forces  is  a  force  of  magnitude  Ma,  through 
the  mass-center  of  the  body,  and  m  the  direction  of  the  acceleration  a  of 
the  body. 

Relation  between  Effective  Forces  and  External  Forces. — Since,  by 
D'Alembert's  principle,  the  resultant  of  the  external  forces  is  identical 
with  the  resultant  of  the  effective  forces,  the  resultant  of  the  external 
forces  is  also  a  force  (R,  say)  of  magnitude  Ma  in  the  direction  of  a  and  it 
passes  through  the  mass-center  (G)  of  the  body.  Since  the  resultant 
passes  through  G,  its  moment  (and  hence  also  the  sum  of  the  moments 
of  the  external  forces)  about  G  is  zero.  This  fact  may  be  expressed  by 
the  equation  ST  =  0,  where  T  denotes  the  moment  of  an  external  force 
about  G.  The  resultant  of  the  external  forces  is  defined,  then,  by  the 
equations 

R  =  Ma] 

(3) 

ST  =  0     J 

Letting  x  and  y  denote  any  two  perpendicular  axes  in  the  plane  of  motion, 
each  side  of  the  first  of  the  above  equations  may  be  resolved  mto  com- 
ponents in  the  x-  and  ^/-directions.  Thus,  Rx  =  Max  and  Ry  =  Moy. 
But  the  components  of  the  resultant  R  of  the  external  forces  may  also  be 
expressed  in  terms  of  the  forces.  Thus,  R^  =  SF^  and  hence  HFx  =  Max. 
Similarly  HFy  =  May.  Hence  the  first  equation  in  (3)  above  may  be 
replaced  by  two  equations.  The  equations  of  motion,  then,  that 
express  the  relations  between  the  external  forces  that  act  on  the  body, 
the  mass  of  the  body,  and  the  acceleration  of  the  body,  may  be  written 


^Fx 

= 

Ma, 

^Fy 

= 

May 

tf 

= 

0 

(4) 

It  should  be  noted  that  the  first  tw^o  of  these  equations  could  have  been 
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obtained  directly  from  equations  (9)  of  Art.  109  since  they  apply  to  any 
type  of  motion. 

Alternative    Method.     Inertia-Force    Method. — Since    the    resultant 
(Ma)  of  the  effective  forces  (Fig.  373a)  is  identical  with  the  resultant 


•   ^///JimC'kyy; 


Ma 


"W(a) 


^/y//y/yyy'^y////;|l^^>:  y/y/////////^//^ 


Ma 


wW 


(&) 


Fig.  373. 


of  the  external  forces,  it  is  obvious  that,  if  a  force  equal  to  Ma  and 
having  the  same  action  line  as  Ma,  but  of  opposite  sense,  were  added 
to  the  actual  external  forces  (P,  Tf,  A^,  etc.)  as  shown  in  Fig.  373(6), 
the  system  of  forces  so  constituted  would  hold  the  body  in  equilibrium 
and  hence  would  satisfy  the  equations  of  equilibrium: 

SP,  =  0,     ^Fy  =  0,     ^M  =  0. 

This  additional  (imaginary)  force  is  sometimes  called  the  reversed 
effective  force  or  inertia  force  for  the  body.  It  is  to  be  noted  that  the 
introduction  of  the  inertia  force  has  the  effect  of  transformmg  the 
kinetics  problem  into  an  equivalent  problem  in  statics.  Methods  of 
solution  of  problems  by  use  of  the  equations  of  motion  and  by  the 
inertia-force  method  will  be  illustrated  in  the  following  problems. 

|Y  Note. — In  analyzing  and  solving  problems  in 

kinetics  of  bodies,  the  same  general  procedure 
should  be  followed  as  was  outlined  in  Art.  105. 
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ILLUSTRATIVE   PROBLEMS 

Problem  607. — The  dimensions  of  block  A 
(Fig.  374)  arc  3  ft.  by  3  ft.  by  5  ft.  and  the 
weight  of  the  block  is  1200  lb.  The  block 
rests  on  a  carriage,  B,  which  is  given  an 
acceleration  a  in  the  direction  shown.  If  the 
friction  between  the  block  and  carriage  is  suffi- 
cient to  prevent  slipping,  what  is  the  maximum 
acceleration  that  the  carriage  can  have  without 
causing  the  block  to  tip  over? 

Solution. — The  block  has  a  motion  of  translation  under  the  action  of  two  forces. 
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Fig.  374. 
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namely,  the  weight,  W,  and  the  reaction,  /?,  of  the  carriage.  For  convenience  the 
latter  force,  which  acts  at  O  when  the  block  is  on  the  point  of  tipping,  will  be  resolved 
into  the  normal  pressure,  N,  and  the  frlctional  force,  F,  as  indicated  in  the 
figure.     The  equations  of  motion  for  the  block  are 

SF„  =  Ma^.     .     .     (2),        2^  =  0.    .  .     (3) 


2Fx  =  Max. 


(1), 


Since  the  x-axis  is  chosen  in  the  direction  of  the  acceleration  of  the  body,  it  follows 
that  ax  =  a  and  ay  =  0. 

From  (1), 

1200  ... 

F  = a (4) 


32.2 


From  (2), 
From  (3), 


N  -  1200  =  0, 


f  F  -  |A^  =  0. 


(5) 
(6) 


By  solving  these  equations,  we  find 

F  =  720  lb.     and 


=  19.32  ft./sec.2 


Inertia-Force  Method.— li  the  inertia  force  (reversed  effective  force)  for  the  body 
is  assumed  to  act  on  the  body  with  the  external  forces,  the  body  may  be  assumed  to 
be  in  equilibrium  (D'Alembert's  principle)  and  hence  the  equations  of  eqmlibrmm 
may  be  applied  to  the  force  system  thus  formed. 

The  inertia  force  for  the  translating  block  A  is 

1200 

Its  direction  is  opposite  to  that  of  a  and  its  action  fine  passes  through  the  mass- 
center  of  the  block.  Therefore,  the  forces  acting  on  the  block  as  shown  in  Fig.  375 
will  hold  the  block  in  equilibrium.  The  equations  of  equilibrium  for  the  force  system 
(Art.  44)  are: 


SF.  =  f  - 


1200 


a  =  0, 


32.2 
XFy  =N  -  1200  =  0, 
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Fig.  375. 


The  solution  of  the  equations  leads  to  the  same  re- 
sults as  were  found  by  the  first  method  of  solution. 

It  should  be  noted  that  in  obtaining  the  mo- 
ments of  the  forces  in  the  above  equilibrium  equa- 
tion (SMo=0),  the  moment-center  0  may  be 
taken  as  any  point  in  the  plane  of  the  forces, 
whereas   the  moments  of  the  forces  in  the  tliird 

equation  of  motion  (ST  =  0)  used  in  the  first  method  of  solution  must  be  taken 
about  the  mass-center  of  the  body. 

Problem  608.-The  parallel  rod  of  a  locomotive  (Fig.  376a)  weighs  400  lb.  The 
crank  length,  n,  is  15  in.,  and  the  radius,  rs,  of  the  drivers  is  3  ft.  If  the  speed  of 
the  engine  is  50  mi./hr.,  what  is  the  reaction  of  the  pin  at  each  end  of  the  rod  when 
the  rod  is  in  its  lowest  position? 
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Solution. — All  particles  of  the  rod  have  the  same  acceleration  at  any  instant. 
When  the  rod  is  in  its  lowest  position,  the  acceleration  of  each  particle  with  reference 
to  the  engine  frame  is  directed  verticallj^  upwards,  its  value  being  w^ri.  The  angular 
velocity,  w,  is 

V 


ri 


5280  X  50       1       „^  ^^      ^  , 

X  -  =  24.44  rad./sec. 

60  X  60         3 


The  resultant  of  the  effective  forces  acts  through  the  mass-center,  and  its  magnitude 

is 

400  15 

Ma  =  Mcoh-i  = X  (24.44)2  x  —  =  9270  lb. 

32.2  12 


MriW''=9270  lb. 

1 L       I 


Ri 


VV=400  lb. 
(b) 

Fig.  376. 


If  this  resultant  is  reversed  and  assumed  to  act  on  the  body  with  the  external  forces, 
as  shown  in  Fig.  376(6),  the  forces  will  be  in  equilibrium. 

It  will  be  observed  that  the  forces  form  a  parallel  force  system.    The  equations 
of  equilibrium  for  a  parallel  force  system  (Art.  43)  are, 

2F  =  0.     .     .     (1),  2.1/  =  0.     .     .     (2) 

Using  (1), 

Ri  +  Ri-  9270  -  400  =  0. 
Using  (2),  I 

RiXl  -  (9270  +  400)  X  -  =  0. 
Whence 

R^^E^^  4835  lb. 


PROBLEMS 

609.  In  Prob.  607,  assume  the  acceleration  of  the  cart  and  block  to  be  10  ft. /sec' 
Determine  the  position  of  the  action  line  of  the  normal  pressure  A'. 

Ans.     0.724  ft.  from  left  edge. 
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^610.  The  sliding  door  shown  in  Fig.  377  weighs  100  lb.  If  the  force  P  is  60  lb., 
what  is  the  acceleration  of  the  door  and  what  are  the  reactions  at  A  and  B,  assuming 
the  friction  of  the  rollers  to  be  negligible? 
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Fig.  378. 


611.  A  small  car  (Fig.  378)  with  its  load  weighs  800  lb.  and  the  center  of  gravity, 
G,  of  the  total  weight  is  5  ft.  from  the  track.  A  force  P  of  120  lb.  is  applied  to  the 
car  as  shown.  Neglecting  the  friction  on  the  track,  find  the  acceleration  of  the  car 
and  the  reactions  of  the  track  on  each  pair  of  wheels.  What  would  be  the  reactions 
on  the  wheels  if  the  force  P  acted  through  the  point  G? 

Ans.     a  =  4.83  ft./sec.^;  Ri  =  310  lb.;  R2  =  490  lb.;  Ri  =  R2  =  400  lb. 
£^x612.  A  homogeneous  cube  represented  in  Fig.  379  weighs  96.6  lb.     The  forces 
shown  cause  the  body  to  have  a  motion  of  translation  with  an  acceleration  a  in  the 
direction  indicated.    If  all  forces  are  in  the  plane  of  motion  what  are  the  values  of 
P,  d,  and  a? 
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Fig.  380. 


Fig.  381. 


613.  In  Fig.  380,  a  imiform  bar  AB  weighing  64.4  lb.  is  connected  by  a  smooth 
pin  at  A  to  the  frame  C  which  weighs  128.8  lb.  DB  is  a  spring  of  negligible  weight. 
When  a  horizontal  force  P  is  applied  to  the  frame  as  shown,  the  s.vstem  slides  to  the 
left  on  a  smooth  horizontal  surface  with  an  acceleration  of  6  ft. /sec. ^  Find  the 
magnitude  of  P.  If  the  mass-center  of  the  system  is  18  in.  above  the  surface  and 
3  in.  to  the  left  of  F,  find  the  reaction  of  the  surface  on  the  frame  at  E  and  F. 

Ans.     P  =  36  lb.;  Re  =  53.0  lb.;     Rp  =  140.2  lb. 

614.  In  Prob.  613  determine  the  tension  in  the  spring,  assuming  the  bar  AB  to  be 
vertical  when  the  system  is  moving  with  an  acceleration  of  6  ft./sec.^ 

615.  In  Fig.  381,  AB  is  a  uniform  bar  that  weighs  120  lb.  It  is  attached  to  the 
frame  C  by  a  smooth  pin  at  A  and  rests  against  a  smooth  surface  at  B.  What  hori- 
zontal acceleration  to  the  right  must  be  given  to  the  frame  to  cause  the  pressure  on 
the  bar  at  B  to  be  zero?  Ans.     a  =  18.6  ft./sec." 
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616.  In  Fig.  382,  a  block  has  attached  to  it  a  uniform  bar  AC  whose  weight  is 
130  lb.  The  bar  is  held  in  a  vertical  position  by  a  smooth  pin  at  A  and  a  flexible 
cord  BD.  If  the  block  is  moved  to  the  right  with  a  velocity  that  increases  imi- 
formly  from  10  ft./sec.  to  60  ft./sec.  in  5  sec,  what  is  the  stress  in  the  cord  and 
pressure  of  the  pin  at  A  on  the  bar? 
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Fig.  384. 


617.  A  homogeneous  thin  circular  disk  having  a  radius  of  4  ft.  rests  on  a  smooth 
horizontal  plane.  If  the  four  forces  shown  in  Fig.  383  are  applied  to  the  disk  in 
addition  to  its  weight  and  the  reaction  of  the  plane,  show  that  the  disk  will  slide 
without  rolling.  If  the  acceleration  of  the  disk  is  8  ft./sec.^,  find  the  weight  of  the 
disk  and  the  reaction  of  the  plane.  Ans.     17  =  208  lb.;  iV  =  226  lb. 

618.  One  half  of  a  homogeneous  cube  represented  in  Fig.  384  is  acted  on  by  the 
four  forces  shown,  in  addition  to  its  weight  which  is  40  lb.  The  forces  he  in  the 
plane  of  sjTnmetry  of  the  body.  Prove  that  the  forces  give  a  motion  of  translation 
to  the  body  and  find  the  magnitude  of  the  acceleration  of  the  body. 

619.  Bodies  .4  and  B  (Fig.  385)  are  connected  by  a  flexible,  inextensible  cord  that 
passes  over  a  weightless,  frictionless  pulley  C.  A  weighs  644  lb.  and  the  coefficient 
of  friction  between  A  and  the  plane  is  0.2.  WTiat  is  the  greatest  weight  B  can  have 
if  A  slides  up  the  plane  without  overturning?     Find  the  acceleration  of  A. 

Ans.     ir  =  1340  1b.;  a  =  16.2  ft./sec.^ 


Fig.  oS6. 


620.  The  dimensions  of  body  A  (Fig.  386)  are  3  ft.  by  2  ft.  by  4  ft.  and  its  weight 
is  1000  lb.  Assuming  that  the  body  will  not  slip  on  the  carriage,  what  is  the  maxi- 
mum weight  that  B  may  have  without  causing  A  to  tip  over  when  the  acceleration 
of  the  carriage  is  8  ft.  per  sec.^?  The  pulley  D  is  assumed  to  be  frictionless  and 
weightless. 

621.  In  Prob.  620  assume  the  weight  of  B  to  be  100  lb.  and  the  acceleration  of  .4 
to  be  8  ft./sec.^    Locate  the  action  line  of  the  normal  pressure  of  the  carriage  on  .4. 

Ans.     0.504  ft.  from  left  edge. 
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Rotation 

111.  Kinetics  of  a  Rotating  Rigid  Body. — The  equations  of  motion 
for  a  rigid  body  that  rotates  about  a  fixed  axis  may  be  found  by  the 
method  outhned  in  Art.  108.  But  since  the  equations  of  motion  of  the 
mass-center  (Art.  109)  apply  to  any  body  having  any  type  of  motion, 
they  may  be  used  for  the  motion  of  rotation  here  considered.  However, 
it  will  be  necessary  to  derive  an  additional  equation  of  motion 
which  involves  the  moments  of  the  external  forces  that  act  on  the 
body. 

In  applying  the  equations  of  motion  of  the  mass-center  let  Fig.  387 
represent  a  rigid  body  that  rotates  about  a  fixed  axis  through  0  under 
the  influence  of  an  unbalanced  force  system  (the  weight  W,  the  force  Pi, 
and  the  reaction  P  of  the  axis).  It  will  be  assumed  that  the  body  is 
symmetrical  with  respect  to  the  plane 
of  motion  and  that  the  forces  lie  in 
the  plane  of  motion  (see  note  in  Art. 
108).  At  any  instant  all  particles  of 
the  body  have  the  same  angular  velocity 
CO  and  the  same  angular  acceleration  a 
about  the  axis  of  rotation.  The  linear 
velocity  v  and  the  linear  acceleration 
a  of  any  particle,  however,  vary  as  the 
distance  r  of  the  particle  from  the  axis 
of  rotation.  Let  G  denote  the  mass- 
center  of  the  body  and  f  its  distance 
from  0.    Furthermore,  let  axes  ON  and 

OT  normal  and  tangent,  respectively,  to  the  path  of  the  mass-center  be 
selected  as  axes  of  reference.  The  normal  and  tangential  components 
of  the  acceleration  a  of  the  mass-center  are  dn  =  fu?  and  di  =  fa 
directed  as  shown  in  Fig.  387.  Hence  the  equations  of  Art.  109  when 
applied  to  a  rotating  rigid  body  with  axes  chosen  as  in  Fig.  387  become 
'ZFn  =  Mfoi^  and  S/^j  =  Mfa.  These  two  equations  take  account  of 
the  effect  on  the  motion  of  the  body  of  the  magnitude  and  sense  of  the 
resultant  of  the  external  forces  if  the  resultant  is  a  force.  But  the 
effect  of  the  action  line  of  the  resultant  force  (or  the  effect  of  the  moment 
of  the  resultant  couple,  if  the  resultant  is  a  couple)  must  also  be  included 
in  the  equations  of  motion.  This  latter  effect  is  taken  account  of  by 
means  of  a  moment  equation  which  is  derived  by  use  of  the  steps  in 
Art.  108  as  follows : 

The  resultant  of  all  of  the  forces  acting  on  any  particle  of  mass  m 
(the  effective  force  for  the  particle)  is  ma  and  may  be  resolved  into 


Fig.  387. 
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components  mrJ^  and  mra  as  shown  in  Fig.  387.  The  moment  about  0 
of  the  effective  force  is  mr'^a  since  the  component  mroP'  passes  through  0. 
Hence  the  algebraic  sum  of  the  moments  of  aU  the  effective  forces  about 
the  axis  of  rotation  is  equal  to  llmr'^a  =  al^mr^  =  ha,  where  h  denotes 
the  moment  of  inertia  of  the  body  with  respect  to  the  axis  of  rotation 
(see  Appendix  for  discussion  of  moment  of  inertia). 

Now  the  sum  of  the  moments  of  the  effective  forces  for  all  the  par- 
ticles is  equal  to  the  sum  of  the  moments  of  all  the  forces  acting  on  all  of 
the  particles  of  the  body,  and  these  forces  include  all  the  external  forces 
impressed  on  the  body  and  all  the  internal  forces  exerted  by  the  particles 
on  each  other.     Hence  we  may  write 

(2/ i  o)  external  "T    (.■^-t  oj  internal   =    ioCK 

But  (2  To)  internal  is  cqual  to  zero  since  the  internal  forces  occur  in 
equal,  opposite,  and  coUinear  pairs.  Hence  letting  I>To  denote  the 
algebraic  sum  of  the  moments  of  the  external  forces  only,  we  have 

XTo  =    loCC. 

Therefore,  with  axes  chosen  as  shown  in  Fig.  SS7,  the  three  equations 
of  motion  for  a  rigid  body  that  rotates  about  a  fixed  axis  are 


HFt  =  Mfa 
'ZTo  =  ha 


(1) 


It  should  be  noted  that  equations  (1)  are  not  sufficient  for  the 
complete  analysis  of  all  problems  involving  the  rotation  of  a  rigid  body 
since  in  the  preceding  discussion  it  was  assumed  that  the  body  was  sym- 
metrical with  respect  to  the  plane  of  motion  and  that  the  external  forces 
were  in  the  plane  of  motion.  If  these  conditions  are  not  satisfied  additional 
equations  involving  moments  about  axes  perpendicular  to  the  axis  of 
rotation  are  needed.  Equations  (1),  however,  are  sufficient  for  most 
problems  encountered  in  engineering  practice.  Furthermore,  as  pointed 
out  at  the  end  of  Art.  108,  for  certain  problems  in  which  the  external 
forces  do  not  lie  in  the  plane  of  motion  the  inertia-force  method  gives  a 
complete  solution. 

If  the  body  rotates  about  an  axis  through  the  mass-center,  that  is, 
if  the  points  0  and  G  coincide,  then  the  right-hand  members  of  the  first 
two  of  the  above  equations  become  zero,  since  f  =  0.  The  directions 
of  the  n-  and  f-axes  then  become  indeterminate,  and  hence  any  two 
perpendicular  axes  in  the  plane  of  motion  may  be  used  as  reference  axes. 
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Denoting  any  two  such  axes  by  x  and  y,  the  above  equations  become 

^F,  =  0 

HFy     =     0 


SJ  =  la 


(2) 


in  which  ST"  is  the  algebraic  sum  of  the  moments  of  the  external  forces 
about  the  axis  of  rotation  (now  through  the  mass-center)  and  /  is  the 
moment  of  inertia  of  the  body  about  the  axis  of  rotation. 

It  is  evident  from  equations  (2)  that  the  resultant  of  the  external 
forces  acting  on  a  body  that  rotates  about  an  axis  through  its  mass- 
center  is  a  couple  whose  moment  is  la. 
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Problem  622. — Two  spherical  balls  are  connected  by  a  light,  slender,  rigid  rod 
and  made  to  rotate  in  a  horizontal  plane  about  a  vertical  axis  midwaj-  between  the 
balls  by  a  couple  F,F  in  &  plane  perpendicular 
to  the  y-axis  as  shown  in  Fig.  388.  Each 
sphere  is  12  in.  in  diameter  and  weighs  64.4 
lb.  What  is  the  moment  of  the  couple  if  the 
rod  and  spheres  acquire  an  angular  velocity 
of  30  r.p.m.  in  4  sec,  starting  from  rest?  If 
one  of  the  two  forces  of  the  couple  is  applied 
9  in.  from  the  axis  of  rotation  and  the  other 
force  is  the  reaction  of  the  axis,  what  is  the 
magnitude  of  each  force? 

Solution. — Since    the    two     spheres     have  ^^^-  ^°^- 

a  motion  of  rotation  about  an  axis  through 
the  mass-center  of  the  spheres,  the  equations  of  motion  are: 


XF^  =  0. 


(1), 


2F„ 


0. 


(2), 


)T  =  Ic 


(3) 


Letting  the  moment  of  the  couple  be  denoted  by  C  and  the  mass  o'  each  sphere  by 
M  we  have,  from  (3), 

Sf  =  C  =  /a  =  2(1  .l/r2  +  MS)a 


But,  by  definition, 


V2      64.4       /6\2       64.4       /l5\n 

=  2-X X(  —  )    +  — -  X  I  —  I     a  =  6.65a. 

LS       32.2       \12/         32.2       \12/  J 


Therefore 


w  —  coo        30  X  27r       „  »„„       ,    ,        o 

a  = = =  0.785  rad./sec.2 

t  60  X  4 

C  =  6.65  X  0.785  =  5.23  Ib.-ft. 


But 


F  X 


9 
12- 


F  =  5.23  -^  A  =  6.97  lb. 
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Problem  623. — In  Fig.  389,  CD  represents  a  brake  for  regulating  the  descent  of 
the  suspended  body  A.     B  is  the  drum  from  which  the  cable  attached  to  A  unwinds 

as  A  descends.    The  radius,  n,  of  the  drum  is 

6  ft.      The    radius,    r2,  of  the  brake  wheel  is 

7  ft.  The  radius  of  gjTation,  ko,  of  the 
rotating  parts  (drum  and  brake  wheel)  about 
the  axis  of  rotation  is  4  ft.  The  rotating 
parts  weigh  2000  lb.  and  the  body  A  weighs 
1000  lb.  The  coefficient  of  brake  friction  is 
}4-  If  friction  on  the  axle  of  the  rotating 
parts  is  neglected,  find  the  acceleration,  a,  of 
the  body  A,  the  tension,  P,  in  the  cable,  and 
the  horizontal  and  vertical  components,  Ri 
and  i?2,  of  the  axle  reaction,  assuming  the 
force  at  C  to  be  100  lb.  Consider  the  cable 
to  be  flexible  and  neglect  its  weight. 

Solution. — Three    bodies    are    to    be 


Fig.  3S9 


are  to  be  con- 
sidered: (1)  the  brake  CD  which  is  in  equilibrium,  (2)  the  drmn  and  the  brake  wheel 
which  have  a  motion  of  rotation,  and  (3)  body  A  which  has  a  motion  of  translation. 
The  free-body  diagram  for  each  body  is  shown  in  Fig.  390.    The  brake  CD  is  held 


Qi 

d4 
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F 
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lb. 

(h) 


Pi 


Fig.  390. 


rcj 


in  equilibrium  by  a  coplanar,  non-concurrent  force  system  for  which 

the  equations  of  equilibrium  are: 

2i^x  =  0,      ZFy  =  0,      ZMd  =  0 (1) 

The  last  equation  only  is  needed  in  this  problem  since  not  all  the 

forces  acting  on  the  brake  arc  required. 

The  equations  of  motion  for  the  drum  and  brake  wheel  are: 

2Fx  =  0.     .     .     (2),     ZFy  =  0.     .     .     (3),     27  =  7a.    .     .     (4) 

In  addition  to  these  equations  the  defining  equation  of  the  coefficient 

of  friction  must  be  used,  namely,  ,px 

t   =  uA \^) 


10001b. 
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One  equation  of  motion  only  is  needed  for  body  A,  namely, 

XFy  =  Moy (6) 

Further,  since  the  total  acceleration  of  body  A  is  in  the  ?/-direction  and  since  it  has 
the  same  magnitude  as  the  tangential  acceleration,  at,  of  a  point  on  the  circumfer- 
ence of  the  drum,  we  may  write: 

Oy  =  a  =  at  =  ria (7) 

Applying  the  equations  we  have: 
From  (1), 

-  100  X  4.5  +  0.5A^  =  0. 


From  (5), 
From  (2), 
From  (4), 

From  (6), 


N  =  900  lb. 
F  =  I  X  900  =  225  lb. 
Ri-  N  =  0.      .:   Ri  =  N  =  900  lb. 


6P  -  225  X  7  =  ^  X  42  X  a. 


1000  -  P 


1000 

X    Oy. 

32.2         " 


(8) 


(9) 


Substituting  —  from  (7)  for  a  in  (8)  and  replacing  %  in  (9)  by  a  from  (7),  we  have: 

n 


2000  a 

6P  -  225  X  7  =  ^^  X  16  X  -  , 


and 


And,  from  (3), 


1000  -  P 


1000 
32.2 


R2  -  P  -225  -  2000  =  0. 

These  last  three  equations  contain  the  three  required  quantities.     The  solution  of 
the  equations  gives 

a  =  12.54 /f./sec.2,  P  =  609  lb.,     P2  =  2834  lb. 

Problem  624. — A  slender  uniform  bar  (Fig.  391a)  is  free  to  rotate  in  a  vertical 
plane  about  a  smooth  pin  at  0.  The  bar  is  held  at  rest  with  the  free  end  verticallj- 
above  0  and  is  then  released,  allowing  the  bar  to  rotate.     The  bar  is  2  ft.  long  and 
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Fig.  391. 
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weighs  64  lb.  (a)  Find  the  angular  velocity,  co,  of  the  bar  for  any  angular  displace- 
ment e.  (b)  Find  the  horizontal  and  vertical  components  of  the  pin  reaction  on  the 
bar  when  6i  =  90°.     Use  g  =  32  ft./sec.^ 

Solution. — The  forces  acting  on  the  bar  when  the  angular  displacement  is  6  are 
shown  in  Fig.  391(a).    The  equations  of  motion  for  the  bar  are 

XFn  =  Mfw\     .     .     (1)  ^Ft  =  Mfa.     .     .     (2),  Sro  =  ha.     .     .     (3) 

From  equation  (3)  we  have 

1       64  d^0 

64  sin  0  =  -  X  —  X  4  X  -r-, 

3       32  dt^ 

Hence 

— r  =  24  sm  d 

do 
Multiplying  each  side  of  this  equation  by  —  and  then  integrating  the  resulting  equa- 
tion with  respect  to  t  we  have 

24  cos  0  +  C 


1  fdeV  ^ 

2  \dt) 


Since 


Therefore 


-  =  0     when     0  =  0,     C  =  24 
dt 


—  =  V48(l  -  cos  e) 
dt 

When  0  =  90°,  w  =  —  =   v48  and  a  =  — ^  =  24.     The  free-body  diagram  for  the 
bar  when  6  =  90°  is  shown  in  Fig.  391(6).    Hence  from  equations  (1)  and  (2)  we  have 

SF„  =  Mfor    or    Ox  =  ff  X  1  X  48  .-.  Ox  =  96  lb. 

2f f  =  Mfa     or    64  -  Oj,  =  H  X  1  X  24         .-.  Oy  =  16  lb. 

y  PROBLEMS 

I  625.  A  solid  sphere  15  in.  in  diameter  revolves  with  an  angular  velocity  of 
500  r.p.m.  about  a  fixed  axis  which  passes  through  its  center.  What  force  lying  in 
a  diametral  plane  perpendicular  to  the  axis  and  acting  tangent  to  the  surface  will 
stop  the  sphere  in  5  sec.  if  friction  on  the  axis  is  neglected?  The  weight  of  the 
sphere  is  500  lb.  ^ns.     40.6  lb. 

\  626.  A  weight  of  30  lb.  is  suspended  from  a  solid  homogeneous  cylinder  that  is 
mounted  on  a  horizontal  shaft,  by  a  weightless  cord  which  is  wrapped  around  the 
cylinder.  The  cylinder  weighs  193.2  lb.  and  its  radius  is  18  in.  Bearing  friction  is 
18  lb.  and  the  diameter  of  the  shaft  on  which  the  cylinder  rotates  is  4  in.  If  the 
suspended  weight  has  an  initial  velocity  of  10  ft./sec.  downwards,  what  will  be  its 
velocity  after  it  has  moved  10  ft.?     What  time  is  required  to  move  the  10  ft.? 

627.  What  constant  twisting  moment  must  be  applied  to  the  shaft  and  balls 
shown  in  Fig.  366  (Prob.  600)  in  order  that  the  shaft  may  be  given  an  angular  velocity 
of  80  r.p.m.  in  4  sec,  starting  from  rest?  Treat  the  balls  as  particles  and  neglect  the 
weight  of  the  shaft  and  rods.  Ans.     0.426  lb.  ft 
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628.  A  homogeneous  cylinder  (Fig.  392)  weighs  193.2  lb.  and  has  a  diameter  of 
1  ft.  The  cylinder  rotates  with  an  angular  velocity  of  120  r.p.m.  A  frictional  force 
is  developed  at  the  surface  by  the  force  P  which  causes  the  angular  velocity  to 
decrease  uniformly  to  40  r.p.m.  in  4  sec.  If  the  coefficient  of  kinetic  friction  is  0.1, 
find  the  value  of  P. 

20  1b. 


Fig.  393. 


Fig.  394. 


629.  A  homogeneous  cjdinder  weighing  64.4  lb.  and  having  a  radius  of  2  ft.  rests 
between  two  smooth  planes,  as  shown  in  Fig.  393.  A  force  of  20  lb.  perpendicular 
to  the  axis  of  the  cylinder  is  applied  as  shown.  Find  the  angular  acceleration  of  the 
cylinder,  and  the  reactions  Ri  and  Ri  of  the  planes  on  the  cylinder. 

Am.     a.  =  10  rad./sec.2;  Ry  =  31.4  lb.;  R2  =  59.7  lb. 

630.  In  Fig.  394,  ^  is  a  homogeneous  solid  cylinder  that  weighs  322  lb.  and  has  a 
radius  of  2  ft.,  B  is  a  body  that  weighs  16.1  lb.,  and  C  is  a  weightless,  frictionless 
pulley.     Find  the  tension  in  the  cord  and  the  angular  acceleration  of  the  cylinder. 

1< 4- X 3^ >; 


-IV-r^ 


lY 
Fig.  395. 


m 


Fig.  396. 


631.  A  disk  A  (Fig.  395)  is  caused  to  rotate  about  the  axis  YY  by  a  weight  C 
which  is  attached  to  a  string  that  passes  over  a  weightless  and  frictionless  pulley 
and  is  wrapped  around  a  cylindrical  drum  B  that  is  attached  to  the  disk.  A  small 
weight  D  is  attached  to  the  disk  as  shown.  The  weights  of  A,  B,  C,  and  D  are 
128.8  lb.,  32.2  lb.,  16.1  lb.,  and  8.05  lb.,  respectively.  Find  (a)  the  angular  accelera- 
tion of  the  disk,  (b)  the  tangential  acceleration  of  D,  and  (c)  the  normal  acceleration 
of  D,  4  sec.  after  starting  from  rest. 

Ans.     (a)  0.662  rad./sec.^;  (&)  1.99  ft./sec.^;  (c)  21.1  it./sec? 

632.  In  Fig.  396  is  shown  a  circular  disk  that  weighs  24  lb.  and  has  a  diameter 
of  4  ft.  The  disk  rotates  at  90  r.p.m.  in  a  horizontal  plane  about  a  vertical  axis  8  in. 
from  C,  the  center  of  the  disk.  Small  bodies  weighing  12  lb.  and  4  lb.  are  rigidly 
attached  to  the  disk  at  the  points  A  and  B,  respectively.  Find  the  horizontal  force 
exerted  by  the  axis  on  the  disk.  Also  find  the  turning  moment  that  must  be  appUed 
to  the  disk  to  increase  its  angular  velocity  uniformly  to  120  r.p.m.  in  4  sec. 

633.  The  rod  BCE  (Fig.  397)  is  made  to  oscillate  by  means  of  the  crank  AD  and 
link  DC.  The  members  are  connected  by  smooth  pins  at  B,  C,  and  D.  The  rod 
BCE  has  a  constant  cross-section  and  weighs  16.1  lb.     In  the  position  shown  its 
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angular  velocity,  w,  is  60  r.p.m.  clockwise,  and  its  angular  acceleration,  a,  is 
40  rad./sec.-  counter-clockwise.  Find  the  force,  P,  exerted  by  the  link  DC  at  C, 
and  the  reaction,  R,  of  the  pin  at  B  on  the  rod  BE. 

Ans.     P  =  36.4  1b.;  R  =  21.9  1b. 


h/yyyi<yyy>_ 


Fig.  397. 

112.  Second  Method  of  Analysis.  Inertia-Force  Method. — In  some 
problems  dealing  with  the  rotation  of  a  rigid  body  under  the  action  of  an 
unbalanced  force  system,  it  is  convenient  to  assume  that  the  resultant 
of  the  effective  forces  is  reversed  and  acts  on  the  body  with  the  external 
forces,  thereby  forming  a  force  system  that  is  in  equilibrium  (D'Alem- 
bert's  principle)  and  thus  reducing  the  kinetics  problem  of  a  rotating 
body  to  an  equivalent  statics  problem.  The  reversed  resultant  force 
(or  resultant  couple)  is  called  the  inertia  force  (or  inertia  couple)  for  the 
body.  In  order  to  use  this  method  of  solution,  the  resultant  of  the 
effective  forces  must  be  determined  completely.  This  will  be  done 
assuming  (1)  that  the  bodj^  rotates  about  an  axis  that  does  not  pass 
through  its  mass-center  and  (2)  that  the  axis  of  rotation  passes  through 
the  mass-center  of  the  body. 

I.  Rotation  about  Axis  not  through  jNIass-Center. — If  the 
body  rotates  about  an  axis  not  through  its  mass-center,  the  resultant 
of  the  effective  forces  (and  hence  also  of  the  external  forces),  as  found 
in  Art.  Ill,  is  a  force.  The  components  of  this  resultant  force  parallel 
to  the  n-  and  ^axes  were  found  to  be  Mf(j?  and  Mfa,  respectively.  The 
action  line  of  the  resultant  may  be  determined  by  finding  the  point 
where  it  intersects  the  n-axis.  Thus,  if  in  Fig.  398  the  resultant  of  the 
effective  forces  be  resolved  into  its  components  il/fco^  and  Mfa  at  the 
point  where  it  intersects  the  ?i-axis,  the  distance,  q,  from  this  point  to  0 
may  be  determined  from  the  principle  of  moments  as  follows:  The 
sum  of  the  moments  of  the  effective  forces  about  0,  as  shown  in  Art. 
Ill,  is  loct.  Further,  the  moment  of  the  resultant  of  the  effective  forces 
is  the  moment  of  its  tangential  component,  Mfa,  only,  since  the  normal 
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component,  MfJ^,  passes  through  the  center  of  rotation.     Hence,  the 
principle  of  moments  is  expressed  by  the  equation 

Mfa-q  =  looc. 

And,  since  lo  =  Mk^,  in  which  ko  is  the  radius  of  gyration  of  the 
body  with  respect  to  the  axis  of  rotation,  we  may  write: 

Mfa-q  =  MkJ^a, 


whence 


9  = 


Therefore,  the  action  Hne  of  the  resultant  of  the  effective  forces  inter- 

k  ^ 
sects  the  n-axis  at  a  distance  —  from  the  center  of  rotation,  as  shown 

f 

in  Fig.  398.     And,  since  the  resultant  of  the  external  forces  is  identical 

with  the  resultant  of  the  effective  forces,  the  body  may  be  coiLsidered 

to  be  in  equilibrium  if  the  two  forces  Mfa  and  MfoP',  having  the  action 

lines  as  determined  above  and  shown  in  Fig.  398,  but  reversed  in  sense, 


are  assumed  to  act  on  the  body  with  the  external  forces.  Hence, 
for  the  force  system  thus  formed,  we  may  write  three  equations  of 
equilibrium. 

It  is  sometimes  more  convenient  to  replace  the  resultant  of  the 
effective  forces  by  an  equal  parallel  force  through  the  mass-center  and  a 
couple.  It  can  easily  be  shown  that  the  moment  of  this  couple  is  la; 
thus  the  force  Mfa  may  be  resolved  (Art.  18)  into  an  equal  parallel  force 
through  G  and  a  couple  whose  moment  is 

Mfa{(l  -f)  =  {Mko^  -  Mf^)a  =  la. 
Hence  if  the  inertia  couple  la  and  the  inertia  forces  Mfu~  and  Mfa,  as 
shown  in  Fig.  399,  be  added  to  the  external  forces  acting  on  the  body, 
the  body  will  be  in  equilibrium. 
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Centrifugal  Force. — The  n-component,  MfJ^,  of  the  inertia  force  for 
the  body  is  called  the  centrifugal  force  for  the  body.  If  the  body  is 
rotating  at  a  constant  angular  velocity  (a  =  0),  then  the  centrifugal 
force  is  the  total  inertia  force  for  the  body.  The  nature  of  this  so-called 
force  is  frequently  misunderstood;  the  centrifugal  force  for  a  body  is 
not  an  actual  force  exerted  on  the  body  by  some  other  body  but  is  a 
force  which  if  assumed  to  act  on  the  body  in  addition  to  the  actual 
forces  acting  on  the  body  would  hold  the  body  in  equiUbrium,  assuming 
the  body  to  have  a  constant  angular  velocity. 

II.  Rotation  about  Axis  through  Mass-Center. — If  the  body 
rotates  about  an  axis  that  passes  through  its  mass-center,  f  =  0  and 
hence  each  of  the  components,  Mfa.  and  MfJ^,  of  the  resultant  of  the 
effective  forces  is  zero.  Therefore,  the  resultant  is  not  a  force.  And, 
since  the  effective  forces  have  a  moment,  the  value  of  which  is  la,  the 
resultant  is  a  couple  of  moment  la.  The  sense  of  the  resultant  couple  is, 
of  course,  the  same  as  that  of  a,  the  angular  acceleration  of  the  body. 
Further,  since  the  resultant  of  the  external  forces  that  act  on  the  body  is 
identical  with  that  of  the  effective  forces  for  the  body,  the  body  may  be 
considered  to  be  in  equilibrium  if  a  couple  having  a  moment  equal 
to  la  and  a  sense  opposite  to  that  of  a  (the  inertia  couple  for  the  body) 
is  assumed  to  act  on  the  body  with  the  external  forces.  As  in  the 
preceding  case,  three  equations  of  equilibrium  may  be  written  for 
the  resulting  force  system. 


Fig.  400. 


Tf    the    reversed    resultant    of 


ILLUSTRATIVE   PROBLEMS 

Problem  634. — A  horizontal  bar  B 
(Fig.  400a)  rotates  with  a  constant 
angular  velocity  of  45  r.p.m.  about  a 
vertical  axis  YY.  A  slender  rod  C,  of 
constant  cross-section,  having  a  length 
of  12  in.  and  a  weight  of  16  lb.  is  at- 
tached to  the  rotating  bar  by  means 
of  a  smooth  pin  at  E,  and  is  held  in  a 
vertical  position  by  a  weightless  cord 
D.  Find  the  tension  in  D  and  the 
magnitude  of  the  reaction  of  the  pin 
at  E  on  the  rod  C. 

Solution. — A  free-body  diagram  of 
=22  lb.  the  rod  C  is  shown  in  Fig.  400(6).  The 
rod  has  a  motion  of  rotation  about  the 
vertical  axis  YY  under  the  influence  of 
three  forces  W,  D,  and  the  pin  pressure 
at  E  (the  components  of  the  pin  pres- 
sure being  denoted  by  Ex  and  Ey). 
the   effective  forces   (inertia  force)  for  the   roil 


W=l6lb 
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is  assumed  to  act  on  the  rod  with  W,  D,  Ex,  and  Ey,  the  rod  may  be  considered  to 


be  in  equilibrium, 
magnitude  is 


The  inertia  force  is  Mfu^,  since  a  =  0  and  hence  Mfa  =  0.     Its 


,r     9         16         ^       /4.5  X  2^2 


lb. 


The  action  line  of  Mfoj-  passes  through  the  mass-center  of  the  rod.  Thus,  the  forces 
W,  D,  Ex,  Ey,  and  i/fw^,  as  shovra  in  the  free-body  diagram,  would  hold  the  rod  in 
equilibrium.     Using  the  three  equations  of  equilibrium,  we  have: 

2f  X    =  22  -  Ex  -  D  cos  45°  =  0, 

ZFj,    =  Ey+D  cos  45°  -  16  =  0, 

XMe  =  22  X  6  -  D  X  9  cos  45°  =  0. 

The  solution  of  these  equations  gives  the  following  results: 

D  =  20.7  lb.      Ex  =  7.33  lb.,      Ey  =  1.33  lb.,       E  =  7.45  lb. 

Problem  635. — Hoop  Tension  in  Flywheel. — Let  it  be  required  to  find  the  stress 
(often  called  hoop  tension)  in  the  rim  of  a  rotating  fljTvheel  in  terms  of  the  rim 
velocity  v  and  the  weight  of  the  material  per  unit  volvune.     Assume  that  the  rim  is 
thin  and  that  the  effect  of  the  spokes  may 
be  neglected. 

Solution. — In  Fig.  401  is  represented 
one-half  of  the  rim  of  a  flywheel.  As  the 
wheel  rotates,  each  half  of  the  rim  tends  to 
separate  from  the  other  half  and  is  pre- 
vented from  doing  so  by  the  stresses  P,  P 
which  are  developed  in  the  rim.  The  inertia 
force  for  the  half  of  the  rim  is  Mfu^  and  it 
acts  through  the  mass-center  of  the  half- 
rim.  And,  since  the  inertia  force  is  in 
equilibrium  with  the  external  forces  (P,  P) 
wliich  act  on  the  half-rim,  the  following 
equation  of  equilibrium  may  be  written : 


2P  =  Mfu 


g 


Fig.  401. 


in  which  TT^  is  the  weight  of  the  half-rim.     Now  if  the  thickness  of  the  rim  is  small 

in  comparison  with  the  mean  radius  r,  the  mass-center  of  the  rim  may  be  considered 

2r 
to  coincide  with  the  centroid  of  the  semi-circular  arc,  and  hence  f  =  —  (Prob.  332). 


Whence 


1  TT'       2r    ,       TFro 

P  =-—  x-w-  =  — 


-'   9 


g^ 


The  stress,  s,  per  vmit  of  area  of  the  rim  cross-section  is  s  =  —  ,  in  which  a  is  the 

a 

area  of  the  cross-section.     Therefore 

TF        r       CO'       irrak        r       or       kr-or 

s=—  X-X—  =  — -  X  -  X  —  = , 

g        TT        a  g  IT        a  g 
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in  which  k  is  the  weight  of  the  material  per  unit  volume.  Or,  since  the  velocitj^  v, 
of  the  mid-points  of  the  rim  is  equal  to  ur,  the  expression  for  s  may  be  written  in  the 
form 


The  imits  in  which  s  is  expressed  are  pounds  per  square  foot  if  k  is  expressed  in  pounds 
per  cubic  foot,  r  in  feet,  g  in  feet  per  second  per  second,  and  w  in  radians  per  second. 
It  will  be  noted,  therefore,  that  the  intensity  of  stress,  s,  developed  in  the  rim  of  a 
rotating  wheel,  if  the  rim  is  thin  and  the  effect  of  the  spokes  is  neglected,  varies 
directly  as  the  square  of  the  linear  speed  of  the  rim. 

Problem  636. — Superelevation  of  Railroad  Track. — When  a  locomotive  or  car 
travels  around  a  curve  on  a  level  track  a  horizontal  force  (called  flange  pressure)  is 
exerted  on  the  wheels  bj^  the  rails.  Let  it  be  required  to  find  the  distance  (called 
superelevation)  that  the  outer  rail  must  be  raised  above  the  inner  rail  to  reduce  the 
flange  pressure  to  zero.  This  superelevation  may  be  expressed  in  terms  of  the  speed 
of  the  car,  the  radius  of  the  curve,  and  the  distance  between  the  rails. 

Solulion. — In  Fig.  402,  the  pressures  of  the  rails  are  R\  and  R2,  6  being  such  an 
angle  that  the  flange  pressure  is  zero  when  the  car  is  moving  with  a  certain  speed  v. 

The  resultant  of  Ri  and  i?2  will  be  denoted 
by  R.  W  is  the  weight  of  the  car,  and  r 
is  the  radius  of  the  curve  around  which 
the  car  is  traveling.  Since  the  mass-center 
of  the  car  travels  in  a  horizontal  plane,  the 
inertia  force  Mror  is  horizontal  and  its 
action  line  passes  through  the  center  of 
gravity,  G,  of  the  car,  as  shown.  Since  the 
inertia  force  is  in  equilibrium  with  the 
external  forces,  the  three  forces  TI',  Mroi^, 
and  R  form  a  concurrent  system  in  equilib- 
rium.    Therefore,  we  may  write: 

W  "2 

2F^  =  0,  - 


-X 


e 

T 


R  sin  d  = 


Fia.  402. 


g  r 


2F„  =  0,     or     R  cos  9  =  W 


And,  by  dividing  the  first  of  these  equations  by  the  second,  the  resulting  equation  is 

tan  e  =  —■     Now  for  small  angles  the  sine  and  the  tangent  of  the  angle  are  ajiproxi- 
gr 

e 
mately  the  same.    But  from  Fig.  402,  sin  0  =  -  ,  in  which  d  is  the  distance  between  the 

a 

e       v^ 
action  lines  of  the  rail  pressures  (usually  taken  as  4.9  ft.).     Therefore  tan  ^  =  ~  =  ~  • 

Hence,  if  v  is  expressed  in  feet  per  second,  g  in  feet  per  second  per  second,  and  d  and  r 
in  feet,  the  superelevation  (in  feet)  is  found  from  the  equation 

v-d 
e  = 

gr 

In  order  to  indicate  common  values  of  the  superelevation,  the  values  used  on  one 
particular  steam  railroad  are  given  in  the  following  table: 
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Speed  in  Miles  per  Houi- 

Degree*  of 

Curve 

30 

45 

60 

75 

1 

3 

8 

li 

2 

3i 

2 

1 
8 

2| 

4 

6i 

3 

li 

3| 

6 

9f 

4 

If 

4i 

8 

5 

2 

5i 

*  A  one-degree  curve  is  a  curve  (circle)  in  which  a  100-ft.  chord  is  subtended  by  a  central  angle 
of  one  degree.  In  a  two-degree  curve  a  chord  of  100  ft.  is  subtended  by  a  central  angle  of  two 
degrees,  and  so  on. 

PROBLEMS 

^637.  A  common  rule  limits  the  peripheral  speed  of  cast-iron  flywheels  or  pulleys 
to  6000  ft./min.  (Sometimes  stated  1  mi./min.)  Calculate  the  tensile  unit-stress 
in  the  rim  corresponding  to  this  speed,  assuming  that  the  effect  of  the  spokes  maj'  be 
neglected.     Assume  the  weight  of  cast  iron  to  be  450  Ib./cu.  ft. 

Am.     970  Ib./sq.  in. 

638.  Calculate  the  greatest  number  of  revolutions  per  minute  at  which  a  thin 
cast-iron  hoop  4  ft.  in  diameter  can  rotate  without  bursting.  Assume  that  the 
maximum  tensile  strength  of  the  cast  iron  is  20,000  Ib./sq.  in.  and  that  the  material 
weighs  450  Ib./cu.  ft. 

^639.  The  radius  of  a  railroad  curve  is  1800  ft.  What  must  be  the  superelevation 
of  the  outer  rail  in  order  to  make  the  flange  pressure  zero  when  the  speed  of  a  car 
around  the  curve  is  50  mi./hr.?  Ans.     e  =  5.45  in. 

'(^640.  Do  the  superelevations  given  in  the  table  in  Prob.  636  reduce  the  flange 
pressure  to  zero  for  the  speeds  specified?     Test  several  values. 

641.  A  small  body  is  placed  on  a  rough  horizontal  disk  which  rotates  about  a 
vertical  axis.  If  the  distance  of  the  body  from  the  axis  is  9  in.  and  the  coefficient  of 
friction  between  the  body  and  disk  is  %,  find  (1)  the  greatest  angular  velocity  and 
(2)  the  greatest  angular  acceleration  the  disk  can  have  without  causing  the  body  to 
slide.  Ans.     u  =  5.35  rad./sec;  a  =  28.6  rad. /sec." 

642.  A  homogeneous  thin  circular  disk  having  a  weight  of  64  lb.  and  a  diameter 
of  4  ft.  rotates  about  a  horizontal  shaft,  perpendicular  to  the  disk  and  passing  through 
its  center,  with  a  constant  angular  velocity  of  10  rad./sec.  A  small  weight  of  8  lb. 
is  rigidlj'  attached  to  the  disk  at  a  distance  of  1  ft.  from  the  center.  ^ATien  the  weight 
is  vertically  above  the  shaft,  find  the  force  exerted  by  the  shaft  on  the  disk. 

643.  The  bar  AC  (Fig.  403)  together  with  the  frame  to  which  it  is  pinned  rotates 
with  a  constant  angular  velocity  of  30  r.p.m.  about  the  vertical  axis  YY.  The 
weight  of  AC  is  16.1  lb.  and  the  weight  of  CD  may  be  neglected.  Find  the  stress  in 
CD  and  the  horizontal  component  of  the  pressure  of  the  pin  at  B  on  the  bar  AC. 

Am.     CD  =  4.65  lb.;  Bjc  =  13.15  lb. 
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644.  A  uniform  bar  AB  (Fig.  404)  of  length  I  and  mass  M  rotates  about  a 
vertical  axis  YY  with  a  constant  angular  velocity,  w.  The  inertia  force  for  any 
element  of  mass  dM  is  dMxo?  as  indicated.     Find  the  magnitude  and  line  of  action 


Fig.  404. 

of  the  intertia  force  R  for  the  bar  in  terms  of  M,  I,  6,  and  w.     Find  also  the  hori- 
zontal and  vertical  components  of  the  reaction  of  the  axis  on  the  bar. 

Am.     R  =  |3/L,2  sin  d;  AC  =  f /; 

Ax  ==  —  ^Mlo}'^  sin  6;  Ay  =  Mg. 

645.  A  homogeneous  door  of  constant  thickness  is  8  ft.  high  and  4  ft.  wide.  The 
door  swings  on  two  hinges  which  are  placed  at  the  ends  of  a  vertical  edge.  "\Mien  the 
door  swings  with  a  certain  constant  angular  velocity  the  horizontal  component  of 
the  reaction  at  the  lower  hinge  is  zero.     Find  this  velocity. 

Ans.     CO  =  2.83  rad./sec. 

646.  A  disk  rotates  in  a  horizontal  plane  about  a  vertical  axis  through  its  center 
with  a  constant  angular  velocity  of  60  r.p.m.  A  vertical  bar  which  weighs  20  lb. 
and  is  3  ft.  long  is  pivoted  at  its  lower  end  to  the  disk  at  a  point  3  ft.  from  the  axis 
of  rotation  of  the  disk.  The  bar  is  prevented  from  rotating  about  its  lower  end  by 
a  cord  which  is  attached  to  the  upper  end  of  the  bar  and  to  the  center  of  rotation 
of  the  disk.     Find  the  tension  in  the  cord. 

647.  A  vmiform  slender  rod  that  is  6  ft.  long  and  weighs  20  lb.  is  suspended  from 
a  horizontal  axis  at  one  end  and  is  acted  on  bj-  a  horizontal  force  of  20  lb.  at  its  mid- 
poiat.  Determine  (a)  the  resulting  angular  acceleration,  (6)  the  resulting  Hnear 
acceleration  of  the  mass-center,  and  (c)  the  horizontal  reaction  of  the  axis  on  the  rod. 

Ans.     (a)  8.05  rad./sec.^;  (b)  24.15  ft./sec.^;  (c)  5  lb. 

648.  A  door  of  constant  cross-section  is  3  ft.  wide  and  weighs  32.2  lb. /ft.  of  width. 
It  swings  on  its  hinges  so  that  its  outer  edge  has  a  speed  of  8  ft.,  sec.  Find  the  force 
applied  perpendicularly  to  the  door  at  the  outer  edge  to  bring  it  to  rest  in  a  distance 
of  1  ft.  ^Miat  is  the  horizontal  reaction  of  the  hinges  perpendicular  to  the  door 
while  the  force  is  acting? 

649.  A  flywheel  used  on  a  punching  machine  is  8  ft.  in  diameter  and  has  a  rim 
which  weighs  1  ton.  Each  operation  of  punching  a  hole  causes  the  speed  of  the 
fljTvheel  to  decrease  uniformly  from  100  r.p.m.  to  80  r.p.m.  The  flywheel  has  6 
spokes,  each  3.5  ft.  long.  If  the  time  of  punching  a  hole  is  0.5  sec,  what  moment 
is  transmitted  from  the  rim  to  the  hub  by  each  spoke?  Assume  that  the  thickness 
of  the  rim  is  small  in  comparison  with  the  radius  of  the  fljTvheel  and  neglect  the  weight 
of  the  hub  and  spokes.  Ans.     607  Ib.-ft. 

113.  Center  of  Percussion. — The  point  P  (Fig.  405)  on  the  ;j-axis, 
through  which  the  resultant  of  the  efifective  forces  for  a  rotating  rigid 
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body  acts,  is  called  the  center  of  percussion  of  the  body  with  respect  to 
the  given  axis  of  rotation.  Hence,  the  center  of  percussion  is  a  point 
on  a  line  joining  the  center  of  rotation  and  the  mass-center,  at  a  distance 

q  from  the  center  of  rotation,  such  that  q  =  -^  ,  in  which  ko  is  the  radius 

f 

of  gyration  of  the  body  about  the  axis  of  rotation  and  f  is  the  distance 

from  the  axis  of  rotation  to  the  mass-center  of  the  body. 

The  physical  significance  of  the  center  of  percussion  is  suggested  in 

the  following  illustration.     Let  a  bar  (Fig.  405)  of  weight  W  be  free  to 

rotate  about  a  horizontal  axis  when  a  horizontal  force,  F,  is  suddenly 

applied  to  it.     If  the  force,  F,  is  applied  above  the  center  of  percussion, 


Mr  a. 


f  V 


A-nr 


Mra 


II 


" 


Mr  a 


(a) 


(6) 
Fig.  405. 


(c) 


as  shown  in  Fig.  405(a),  the  horizontal  reaction,  R2,  of  the  axis  of  rota- 
tion acts  towards  the  left  and  becomes  larger  as  the  force  F  is  applied 
closer  to  the  axis  of  rotation.  If  the  bar  is  struck  below  the  center  of 
percussion,  the  reaction  R2  acts  towards  the  right,  as  showTi  in  Fig. 
405(6).  And  if  the  bar  is  struck  so  that  the  center  of  percussion  is  on 
the  action  line  of  the  force,  as  in  Fig.  405(c),  the  horizontal  reaction  at  0 
is  zero,  since  the  action  hne  at  F  is  collinear  with  the  action  line  of  the 
tangential  component,  Alfa,  of  the  resultant  of  the  effective  forces. 
It  will  be  noted  that  the  resultant  of  F  and  R2,  in  each  case,  is  collinear 
with  Mfa,  since  the  component  of  the  resultant  of  the  external  forces  in 
any  direction  is  identical  with  the  component  of  the  resultant  of  the 
effective  forces  in  the  same  direction,  that  is,  if  Mfa  were  reversed  and 
applied  to  the  body  as  an  external  force,  it  would  hold  F  and  R2  in 
equilibrium. 
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An  excellent  illustration  of  the  effect  of  vaiying  the  position  of  the 
force  F  as  above  discussed  is  found  in  batting  a  baseball.  If  the  ball 
strikes  the  bat  at  the  center  of  percussion  (about  three-fourths  the  length 
of  the  bat  from  the  end,  assuming  the  axis  of  rotation  at  the  hands)  no 
reaction  perpendicular  to  the  bat  is  experienced  by  the  batter.  If,  how- 
ever, the  ball  strikes  the  bat  near  the  end  or  near  the  hands,  the  batter 
experiences  a  painful  stinging  of  the  hands  as  a  result  of  the  reaction 
perpendicular  to  the  bat. 

/  PROBLEMS 

^  650.  In  Prob.  647,  at  what  distance  from  the  axis  must  the  force  be  applied  to 
cause  the  horizontal  reaction  of  the  axis  to  be  zero?  Ans.     g  =  4  ft. 

651.  In  Prob.  648,  how  far  from  the  hinge  line  must  the  force  be  applied  in  order 
that  the  hinge  reaction  shall  have  no  horizontal  component  perpendicular  to  the 
door? 

Plane  Motion 

114.  Kinetics  of  Plane  Motion  of  a  Rigid  Body. — It  will  be  assumed 
that  the  body  is  symmetrical  with  respect  to  the  plane  of  motion  and 
that  the  external  forces  lie  in  the  plane  of  motion  (see  note  at  end  of 
Ai't.  108).  For  these  conditions  there  will  be  three  equations  of  motion 
as  explained  in  Art.  100.  Two  of  the  equations  may  be  taken  directly 
from  Art.  109;  namely,  2^^  =  Mdx  and  ^Fy  =  il/ay  which  w^ere  found 
to  apply  to  any  mass-system  having  any  type  of  motion.  The  third 
equation  must  involve  the  moments  of  the  forces  and  will  here  be  de- 
rived by  applying  the  steps  discussed  in  Art.  108. 

In  Fig.  406  is  shown  a  rigid  body  that  is  given  a  plane  motion  by  a 
system  of  unbalanced  external  forces  that  act  on  it.  At  any  instant,  the 
body  has  an  angular  velocity  w  and  an  angular  acceleration,  a.  Since 
the  body  is  rigid  the  particles  of  which  the  body  is  composed  all  have 
the  same  angular  velocity  cj  and  the  same  angular  acceleration  a  about 
any  axis  perpendicular  to  the  plane  of  motion.  The  linear  velocity  and 
linear  acceleration  of  any  particle,  however,  vary  with  the  position  of 
the  particle  in  the  body. 

As  shown  in  Art.  96,  a  plane  motion  of  a  rigid  body  may  be  con- 
sidered, at  any  instant,  as  a  combination  of  a  pure  rotation  about  an  axis 
perpendicular  to  the  plane  of  motion  of  the  bodj^  through  any  point,  0, 
in  the  plane  of  motion,  which  gives  to  the  body  the  same  angular  velocity 
w  and  angular  acceleration  a  that  the  body  has  at  the  instant,  and  a 
translation  of  the  body  which  gives  to  each  particle  the  same  linear 
velocity  and  acceleration  that  the  point  0  has  at  the  instant.  Thus  the 
motion  of  any  particle  of  the  body  is  made  up  of  two  component  motions, 
(1)  a  rotation  about  0  and  (2)  a  motion  identical  with  that  of  0.     Hence, 
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the  acceleration  of  any  particle  at  a  distance,  r,  from  0  has  a  normal  com- 
ponent, ttn  =  ruT,  and  a  tangential  component,  at  =  ra,  due  to  the  rota- 
tion of  the  body  about  0,  and  also  an  acceleration,  ag,  the  same  as  that 
of  0,  due  to  the  translation  of  the  body.  If  now  each  of  these  compo- 
nents of  the  acceleration  of  the  particle  is  multiplied  by  the  mass  of  the 
particle,  the  components  of  the  effective  force  for  the  particle  are 
obtained.    These  components  of  the  resultant  of  all  the  forces  acting  on 


Fig.  407. 


the  particle  (effective  force)  are  shown  in  Fig.  407.  For  convenience  mUo 
will  be  resolved  into  its  two  components  m{ao)x  and  ni{ao)y  as  shown 
in  Fig.  407. 

The  algebraic  sum  of  the  moments  of  the  effective  forces  about  0 


=  liinra-r  +  2m(ao)x'/  —  ^m{ao)yX 
=  aZmr^  +  {ao)x^my  —  {ao)y'^mx 
=  loa  +  My{ao)x  -  Mx{ao)y.      .     . 


(1) 


But  the  algebraic  sum  of  the  moments  of  the  effective  forces  for  all  of 
the  particles  can  also  be  expressed  in  terms  of  the  actual  forces  which 
include  all  of  the  external  forces  and  all  of  the  internal  forces  (actions 
and  reactions  between  the  particles).     Hence 


(2  To)  external  +   (-^o)  internal  =   I od  +  My{ao)x  "   Mx{ao)^ 


(2) 


But  according  to  Newton's  thnd  law,  the  internal  forces  occur  in  pairs 
of  equal,  opposite,  and  coUinear  forces  and  hence  (2 To) internal  =  0. 
Therefore  if  STo  refers  to  external  forces  only,  the  above  equation 

becomes  ^r,  =  ha  +  Mi3{ao)x  -  Mx{ao)y      ....     (3) 
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As  already  noted,  the  center,  0,  about  which  the  assumed  rotation 
takes  place  and  about  which  the  moments  of  the  forces  are  taken  may  be 
any  point  in  the  plane  of  motion  of  the  body.  Thus,  if  the  mass-center 
is  selected  for  the  center  about  which  moments  are  taken,  that  is,  if  0 
coincides  with  G  (Fig.  407),  then,  in  Eq.  (3),  x  and  y  are  zero;  ao  becomes 
a;  /<,  becomes/;  and  S  To  becomes  ST.  Hence  the  right-hand  member 
of  Eq.  (3)  reduces  to  one  term,  la.  Thus  the  equations  of  motion  for  a 
rigid  body  having  plane  motion  may  be  written : 

^F,  =  Ma, 


HFy  =  May 
ST  =  la 


(4) 


It  may  further  be  noted  that  Eq.  (3)  reduces  to  2To  =  looc,  not  only 
if  0  coincides  with  G,  but  also  if  0  is  a  point  whose  acceleration  is  zero, 
or  if  0  is  a  point  whose  acceleration  is  toward  (or  away  from)  G,  since 
m  this  case  the  quantity  My{oo)x  —  Mx{ao)y  in  Eq.  (3)  is  zero;  this 
fact  may  be  proved  by  assuming  in  Fig.  407  that  Uo  is  along  the  line  OG 
and  selecting  OG  as  the  rr-axis,  in  which  case  it  will  be  found  that  the 
last  two  terms  in  equation  (3)  vanish. 


ILLUSTRATIVE   PROBLEMS 

Problem  652. — A  homogeneous  cylinder  which  is  3  ft.  in  diameter  and  which 

weighs  805  lb.  rolls,  without  slipping,  down  an 
inclined  plane  that  makes  an  angle  of  30°  with 
the  horizontal  (Fig.  408).  The  mass-center  of 
the  cylinder  has  an  initial  velocity  vo  =  50 
ft.  sec.  Find  (1)  the  acceleration  of  the  mass- 
center,  (2)  the  magnitude  of  the  friction  force, 
and  (3)  the  velocity,  v,  of  the  mass-center  at  the 
end  of  10  sec. 

Solution. — The  cylinder  has  plane  motion 
under  the  action  of  three  forces,  F,  N,  and 
W,  as  shown  in  Fig.  408.  Let  the  x-  and 
y-axcs  be  chosen  as  shown  in  the  figure.  The 
equations  of  motion  are, 

(1),        SFj,  =  May.     .     .     (2),        XT  =Ia.      ...     (3) 


Fig.  408. 

From  (1), 
From  (2), 
From  (3), 


805 
805  sin  30°  -  F  =  —  d^ 


-805  cos  Z0°  +  N  =  0,  since  a„  =  0. 


(4) 
(5) 


3  „       1        805  /3\2 

-  F  =  -  X -  1  « (6) 

2  2       32.2  \2/ 
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Four  unknown  quantities  are  involved  in  these  three  equations  and  hence  another 
equation  is  needed.  From  the  kinematics  of  the  problem  (see  Prob.  537),  we  obtain 
the  equation 

dx  =  a  =  ra  =  ^a (7) 

By  substituting  the  value  of  a  from  (7)  in  (6)  and  solving  for  F,  we  obtain  the  equation 

r  =  —  o. 
2 


Substituting  this  value  of  F  in  (4),  we  obtain 


25 


ax  =  a  =  10.73  ft./sec.^      .-.   F  =  —  X  10.73  =  134.1  lb. 

Since  the  mass-center  moves  with  uniformly  accelerated  rectilinear  motion,  we  may 
use  the  equation 

V  =  Vo  +  at, 
Hence 

t;  =  50  +  10.73  X  10  =  157.3  ft./sec. 

Problem  653. — At  what  height,  h,  should  the  cushion  on  a  billiard  table  (Fig. 
409a)  be  placed  so  that  the  billiard  ball  on  reboimding  from  the  cushion  vnM  start 
off  without  causing  any  friction  on  the  table?  Ans.  h  =  -J-r. 


X— [ ^L_ 


Fig.  409. 


Solution. — The  free-body  diagram  for  the  ball  for  the  conditions  of  motion 
imposed  in  the  problem  is  shown  in  Fig.  409(6).  The  baU  has  plane  motion;  hence 
the  equations  of  motion  are 

XFx  =  Ma^.     .    .     (1),        ZFy=Mdy.     .     .     (2),       S  f= /«.     . 

Applying  these  equations  in  the  order  stated,  we  have 


(3) 


W 
P  =  —ax 


N  -W  =  0 


p  2  Tr  ,  2  W  ,  ax 
Pq  =  -  —  r-a  =  -  —  r-  — 
,  5  g  5  g        r 


From  the  first  and  third  of  these  equations,  we  obtain  the  following  equation 


n^ 


dxq 


Hence 


2  TF 

-  —  rdx 

5  g 

and     h  =  -Jr. 


If  the  cushion  is  placed  higher  than  this  value  of  h,  the  friction  of  the  table  on  the 
ball  will  be  to  the  left  in  Fig.  409(6),  and  if  it  is  placed  lower  the  friction  will  be  to 
the  right. 
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PROBLEMS 

/ 

654.  A  homogeneous  solid  sphere  rolls  without  slipping  down  a  rough  plane  which 
is  inclined  at  an  angle  6  with  the  horizontal.  Show  that  the  acceleration  of  the  center 
of  the  sphere  is  ^  g  sin  6,  and  that  the  ratio  of  the  friction  to  the  normal  pressure 
must  be  not  less  than  ^  tan  0  to  prevent  the  sphere  from  slipping. 

655.  A  hollow  cylinder  weighing  32  lb.  rolls,  without  slipping,  on  a  horizontal 
plane  when  acted  on  by  a  horizontal  force  of  16  lb.  whose  action  line  passes  through 
the  mass-center  of  the  cylinder  and  is  perpendicular  to  its  axis.  If  the  acceleration 
of  the  mass-center  is  9  ft./sec.^,  find,  in  terms  of  the  outer  radius  r,  the  radius  of 
gyration  of  the  cylinder  with  respect  to  its  axis.  Also  find  the  frictional  force 
developed. 

656.  A  homogeneous  cylinder  is  placed  on  the  horizontal  floor  of  a  car  so  that  it 
is  free  to  roll  in  the  direction  of  the  track.  The  friction  is  sufficient  to  prevent 
slipping.  If  the  car  is  given  an  acceleration  of  3  ft./sec.'^  in  the  direction  of  the 
track,  what  will  be  the  acceleration  of  the  center  of  the  cylinder  relative  to  the  track? 

Ans.     a  =  1  ft. /sec." 

657.  A  homogeneous  cylinder  weighing  W  lb.  and  having  a  radius  of  r  ft.  rolls, 
without  slipping,  on  a  horizontal  surface  when  acted  on  by  a  horizontal  force  of 
J^ir  lb.  whose  action  line  is  J^r  ft.  above  the  surface,  as  shown  in  Fig.  410;  the  force  is 
exerted  by  a  string  wrapped  around  a  groove  in  the  central  plane  of  the  cylinder. 
Find  the  acceleration  of  the  mass-center  of  the  cylinder. 


Fig.  410. 


Fig.  411. 


Fig.  412. 


658.  A  thin  cylinder  whose  thickness  may  be  neglected  weighs  W  lb.  It  rolls, 
without  slipping,  on  a  horizontal  surface  when  acted  on  by  a  horizontal  force  of 
3^ir  lb.  applied  to  the  top,  as  shown  in  Fig.  411.  Find  the  acceleration  of  the  center 
of  the  cylinder,  and  the  frictional  force  between  the  cj-linder  and  plane. 

Ans.     a  =  6.44  ft./sec.^;  F  =  0. 

659.  A  homogeneous  sphere  rolls  down  a  plane  inclined  at  an  angle  6  with  the 
horizontal.  If  the  coefficient  of  friction  for  the  sphere  and  plane  is  Mi  what  is  the 
maximum  value  of  6  that  will  allow  the  sphere  to  roll  without  slipping? 

660.  Two  solid  cylindrical  disks  are  keyed  to  an  axle  as  shown  in  Fig.  412.  A 
string  is  wrapped  around  the  axle  in  its  central  plane,  and  a  force,  P,  is  exerted  by  the 
string  in  a  direction  parallel  to  the  plane  on  which  the  disks  roll  and  tangent  to  the 
under  surface  of  the  axle.  Each  disk  weighs  20  lb.  and  is  2  ft.  in  diameter.  The 
axle  is  6  in.  in  diameter  and  weighs  40  lb.  The  magnitude  of  the  force  P  is  8  lb. 
Will  the  disks  and  axle  roll  forward  or  backward?  Finil  the  acceleration  of  the 
central  axis  of  the  disks  and  axle.  Ans.     a  =  1.91  ft.  'sec.^ 
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661.  If  the  string  in  the  preceding  problem  is  wrapped  around  the  axle  in  the 
opi)osite  direction  so  that  the  force  P  is  tangent  to  the  top  of  the  axle,  what  is  the 
acceleration  of  the  central  axis  of  the  disks  and  axle? 

662.  A  homogeneous  sphere  having  a  weight  of  100  lb.  and  a  radius  of  r  ft.  is 
placed  on  a  horizontal  surface.  A  horizontal  force  of  20  lb.  is  applied  to  the  sphere, 
the  action  line  of  the  force  being  3^r  ft.  from  the  surface.  The  coefficient  of  friction 
for  the  sphere  and  siu-face  is  Kq.  (a)  Find  the  linear  acceleration  of  the  center  of 
the  sphere.  (6)  Find  the  angular  acceleration  of  the  sphere,  (c)  What  type  of 
motion  does  the  sphere  have?  Ans.     a  =  3.22  ft./sec.^;  a  =  0;  Translation. 

663.  A  homogeneous  sphere  and  a  homogeneous  cylinder  start  from  rest  at  the 
top  of  an  inclined  plane  and  roll  without  slipping  to  the  bottom  of  the  plane.  Which 
will  reach  the  bottom  in  the  shorter  time? 


^ 


<^yyAyyyy////-y/y^y/ 


Fig.  413. 

664.  The  resultant,  7?,  of  all  forces  acting  on  the  connecting  rod  (Fig.  413)  is 
320  lb.  and  its  action  line  is  located  as  shown.  If  the  connecting  rod  is  30  in.  long 
and  weighs  80  lb.,  what  is  the  linear  acceleration  of  the  mass-center  of  the  rod  and 
the  angular  acceleration  of  the  rod,  assuming  the  rod  to  be  of  constant  cross-section? 

Ans.     a  =  129  ft./sec.^;  «  =  74.2  rad./sec.^ 

665.  A  solid  sphere  ha^^ng  a  radius  of  8  in.  and  a  weight  of  161  lb.  is  made  to  roU 
up  a  rough  inclined  plane  (Fig.  414)  by  means  of  a  flexible  cord,  one  end  of  which  is 
attached  to  an  axis  through  the  center  of  the  sphere.  The  cord  passes  over  a  smooth 
peg  and  has  attached  to  its  other  end  a  suspended  bodj^  B  which  weighs  100  lb. 
Find  the  acceleration  of  the  bodv  B  and  the  tension  in  the  cord. 


Fig.  414. 


Fig.  415. 


666.  In  Fig.  415,  A  is  a  body  consisting  of  two  cylindrical  disks  ha\'ing  a  radius 
of  8  in.  connected  by  an  axle  having  a  radius  of  2  in.  (similar  to  the  arrangement 
in  Fig.  412).  The  weight  of  A  is  40  lb.  and  the  radius  of  gyration  about  the  axis  of 
the  axle  is  5  in.  A  cord  wrapped  around  the  axle  passes  over  a  smooth,  weightless 
puUey  and  is  attached  to  a  body  B  that  weighs  60  lb.  The  coefficient  of  friction  be- 
tween B  and  the  horizontal  plane  is  0.2.  If  A  rolls,  without  slipping,  down  the  in- 
clined plane,  find  the  tension  in  the  cord  and  the  acceleration  of  B. 

Am.     T  =  14.5  lb.;  a  =  1.35  ft./sec.^ 
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667.  A  plane  12  ft.  square  with  two  of  its  sides  horizontal  makes  an  angle  of  30° 
with  the  horizontal.  A  homogeneous  cylinder  rolls,  without  slipping,  along  one  of 
the  diagonals.  If  the  cylinder  starts  from  rest  at  the  upper  corner  what  will  be  the 
velocity  of  its  mass-center  when  it  reaches  the  lower  corner? 

668.  A  homogeneous  sphere  rolls  down  a  plane  that  makes  an  angle  of  45°  with 
the  horizontal.  If  the  coefficient  of  friction  between  the  sphere  and  plane  is  0.2  will 
the  sphere  roll  without  slipping?  Ans.     No. 

669.  A  homogeneous  sphere  having  a  weight  of  64  lb.  and  a  radius  of  1  ft.  rolLs, 
without  slipping,  on  a  smooth  horizontal  plane  when  acted  on  by  a  horizontal  force 
of  16  lb.     Find  the  distance  from  the  plane  to  the  action  line  of  the  force. 


ArJL, 


Fig.  41G. 


Fig.  417. 


BU 

Fig.  418. 


670.  A  homogeneous  cylinder  1  ft.  in  diameter  has  a  flexible  cord  wrapped 
around  its  central  plane.  One  end  of  the  cord  is  attached  to  a  fixed  plane  as  shown 
in  Fig.  416.  The  cord  is  taut  when  the  cylinder  is  allowed  to  fall.  Find  (a)  the 
acceleration  of  the  mass-center,  (6)  the  angular  acceleration  of  the  cylinder,  and 
(c)  the  distance  traveled  by  the  mass-center  in  2  sec. 

Ans.    a  =  21 A  ft./sec.-;  a  =  42.9  rad./sec.^;  s  =  42.9  ft. 

671.  A  uniform  rod  AB  (Fig.  417)  moves  with  its  ends  B  and  A  in  contact  with 
smooth  planes  which  are  vertical  and  horizontal  respectively.  A  variable  horizontal 
force,  F,  is  applied  at  the  end  A.  The  weight  of  the  rod  is  16.1  lb.  and  its  length  is 
8  ft.  If  the  value  of  F  for  the  position  of  the  rod  shown  (0  =  60°)  is  such  that  the 
angular  acceleration,  a,  of  the  rod  is  3  rad./sec.-,  and  the  angular  vi'locity,  w,  is 
2  rad./sec,  what  are  the  values  of  F,  Na,  iind  Nb? 

Alls.     Na  =  6.17  \h.;  F  =-  0.03  lb.;  Nb  =  1-22  lb. 

672.  In  Fig.  418,  yl 7?  is  a  uniform  slender  roil  3  ft.  long  that  is  susjicndeil  from  O 
by  a  flexible  cord  Oi4  2  ft.  long.  The  woiglit  of  the  bar  is  16.1  lb.  When  a  horizontal 
force  P  is  applied  to  the  bar  the  initial  linear  acceleration  of  the  ma.ss-<>enter  is 
8  ft./sec.^  horizontally  to  the  right  and  the  angular  acceleration  is  4  rad./sec* 
counter-clockwise.     Find  the  magnitude,  line  of  action,  and  .scn.se  of  /*. 

Ans.     P  =■  4  lb.  to  right  and  1.875  ft.  below  .4. 
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673.  Complete  the  following  statement:  The  equations  of  motion  for  a  body  are 
the  equations  expressing  the  relations  between  the  following  three  factors  or  quan- 
tities: 

674.  Define:  (o)  weight  of  a  body,  (b)  mass  of  a  body. 

675.  Is  the  following  definition  correct?  The  engineer's  unit  of  mass,  called  a 
slug,  is  the  mass  of  a  body  that  is  given  an  acceleration  of  1  ft./sec.^  by  a  1-lb.  force. 

676.  What  is  the  weight  of  a  body  having  a  mass  of  1  slug?  How  many  units 
of  mass  (slugs)  in  a  body  weighing  W  lb.? 

677..  State  Newton's  second  law  of  motion. 

When  attempting  to  compare  the  weights  of  two  small  bodies  (pebbles,  say)  a 
person  instinctively  jounces  or  shakes  the  bodies  in  his  hands.  Why  does  this 
enable  the  person  to  obtain  a  better  estimate  of  the  relative  weights  than  he  could 
by  merely  supporting  the  bodies  in  his  hands? 

678.  In  analyzing  the  motion  of  a  body  by  use  of  Newton's  laws  of  motion,  why 
is  the  body  considered  to  be  made  up  of  particles?  Define  effective  force  for  a 
particle. 

679.  State  Newton's  third  law  of  motion. 

Let  A  and  B  be  two  bodies  between  which  there  are  mutual  actions;  if  4  is  a 
freely  falling  body  and  its  weight  is  one  of  the  two  (mutual)  actions,  what  bodj^  is  B? 

680.  Explain  briefly  the  four  steps  followed  in  obtaining  the  equations  of  motion 
for  a  body. 

681.  Point  out  and  correct  the  error  in  the  following  statement:  The  principle 
of  motion  of  the  mass-center  states  that  if  the  resultant  of  all  the  external  forces 
acting  on  any  body  is  a  force,  its  magnitude  is  equal  to  the  product  of  the  mass  of  the 
body  and  the  acceleration  of  the  mass-center,  a,  of  the  body,  and  it  acts  through  the 
mass-center  in  the  direction  of  a. 

682.  Write  the  three  equations  of  motion  for  a  rigid  bodj^  having  each  of  the  fol- 
lowing types  of  motion:  (a)  translation,  (6)  rotation  about  an  axis  not  passing 
through  the  mass-center,  and  (c)  plane  motion. 

683.  (a)  State  D'Alembert's  principle,  (b)  Define  inertia  force  for  a  body, 
(c)  Explain  the  inertia-force  method  of  solving  kinetics  problems,  (d)  'What  is 
meant  by  the  term  "centrifugal  force";  is  it  an  actual  force  exerted  by  one  body  on 
another  body? 

684.  Specify  the  magnitude,  sense,  and  action  line  of  the  inertia  force  for  a  trans- 
lating rigid  body  of  mass  M  having  an  acceleration  a. 

685.  If  a  rigid  body  rotates  about  a  fixed  axis  with  an  angular  acceleration, 
under  what  conditions  will  the  resultant  of  the  external  forces  acting  on  the  body  be 
(a)  a  force,  (6)  a  couple? 

686.  Prove  that  the  resultant  of  the  effective  forces  (and  hence  also  of  the  external 
forces)  for  a  rigid  body  rotating  about  a  fixed  axis  not  through  the  mass-center 
intersects  the  line  connecting  the  mass-center  and  center  of  rotation  at  a  distance 

—  from  the  axis  of  rotation. 
f 

687.  A  rigid  body  of  mass  M  is  given  a  plane  motion  by  an  unbalanced  force 
system,  the  acceleration  of  the  mass-center  being  denoted  by  a.     What  are  the 
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magnitude  and  direction  of  the  resultant  of  the  external  forces  acting  on  the  body? 
Does  this  force  act  through  the  mass-center? 

688.  A  rigid  body  has  plane  motion:  (a)  If  the  acceleration,  a,  of  the  mass- 
center  is  zero  and  the  angular  acceleration,  a,  of  the  body  is  not  zero,  what  can  be 
said  about  the  resultant  of  the  forces  acting  on  the  body?  (6)  If  a  is  zero  and  a  is 
not  zero,  what  can  be  said? 

689.  Steam  is  shut  off  when  a  train  ruiming  at  a  speed  of  30  mi./hr.  reaches  a 
0.4  per  cent  down-grade.  'W'hat  will  be  the  velocity  of  the  train  after  100  sec.  if  the 
train  resistance  is  10  Ib./ton?  Ans.     v  =  27.8  mi./hr. 

690.  A  man  weighing  150  lb.  leaves  his  room  by  way  of  a  window  which  is  50  ft. 
above  the  ground.  He  has  a  rope  that  is  long  enough  to  reach  to  the  ground  but  it 
can  support  a  force  only  of  125  lb.  What  is  the  least  velocity  with  which'  he  can 
reach  the  ground?  Am.     v  =  23.2  ft.,  sec. 

691.  Two  strings  pass  over  a  smooth  cylindrical  fixed  drum  whose  axis  is  hori- 
zontal. On  one  side  of  the  drum  the  strings  are  attached  to  a  50-lb.  weight;  on  the 
other  side  one  string  is  attached  to  a  40-lb.  weight  and  the  other  string  to  a  30-lb. 
weight.  Find  the  acceleration  of  the  weights  and  the  tension  in  each  of  the  strings 
during  motion.  Ans.     Tzo  =  25  lb.;  7^40  =  33.3  lb.;  a  =  5.37  ft./sec- 

692.  A  door  is  hung  on  a  track  as  shown  in  Fig.  419.  The  coefficient  of  friction 
for  each  of  the  shoes  {A  and  B)  and  the  track  is  K-  The  door  weighs  300  lb.  What 
force  P  is  required  to  give  the  door  an  acceleration  of  4  ft./sec.^?  Find  the  vertical 
reactions  of  the  shoes  on  the  track. 

Ans.     P  =  112  lb.;  Ra  =  43.9  lb.;  Rb  =  256  lb. 


Fig.  419. 


693.  The  drum  B  (Fig.  420)  is  rotating  with  an  angular  velocity  a?  =  120  r.p.ni. 
when  the  brake  C  is  applied.  The  drum  is  a  solid  cylinder  and  has  a  radius  of  10  in. 
Its  weight  is  2000  lb.  If  the  coefficient  of  brake  friction  is  0.2,  what  force,  P,  is 
required  to  reduce  the  angular  velocity  of  the  drum  to  30  r.p.m.  in  3  sec?  Neglect 
axle  friction.  Find  also  the  horizontal  and  verticjil  components  of  the  reaction  of 
the  axle  on  the  drimi.  Ans.     P  =  203  lb. 

694.  A  flat-t(jpped  boat  having  a  weight  of  300  lb.  and  a  length  of  12  ft.  is  resting 
in  still  water.  A  man  weighing  150  lb.  stands  at  one  end  of  the  boat.  The  man 
starts  to  run  with  a  speed  increasing  at  the  rate  of  10  ft. /sec.  each  second.  When 
he  reaches  the  other  end  of  the  boat  he  jumps.  As-suming  that  the  water  is  a  perfect 
(frictionless)  fluid,  what  is  the  acceleration  of  the  mass-renter  of  the  Ijoat  and  man 
(considered  as  one  body)  before  the  man  starts  to  run?    While  he  is  running  on  the 
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boat?     After  he  jumps  from  the  boat  but  before  he  strikes  the  water?     What  is  the 
acceleration  of  the  boat  while  the  man  is  running  on  it? 

695.  Two  spheres  A  and  B  (Fig.  421)  connected  by  a  light  slender  rod  revolve  in  a 
horizontal  plane  about  an  axle  fixed  in  the  top  of  a  vertical  post  which  supports  the 
two  bodies.  A  weighs  4  lb.  and  B  weighs  12  lb.  The  spheres  rotate  with  an  angular 
velocity  of  80  r.p.m.  What  horizontal  force  acts  on  the  post  tending  to  bend  the 
post?  The  mass  of  the  rod  may  be  neglected.  Solve  by  considering  A,  B,  and  the 
rod  as  a  single  mass-system.  Ans.     R  =  14.5  lb. 


777777P777777777777Z777P7' 
Fig.  422. 


696.  A  circular  disk  (Fig.  422)  weighs  100  lb.  and  is  4  ft.  in  diameter.  The  disk 
rolls  to  the  right  on  a  straight  horizontal  track.  The  angular  velocity  of  the  disk  is 
2  rad./sec.  and  the  angular  acceleration  is  4  rad./sec.^  Find  the  horizontal  force  P 
required  to  produce  this  motion.  Solve  in  three  ways,  using  the  points  0,  0' ,  and  0" 
as  moment-centers  in  the  moment  equation.  The  acceleration  of  0'  is  toward  the 
mass-center  and  the  acceleration  of  0"  is  zero.  Ans.     P  =  37.3  lb. 

697.  A  solid  wooden  disk  10  ft.  in  diameter  rotates  in  a  horizontal  plane  about  its 
geometric  axis.  Two  small  bodies  each  weighing  50  lb.  are  attached  to  the  disk  at  a 
radius  of  4  ft.  from  the  axis  of  rotation  so  that 

the  radii  make  an  angle  of  90°.  If  the  disk 
rotates  at  40  r.p.m.  what  is  the  resultant  hori- 
zontal pull  on  the  axis?     Solve  by  two  methods. 

Am.     154  lb. 

698.  In  Fig.  423,  A  represents  a  frame  which 
revolves  about  a  vertical  axis  at  a  constant  angu- 
lar velocity  w  =  40  r.p.m.  A  bar,  B,  is  attached 
to  the  frame  at  E  by  means  of  a  smooth  pin.  At 
the  end  of  5  a  spherical  ball,  C,  is  fastened.  B 
weighs  20  lb.  and  is  16  in.  long.  C  weighs  8  lb. 
and  is  4  in.  in  diameter.     Find  the  reaction  of 

the  pin  at  E  and  of  the  frame  at  F,  on  the  bar. 

Ans.    E  =  89.0  lb.,  B^  =  161°  40';  F  =  46.3. 
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CHAPTER   IX 
WORK   AND   ENERGY 

115.  Introduction. — In  the  preceding  chapter  the  relations  between 
force,  mass,  and  acceleration  were  developed  from  Newton's  laws  of 
motion  and  applied  to  the  motion  of  bodies  under  the  action  of  unbal- 
anced forces.  As  already  noted,  the  quantities  involved  directly  in 
Newton's  laws  are  force,  mass,  and  acceleration.  But,  acceleration 
involves  the  quantities  velocity,  distance,  and  time.  Now,  in  many 
problems  in  engineering,  it  is  convenient  to  use  certain  other  quantities, 
the  more  important  of  which  arc:  work,  power,  energy,  impulse,  and 
momentum.  The  expression  for  each  of  these  quantities  is  a  combination 
of  some  of  the  six  quantities  (force,  mass,  acceleration,  velocity,  dis- 
tance, and  time)  which  are  involved  in  Newton's  laws  of  motion.  Thus, 
force  and  distance  combine  to  measure  work;  force,  distance,  and  time 
combine  to  measure  power;  mass  and  velocity  combine  to  measure 
momentum  and  kinetic  energy;  force  and  time  combine  to  measuie 
impulse,  etc.  Although  the  conceptions  of  these  quantities  are  more  or 
less  a  result  of  our  experience  with  physical  phenomena,  the  exact  rela- 
tions between  them,  as  expressed  in  certain  principles  to  be  developed 
in  the  following  pages,  are  based  on  the  definite  fundamcMital  laws  of 
Newton. 

The  present  chapter  is  devoted  to  a  discussion  of  the  meaning  and 
use  of  work,  of  energy,  and  of  certain  princij^lcs  that  express  relations 
between  these  two  quantities.  Although  no  fundamental  physical  laws 
other  than  those  of  Newton  are  used  in  developing  the  principles  of 
work  and  enei-gy,  nevertheless,  the  method  of  analysis  whicli  makes 
use  of  work  and  energy,  possesses  certain  advantages  over  tiie  method 
which  makes  use  directly  of  force,  mass,  and  acceleration,  even  in  cer- 
tain tj'pes  of  problems  which  involve  only  rigid  bodies  having  rather 
simple  types  of  motion  such  as  translation,  rotation,  and  plane  motion. 
And,  in  dealing  with  non-rigid  bodies  having  unordered  motion,  that  is, 
motion  in  which  the  particles  of  the  mass  system  (l)ody)  do  not  follow 
definite  known  paths,  the  jjrinciples  of  energy  are  of  particular  impor- 
tance. In  fact,  the  study  of  the  behavior  of  noii-rijiid  i)odies  in  general, 
such  as  water,  steam,  ga-s,  and  air  is  largely  hiusvd  on  the  principles  of 
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energy  and,  hence,  these  principles  play  an  important  part  in  hydraulics, 
thermodynamics,  etc. 

§  1.    Work  and  Power 

116.  Work  Defined. — A  force  does  work  on  a  body  if  the  body  on 
which  the  force  acts  moves  so  that  the  displacement  of  the  point  of 
application  of  the  force  has  a  component  in  the  direction  of  the  force. 
The  amount  of  work  done  by  a  constant  force  whose  point  of  applica- 
tion has  a  rectilinear  displacement  is  the  product  of  the  force  and  the 
component  of  the  displacement  of  its  application  point  in  the  direction 
of  the  force.  The  work  may  also  be  expressed  as  the  product  of  the 
component  of  the  force  in  the  direction  of  the  displacement  of  its  appli- 
cation point  and  the  displacement.  The  component  of  the  force  in  the 
direction  of  the  displacement  of  its  application  point  is  often  called  the 
working  component.  And  the  component  of  the  displacement  in  the 
direction  of  the  force  is  called  the  effective  displacement. 

117.  Algebraic  Expressions  for  Work  Done  by  a  Force. — The 
mathematical  expression  for  the  work,  iv,  done  by  a  force,  F,  in  a  dis- 
placement, s,  of  its  application  point  depends  on  the  way  the  force  varies 
during  the  displacement.  Several  important  special  cases  are  con- 
sidered here. 

/.  The  force  is  constant  in  magnitude  and  in  direction  and  agrees  in 
direction  with  the  displacement  as,  for  example,  the  force  exerted  in 
lifting  a  body  vertically  upward  with  a  uniform  acceleration.  The 
amount  of  work  done  is 

w  =  F'S. 

II.  The  force  is  constant  in  magnitude  and  in  direction  but  does  not 
agree    in    dii'ection   with    the 
displacement  (Fig.  424).    The 
amount  of  work  done  is 

w  =  F  cos  6- s  =  Ft-s, 


in  which  F  cos  6  is  denoted  Yig.  424. 

by  Ft  since  F  cos  6  is  tangent 

to  the  path  of  the  point  of  application. 

///.  The  force  varies  in  magnitude  but  not  in  direction,  and  the 
direction  agrees  with  that  of  the  displacement,  as,  for  example,  the 
force  exerted  in  compressing  a  hehcal  spring  or  the  steam  pressure 
against  the  piston  of  a  steam  engine  after  cut-off.  Thus,  in  compress- 
ing a  spring,  the  force  corresponding  to  any  position,  s,  is  F  (Fig.  425), 
and  this  force  may  be  assumed  to  remain  constant  in  an  infinitesimal 
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displacement,  ds.  Hence,  according  to  case  /,  the  work  done  by  the  force 
F  in  the  displacement  ds  is  dw  =  Fds,  and  the  total  work  done  on  the 
spring,  as  F  varies  from  its  initial  to  its  final  value,  is 


Fig.  425. 


w  =  I  Fds  =  Fav-  As, 
«i 
where  Fat,  is  the  space-average  value  of  the 
force  in  the  displacement  As  or  S2  —  s^  In 
order  to  evaluate  the  integral  by  the  meth- 
od of  calculus,  F  must  be  expressed  in  terms 
of  s.  That  is,  the  manner  in  which  F  varies 
with  s  must  be  known. 

IV.  The  force  varies  in  magnitude  and 
in  direction,  as,  for  example,  the  pressure 
of  the  connecting  rod  on  the  crank  pin  of 
an  engine  (Fig.  426).  The  expression  for 
the  work  done  by  the  force  is  found  by  the 
same  method  as  was  used  in  case  ///  except 
that  the  tangential  component  of  the  force 
must  be  used.     Hence 


w  = 


F,ds. 


This  expression  applies  whether  the  displacement  is  along  a  circular 
path  or  not.     But  when  the  displacement  takes  place  in  a  circular 


Fig.  426. 


path  the  elcniental  displacement  ds  is  expressed  by  the  equation  ds  — 
rdd.     Whence 


w  = 


/«2  /^  »2  /^  < 

F,ds  =    /     F,rdd  =   I 


Tdd, 


in  which  T  is  the  torque  or  moment  of  the  force  about  the  center  of  the 
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circular  path.  And  if  the  torque  remains  constant  during  an  angular 
displacement,  d  =  62  -  Oi,  then 

dd  =  T{d2  -  0i)  =  T-e. 

Thus,  in  one  revolution,  the  work  done  by  the  force  F  having  a  moment 
T  about  the  center  of  the  circular  path  \s  w  =  T-27r.  And  if  n  revolu- 
tions occur  per  unit  of  time,  then  the  work  done  per  unit  of  time  Ls 
w  =  T-2-Kn. 

118.  Work  Done  by  a  Couple.— In  Fig.   427,   the  couple  whose 

moment  is  F-2r  turns  through  an  angle  c/0  during  

which  displacement  the  forces  F  of  the  couple  may        L' 

be  assumed  to  be  constant.     The  work  done  by   ^/. 

the  forces  of  the  couple  is  2Fds  or  2Frdd.     But   '^t-^- 

F-2r  is  the  moment  of  the  couple.    Therefore,  the    \ 

work  done  by  the  couple  in  the  angular  displace-         \^      ^^1 

ment  dQ  is  the  product  of  the  moment,  T,  of  the  ^^^  ^^ 

couple  and  the  angular  displacement,  dQ,  of  the 

couple.  Further,  if  the  angular  displacement  of  the  couple  is  0  =  02  -^1, 

then  the  work  done  is 

w  =  TdQ. 

If  the  moment  of  the  couple  remains  constant  during  the  angular  dis- 
placement d,  the  work  done  by  the  couple  is  iv  =  Td. 

119.  Work  a  Scalar  Quantity.  Sign  and  Units  of  Work.— Work  is 
a  scalar  quantity.  Thus  the  work  done  by  one  force  may  be  added 
(algebraically)  to  the  work  done  by  another  force  regardless  of  the 
directions  of  the  forces  or  of  the  displacements  of  their  points  of  applica- 
tion. And  the  work  done  on  one  body  of  a  system  may  be  added  (alge- 
braically) to  the  work  done  on  the  other  bodies  of  the  system  in  order 
to  obtain  the  total  work  done  on  the  system,  regardless  of  the  manner 
in  which  the  bodies  move. 

It  is  convenient  to  regard  the  work  done  by  a  force  as  having  sign. 
Work  is  positive  when  the  working  component  of  the  force  and  the  dis- 
placement of  its  application  point  agree  in  sense,  and  work  is  negative 
when  the  working  component  and  the  displacement  are  opposite  in 
sense.  Thus,  a  force  which  retards  the  motion  of  a  body  does  negative 
work  on  the  body. 

The  unit  of  work  is  the  work  done  by  a  unit  force  acting  through  a 
unit  distance  and  hence  depends  on  the  units  used  for  force  and  distance. 
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Thus,  the  more  common  units  for  work  in  the  gravitational  (engineer's) 
system  of  units  are  the  foot-pound,  inch-pound,  meter-kilogram,  etc. 
No  one-term  names  are  given  to  the  units  of  work  in  the  gravitational 
system  of  units.  The  common  units  of  work  in  the  absolute  system 
of  units  are  the  dyne-centimeter,  which  is  called  an  erg,  and  the  joule, 
which  is  10^  ergs.  For  large  units  of  work  the  horse-power-hour  and 
the  kilowatt-hour  are  used.  For  a  definition  of  these  units  see  Art.  122. 
120.  Graphical  Representation  and  Calculation  of  Work. — In  cal- 
culating the  work  done  by  a  variable  force,  by  the  calculus  method, 
the  working  component.  Ft,  of  the  force  must  be  expressed  in  terms  of  the 
displacement  s.  If  it  is  impossible  to  express  Ft  in  terms  of  s,  or  if, 
when  possible,  the  expression  for  Ft  is  complex  and  difficult  to  use,  the 
relation  between  Ft  and  s  may  be  expressed  graphically  by  means  of  a 
graph  or  curve,  and  the  work  done  may  be  found  from  the  graphical 
diagram  as  follows:  If  values  of  Ft  and  s  are  plotted  on  a  pair  of  rec- 
tangular axes  for  all  positions  of  the  application  point  of  the  force  F,  the 
curve  joining  the  plotted  points  is  called  a  tangential-force-space  {Ft  —  s) 
curve  (Fig.  428).  In  most  problems,  only  a  sufficient  number  of  values 
of  Ft  are  plotted  to  make  it  possible  to  draw  a  reliable  F<-s  curve,  values 
of  Ft  being  plotted  more  frequently  when  the  value  of  Ft  is  changing 

the  more  rapidly.  The  work  done  by 
a  variable  force  F  as  shown  in  Art.  117 

is  u)  =    /     Ftds.     But  Ftds  represent'^ 

an  elemental  part  of  the  area  (Fig.  428) 
between  the  Fis  curve  and  the  s-axis. 
And  the  total  area  under  the  Fts  curve 
between  any  two  ordinates  correspond- 
ing to  abscissas  i'l  and  52  is 


s=Displacement 
Fio.  428. 


area  = 


/    Ftds. 


Therefore,  the  wor):  done  by  a  force  in  any  displacement  s  is  repre- 
sented by  the  area  under  the  tangential-force-space  curve  between  the 
ordinates  at  S\  and  s^-  This  diagram  is  called  a  work  diagram.  In  deter- 
mining the  amount  of  work  represented  by  the  work  diagram,  the  scales 
used  in  plotting  the  Fi-s  curve  must  be  considered.  Thus,  if  ordinates 
are  plotted  to  a  scale  of  1  in.  =  50  lb.  and  abscissas  to  the  scale  of  1  in.  = 
5  ft.,  then  each  square  inch  of  area  under  the  Fts  curve  represents  250 
ft.-lb.  of  work. 

Since  (lie  area  of  a  work  di:igrnin  ('(piMls  the  product  of  the  MVerago 
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ordinate  and  the  base,  the  work  done  by  a  force  equals  the  (space) 
average  value  of  the  tangential  (working)  component  of  the  force  and 
the  length  of  the  path  described  by  the  application  point. 

The  area  of  the  work  diagram  may  be  found  by  means  of  a  planimeter 
or  by  dividing  the  area  into  small  strips  and  applying  Simpson's  rule. 
Or,  in  some  cases,  less  exact  methods  may  be  employed  in  estimating 
the  area. 

121.  Work  Done  on  a  Body  by  a  Force  System. — So  far,  the  work 
done  on  a  body  by  a  single  force  or  by  a  couple  has  been  considered. 
In  general,  however,  a  body  is  acted  on  by  a  force  system,  and,  in  order 
to  find  the  work  done  on  the  body  in  any  displacement,  the  work  done 
by  the  whole  force  system  must  be  found.  The  work  done  by  a  force 
system  is  the  algebraic  sum  of  the  works  done  by  the  forces  of  the  system, 
and  in  general  is  not  equal  to  the  work  done  by  the  resultant  of  the 
system.  Thus  if  two  equal,  opposite,  and  collinear  forces  F,  F  be 
applied  at  the  ends  of  a  helical  spring  causing  the  spring  to  stretch  as 
the  magnitude  of  the  forces  F,  F  increases,  the  work  done  by  the  forces 
in  stretching  the  spring  is  the  product  of  the  average  value  of  F  and  the 
increase  in  the  length  of  the  spring,  although  the  resultant  of  the  two 
forces  F,  F  is  at  all  times  equal  to  zero. 

If  the  spring  in  the  above  discussion  be  replaced  by  a  rigid  stationary 
bar  and  two  equal,  opposite,  and  collinear  forces  F,  F  be  applied  along 
the  axis  of  the  bar,  it  is  obvious  that  the  work  done  by  the  two  forces  is 
zero,  regardless  of  the  manner  in  which  the  magnitude  of  the  two  equal 
forces  may  vary  during  the  time  they  act  on  the  bar,  since  the  point  of 
application  of  each  force  does  not  move.  If  the  bar  is  moved  in  any 
way  while  the  two  equal,  opposite,  and  collinear  forces  are  acting  on  it, 
it  can  likewise  be  shown  that  the  work  done  by  the  forces  is  zero,  assum- 
ing as  before  that  the  bar  is  rigid,  that  is,  that  the  distance  between  the 
points  of  application  of  the  forces  remains  constant.  Hence  an  impor- 
tant proposition  may  be  stated  as  follows:  The  icork  done  hy  two  forces 
which  at  all  times  are  equal,  opposite,  and  collinear  is  zero  provided  the 
distance  between  the  points  of  application  of  the  forces  remains  constant. 
This  proposition  is  true  regardless  of  the  displacements  of  the  points  of 
application  of  the  forces  or  the  manner  in  which  the  magnitude  of  the 
two  equal  forces  varies  during  the  displacement. 

This  principle  will  be  found  to  be  of  particular  importance  in  the 
discussion  of  the  principle  of  work  and  energy  for  a  rigid  body  (Art.  131). 
For  in  a  rigid  body  the  distance  between  any  two  particles  remains  con- 
stant and,  by  Newton's  third  law,  the  forces  that  the  two  particles  exert 
on  each  other  are  equal,  opposite,  and  collinear  and  hence  the  work  done 
by  each  such  pair  of  forces  in  any  displacement  of  the  body  is  zero. 
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Therefore  in  any  displacement  of  a  rigid  body  the  work  done  by  the 
internal  forces  is  zero. 

Although  it  is  not  always  possible  to  find  the  work  done  by  a  force 
system  acting  on  a  body  by  finding  the  work  done  by  the  resultant  of 
the  system,  as  stated  above,  it  is  sometimes  possible  to  do  so.  Thus,  the 
work  done  by  the  earth-pulls  on  the  particles  of  a  body  (weights  of  the 
particles)  in  any  displacement  of  the  body  is  found  to  be  equal  to  the 
work  done  by  the  resultant  of  the  weights  of  the  particles,  that  is,  by 
the  weight  of  the  body.  This  may  be  formally  stated  in  the  following 
proposition :  The  work  done  by  the  weight  of  a  body  in  any  displacement 
of  the  body  is  equal  to  the  product  of  the  weight  of  the  body  and  the  vertical 
component  of  displacement  of  the  center  of  gravity  of  the  body. 


ILLUSTRATIVE   PROBLEMS 

Problem  699. — A  helical  spring  (Fig.  429)  having  a  modulus  of  200  lb. /in.  is  com- 
pressed s  =  4  in.  by  an  axial  load.  How  much  work  is  done  by  the  (variable)  load 
in  compressing  the  spring? 

Solution. — If  Py  denotes  the  force  corresponding  to  any  compression,  y,  of  the 
spring,  then,  from  case  III,  Art.  117,  we  have 

w  =   r  Pj/iy. 
/o 

But 

Py  =  200y. 

Hence 

w  =   f   200ydy 

200s-       200(4)- 


W^ 

-  h 

nH 

m^-. 

•n 
y 

< p > 

(when  8=4) 


=  1600  in.-lb. 


Fig.  429. 


200.«t2 
The  expression  xo  =  — -—  may  be  written: 


200s 


—  X  s  =  area  of  triangular  work  diagram 


=  average  force  times  total  displacement 

=  area  of  rectangular  diagram  having  the  same  area  as  the  triangular  di.igram. 

Problem  700. — The  component  Fi  of  the  crank-pin  pressure  F  in  Fig.  420  is  called 
the  tangential  effort.  The  tangential-effort  diagram  for  a  steam  engine  (.similar  to 
Fig.  430)  is  drawn  to  the  following  scales:  1  in.  of  ordinate  =  24  lb.  sq.  in.  of  piston 
area  and  1  in.  of  ab.scis-sa  =  a  30°-arc  of  the  crank-pin  circle.  The  area  under  the 
curve  is  found  to  be  11.5  sq.  in.  Find  the  work  done  on  the  crank-pin  per  .scjuore 
inch  of  the  piston  area  per  stroke  (one-half  revolution),  if  the  crank  length  i.x  7.5  in. 
Also  find  the  total  work  done  per  stroke,  the  diameter  of  the  piston  l)eing  14  in. 

Solution.     A  30°-!irc  of  tlic  crMiik-piu  circle  =  3.02  in. 
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1  sq  in.  of  the  work  diagram  =  24  X  3.92  =  94.2  in.-lb.     Work  done  per  stroke  per 
square  inch  of  piston  =  94.2  X  11.5  =  1083  in.-lb.  =  90.2  ft.-lb. 


Total  work  per  stroke  =  90.2  X 


X  (14)^ 


=  13,900  ft.-lb. 


p  f  =  thickness      0. 


30^         60'         90-        120°        150" 
-One  half  of  crank  circumference- 

FiQ.  430. 


180' 


Fig.  431. 


Problem  701.— In  the  design  of  punching  machines  (see  Fig.  454)  it  is  important 
to  know  how  much  work  is  done  in  punching  a  hole  in  a  plate.  Tests  show  that  the 
work-diagram  for  steel  is  approximately  of  the  form  shown  by  the  heavy  curved  Une 
in  Fig  431.  This  diagram  may  be  assiuned,  without  serious  error,  to  be  equal  to 
the  triangidar  work-diagram  in  which  the  maximvmi  pressure  P  corresponds  to  a 
shearing  strength  in  the  steel  plate  of  60,000  Ib./sq.  in.  Find  the  work  done  m 
punching  a  |-in.  hole  in  a  f-in.  steel  plate. 

Solution.-Pu^K  =  shearing  area  X  60,000  =  ^dt  X  60,000 
=  TT  X  i  X  f  X  60,000  =  103,000  lb. 
The  work  done  in  punching  the  hole,  assuming  a  triangular  work  diagram,  is 
w  =  average  pressure  times  thickness  of  plate 


'inax       ,  _  103,000       5 

X  f  —         ^         X 


32,200  in.-lb. 


Problem  702.— A  solid  cyUnder  of  radius  r  ft.  and  of  weight  TT^  lb.  rolls  a  distance  s 
down  an  inclined  plane  without  slipping.  Find  the  work  done  on  the  cylinder  while 
it  is  rolling  down  the  plane  if  the  plane 
makes  an  angle  (j>  with  the  horizontal 
(Fig.  432). 

Sohdion.—The  forces  acting  on  the 
cylinder  as  shown  in  Fig.  432(a)  are  the 
weight  W,  the  normal  pressure  N,  and 
the  friction  F.  By  introducing  two 
equal  and  opposite  forces  F,  F  at  the 
mass-center  (Fig.  432b),  and  then  re- 
solving W  into  X-  and  y-components,  ^  ,  ,  p 
the  original  three  forces  may  be  resolved  into  a  force,  11  sm  4>  -  F,  and  a  couple,  Fr, 
as  shown  in  Fig.  432(c).     The  work  done,  then,  in  a  displacement  s  of  its  mass-center. 

is 

w  =  (TT'sin.^  -  Fp  +  Fr-e. 


Fig.  432 
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But  the  displacement,  s,  of  the  mass-center  equals  the  length,  s,  of  the  plane. 
s  =  re,  in  which  6  is  the  angular  displacement  of  the  cylinder.     That  is, 


And 


Whence 


s  =  s  =  rO. 

w  =  TF  sin  0-3  -  Fs  +  Fs 
=  TFsin  0-s  ft. -lb. 


Thus,  it  will  be  noted  that  F  does  no  work,  for,  if  there  is  no  slipping,  the  point  of 
application  of  F  moves  perpendicular  to  F.  Likewise  N  does  no  work  since  its  point 
of  application  has  no  displacement  in  the  direction  of  the  force.  Therefore,  the 
work  done  on  the  body  is  the  work  done  by  W.  But  the  work  done  by  W  is  Wh 
(Art.  121),  and  from  the  diagram  it  will  be  noted  that  h  =  s  sin  <t>.  Hence  the  work 
done  on  the  body  is  w  =  Ws  sin  <(>,  which  agrees  with  the  result  found  above. 

PROBLEMS 

703.  An  automobile  that  weighs  3500  lb.  coasts  a  distance  of  300  ft.  up  a  grade 
of  1  ft.  in  50  ft.  The  total  frictional  resistance  parallel  to  the  road  is  0.08  of  the 
weight  of  the  automobile.  Find  the  total  work  done  on  the  automobile  while  it  is 
traveling  the  300  ft.  ^n«-     'i'  =  "  105,000  ft.-lb. 

704.  How  much  work  is  done  by  the  draw-bar  pull  of  an  engine  in  pulling  a  train 
of  40  cars,  each  weighing  40  tons,  at  a  constant  .speed  of  30  mi./hr.  up  a  1  per  cent 
grade  a  distance  of  1  mi.?     Assume  the  train  resistance  to  be  6  Ib./ton  of  weight. 

705.  A  box  weighing  80  lb.  is  pulled  up  an  inclined  plane  by  a  force,  P,  of  00  lb. 
as  shown  in  Fig.  433.  The  coefficient  of  friction  is  j.  Find  the  work  done  by  each 
force  acting  on  the  box  if  it  moves  20  ft.     Find  the  total  work  done  on  the  box. 

Ans.     42.8  ft.-lb. 


Fig.  433. 


FiQ.  434. 


706.  Two  forces  P,  P  (Fig.  434)  exert  a  constant  turning  moment  on  the  hand- 
wheel  of  a  large  valve.  The  wheel  is  18  in.  in  diameter.  How  much  work  is  done 
in  closing  the  valve  if  8  revolutions  of  the  hand-wheel  are  required  and  each  force 
hiis  a  magnitude  of  20  lb.? 

707.  The  steam  indicator  card  (Fig.  435)  is  drawn  to  the  following  scales:  1  in.  of 
ordinate  =  100  Ib./sq.  in.  and  1  in.  of  abscissa  =  5  in.  of  the  stroke  of  (he  piston. 
The  area  of  the  indicator  card  is  foimd  to  be  2.5  sq.  in.  and  the  length  of  the  diagram 
is  3  in.  (stroke  =  15  in.).  The  diameter  of  the  piston  is  14  in.  Find  the  work  done 
per  stroke  by  the  steam  on  the  piston.  What  is  the  average  steam  pres-sure  in 
jMjunds  per  square  inch  (mean  effective  pressure)  wliich  will  do  the  sjime  amount  of 
^ork?  •'^"'*-     "'  =  l«>.fXHl  ft.-lb. 
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VoS.  The  screw  of  the  bracket  clamp  (Fig.  436)  moves  vertically  1  in.  when  the 
hand-wheel  is  turned  4  revohitions.  A  helical  spring  having  a  modulus  of  200  Ib./in. 
is  compressed  by  turning  the  hand-wheel.  The  average  frictional  moment  of  the 
screw  is  20  in.-lb.  What  is  the  average  turning  moment  applied  to  the  hand-wheel 
in  compressing  the  spring  3  in.? 


/ 

-g 

p^ 

i 

1       ^*»_ 

A 

1 

^^■--.\rea  =  2.5  sq.  in.      ''^^^\ 

^-^  ■     '  'y////^/////////A. 

<n 

^ 3- ■ 5- 

,FiG.  435. 

709.  A  standpipe  60  ft.  high  and  6  ft.  in  diameter  is  filled  with  water  that  is 
pumped  from  a  pond  whose  level  is  40  ft.  below  the  bottom  of  the  standpipa.  The 
frictional  resistance  of  the  water  in  passing  through  the  pipe  is  equivalent  to  an 
additional  lift  of  10  ft.     How  much  work  is  done  by  the  pump  in  filling  the  standpipe? 

Ans.     w  =  8,485,700  ft.-lb. 

710.  In  Fig.  437  the  body  A  is  moved  along  a  smooth  horizontal  plane  by  means 
of  a  constant  force  P  =  10  lb.  applied  at  the  end  of  a  cord  connected  to  A  and  pass- 
ing over  a  small  peg  B.  Find  the  work  done  on  A  by  the  cord  while  A  is  displaced 
10  ft.,  assuming  no  friction  between  B  and  the  cord. 


p=10  lb. 


7//AV/%',V////////T, 


VTTTTTTTTTpTTTTTT' 
!<---10--->i 

Fig.  437. 


Fig.  438. 


Fig.  439. 


711.  In  Fig.  438,  D  is  a  small  body  that  slides  on  the  semicircular  track  BCA. 
AD  is  an  elastic  spring  attached  to  the  track  at  A.  The  unstretched  length  of  the 
spring  is  1  ft.  and  the  modulus  of  the  spring  is  5  Ib./in.  Find  the  work  done  on  D 
by  We  spring  as  D  moves  from  B  to  C.  Am.     w  =  24.8  ft.-lb. 

V712.  A  spring  aS  (Fig.  439)  is  attached  at  ^  to  a  fixed  vertical  plane  and  to  a 
block  B  that  slides  on  a  smooth  horizontal  rod  OX.  The  unstretched  length  of  the 
spring  is  1.5  ft.  and  the  modulus  of  the  spring  is  60  Ib./ft.  How  much  work  is  done 
by  the  spring  on  B  as  B  is  moved  2  ft.  from  0  by  the  force  P? 

713.  A  rope  which  weighs  5  lb.  per  foot  and  which  is  500  ft.  long  is  suspended  by 
one  end  from  a  drum.  How  many  foot-pounds  of  work  must  be  done  to  wind  up 
200  ft.  of  the  rope?  Ans.     w  =  400,000   ft.-lb. 

714.  Determine  the  work  done  by  all  forces  acting  on  the  hollow  cylinder  shown 
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in  Fig.  411  (Prob.  658)  during  a  displacement  of  s  ft.  of  the  center  of  the  cylinder. 
Express  in  terms  of  W  and  s. 

715.  Two  blocks  A  and  B  in  Fig.  440  are  connected  by  a  spring  whose  unstretched 
length  is  4  ft.  and  whose  modulus  is  100  lb. /ft.  How  much  work  is  done  on  the 
sprmg  as  the  blocks  are  moved  from  the  position  indicated  by  the  dotted  line  to  the 
position  shown  in  the  figure?  Ans.     w  =  117.5  ft.-lb. 


J_l_ 


Fig.  440. 


Fig.  441. 


Fig.  442. 


716.  A  cylinder  having  a  radius  of  8  in.  has  a  groove  of  4-in.  radius  cut  in  its  mid- 
section (Fig.  441).  A  string  is  wrapped  around  the  cylinder  in  the  groove  and  a 
horizontal  force  P  of  10  lb.  is  applied  to  the  end  of  the  string.  The  cylinder  rolls 
without  slipping  on  the  horizontal  surface.  Find  the  work  done  on  the  cylinder 
while  its  center  travels  a  distance  of  6  ft. 

717.  In  Fig.  442  the  force  P  applied  at  the  end  of  a  brake  lever  is  20  lb.  The 
coefficient  of  friction  for  the  brake  shoe  B  and  drum  D  is  0.40.  The  drum  is  rotating 
when  the  brake  is  applied.  Find  the  work  done  on  the  drum  while  it  makes  10 
revolutions.     Assume  the  friction  of  the  drum  axle  in  its  bearing  is  negligible. 

Atis.     w  =  2930  ft.-lb. 

122.  Power  Defined. — The  term  power  as  used  in  mechanics  is 
defined  as  the  rate  of  doing  work.  The  use  or  function  of  many  machines 
depends  upon  the  rate  at  which  they  do  work  as  well  as  upon  the  amount 
of  work  performed.  Thus,  some  machines  such  as  electric  generators, 
steam  engines,  etc.,  are  rated  in  terms  of  the  power  they  are  able  to 
develop  under  specified  conditions  of  service. 

If  the  rate  of  doing  work  is  constant,  the  power,  P,  developed  may  be 

defined  by  the  expression  P  =  -  ,  in  which   iv  is  the  work  done  in 

time  t.      If  the  rate  of  doing  work  varies,  the  power  at  any  instant  may 

dw 
be  defined  by  the  expression  P  =  —- 

at 

Units  of  Power. — Power,  like  work,  is  a  .«;calar  quantity.  The  unit  of 
power  may  be  any  unit  of  work  per  unit  of  time.  Thus,  in  the  gravita- 
tional system  of  units,  the  foot-pound  pcv  .socoiul  (ft.-lb./.^ec.)  and 
kilogram-meter  per  second  are  common  units,  whereas  in  the  absolute 
system,  the  dyne-centimeter  per  second  (erg/sec.)  or  joule  per  second 
are  in  common  use. 
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In  many  problems  in  engineering,  however,  it  is  more  convenient 
to  use  a  larger  unit  of  power  than  those  mentioned  above.  In  the 
gravitational  system  of  units  these  larger  units  are  the  British  or  Amer- 
ican horse-power  (h.p.)  and  the  force  de  cheval  or  Continental  horse- 
power.    They  are  defined  as  follows: 

One  British  or  American  horse-power  =  550  ft.-lb./sec. 

=  33,000  ft.-lb./min. 

One  Continental  horse-power  =  75  kilogram-meters  per  second 

=  4500  kilogram-meters  per  minute. 

And  in  the  absolute  system,  the  larger  units  are  the  watt  and  kilowatt, 
which  are  defined  as  follows : 

One  watt  =  10'''  ergs  per  second. 

One  kilowatt  =  1000  watts. 

The  watt  and  kilowatt  are  used  extensively  in  electrical  engineering. 
They  may  be  converted  into  British  horse-power  by  means  of  the 
relations 

One  horse-power  =  746  watts. 

One  kilowatt  =  1.34  horse-power. 

And,  for  approximate  computations,  it  is  convenient  to  use  1  horse- 
power =  3/4  kilowatt  or  1  kilowatt  =  4/3  horse-power. 

For  expressing  very  large  quantities  of  work,  the  units  used  are  the 
horse-power-hour  (h.p.-hr.)  and  the  kilowatt-hour  (kw\-hr.).  A  horse- 
power-hour is  the  work  done  in  one  hour  at  a  constant  rate  of  one  horse- 
power.    Thus : 

One  horse-power-hour  =  33,000  X  60  =  1,980,000  ft.-lb. 

Similarly,  one  kilowatt-hour  =  1.34  X  1,980,000  =  2,650,000  ft.-lb. 

123.  Special  Equations  for  Power. — If  a  force,  F,  remains  constant 
in  a  given  displacement  of  its  application  point  and  acts  in  the  direction 
of  the  displacement,  as,  for  example,  the  draw-bar  pull  of  a  locomotive, 
the  work  done  in  one  unit  of  time  is  Fv,  in  which  v  is  the  velocity  of  the 
apphcation  point,  that  is,  the  distance  moved  through  in  one  unit  of 
time.  Hence,  if  F  is  expressed  in  pounds  and  v  in  feet  per  second, 
the  horse-power  developed  by  the  force  (or  the  body  exerting  the  force)  is 

Fv 
''^'  =  55b- 
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If  the  velocity  varies,  the  above  equation  expresses  the  horse-power  at 
the  instant  the  velocity  is  v.  If  the  force  does  not  act  in  the  direction  of 
the  displacement  of  its  application  point,  the  working  component  of  the 
force  must  be  used  in  the  above  equation.  And,  if  the  force  agrees  in 
direction  with  the  displacement  but  varies  in  magnitude,  as,  for  example, 
the  pressure  of  the  steam  against  the  piston  of  a  steam  engine  or  the  tan- 
gential effort  against  the  crank  pin,  then  the  value  of  F  (or  Ft)  at  any 
instant  may  be  used  to  obtain  the  power  at  that  instant.  However,  the 
average  power  during  a  given  cycle  (or  many  cycles)  of  operations  is 
generally  more  useful  than  the  instantaneous  power.  Thus,  in  the  case 
of  a  steam  engine,  the  average  horse-power  is  expressed  by 

_  2  Plan 
'^'  ~  33fi0b ' 

in  w'hich  P  is  the  mean  effective  pressure  (Ib/sq.  in.),  a  is  the  piston  area 
(sq.  in.),  I  Ls  the  length  of  stroke  (ft.),  and  n  is  the  number  of  revolutions 
per  minute  (r.p.m.).  For  Pa  is  the  average  force  (lb.)  which  acts 
through  a  distance  l-2n  (ft.)  per  minute,  the  number  of  strokes  per  min- 
ute being  2n  in  a  double-acting  engine,  and  hence  the  work  (ft .-lb.)  done 
per  minute  (power)  is  Pa-l- 2n  and  the  horse-powder  is  as  given  above. 

If  a  couple  having  a  constant  moment,  T,  acts  tlu-ough  a  given  angu- 
lar displacement  of  6  radians,  the  work  done  \s  T-d  (Art.  118).  And,  if 
the  couple  turns  through  w  radians  per  unit  of  time,  the  work  done  per 
unit  of  time  Ls  Toi.  Hence,  if  the  moment  of  the  couple  is  expressed  in 
pound-feet  and  co  in  radians  per  second,  the  horse-power  developed  by 
the  couple  is 

If  the  angular  velocity  is  not  constant,  the  above  equation  expresses 
the  horse-power  at  the  instant  at  which  the  velocity  is  co.  But  in  most 
cases  the  average  horse-power  during  a  given  cycle  of  operations  is  of 
more  use  than  the  instantaneous  value. 

PROBLEMS 

718.  Niagara  Falls  is  approximately  200  ft.  high  and  the  rate  of  discharge  is  about 
280,000  cu.  ft.  per  sec.  Compute  the  horse-powor  that  could  be  developed  if  no 
energy  wore  lost. 

719.  A  locomotive  exerts  a  con.stant  dniw-lmr  imll  of  35,0(X)  II).  whik'  increasing 
the  speed  of  a  train  from  30  to  46  mi.  lir.     \\  hat   horse-power  does  the   engine 
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70  lb. 


develop  (a)  at  the  beginning  of  the  period;  (b)  at  the  end  of  the  period?     What  is 
the  average  horse-power  during  the  period? 

Am.    (a)  2800  h.p.;  (b)  4200  h.p.;  (c)  3500  h.p. 

720.  A  man  in  turning  the  crank  on  the  winch  of 
a  crane  was  found  to  exert  the  forces  shown  in  Fig. 
443  at  the  positions  indicated.  Plot  (freehand) 
carefully  a  tangential-effort  diagram,  the  crank 
(radius)  being  15  in.  long.  Estimate  from  the  dia- 
gram the  mean  tangential  effort  and  calculate  the 
mean  horse-power  developed  by  the  man  assuming 
that  he  turns  the  crank  at  a  constant  speed  of 
40  r.p.m. 

721.  Two  pullej's  are  kej^ed  to  the  same  shaft 
10  ft.  apart.  One  pulley  is  driven  by  a  belt  from  an 
engine.  The  other  pulley  is  belted  to  and  drives  a 
machine.  If  the  first  (driving)  pulley  receives  3  h.p. 
from  its   belt,   what   torque  is  transmitted  to  the 

shaft  (and  driven  pulley),  assuming  that  the  shaft  rotates  at  a  constant  speed  of 
150  r.p.m.?  Ans.     105  Ib.-ft. 

722.  A  pump  driven  by  a  3-h.p.  motor  discharges  200,000  cu.  ft.  of  water  from 
one  reservoir  to  another  (higher)  reservoir  whose  water  level  is  20  ft.  above  that  of 
the  lower  reservoir.  If  the  overall  efficiency  of  the  whole  installation  is  80  per  cent, 
how  long  does  it  take  to  pump  the  water? 

723.  'NMiat  indicated  horse-powder  will  the  engine  referred  to  in  Prob.  707  develop 
if  it  operates  at  a  constant  speed  of  250  r.p.m.  and  is  double  acting? 

Am.     243  h.p. 

724.  A  generator  develops  500  kw.  and  delivers  450  kw.  to  a  machine  shop. 
A  price  of  4  cents  per  kilowatt-hour  is  paid.  Does  the  machine  shop  pay  for  power 
or  for  w^ork?     What  is  the  cost  to  the  machine  shop  per  day  of  8  hours? 

725.  A  certain  machine  requires  5  h.p.  for  its  operation.  If  the  machine  is  in  use 
6  hr.  per  day,  how  many  foot-pounds  of  work  are  delivered  to  the  machine  in  one  day? 

726.  If  the  efficiency  of  the  pump  referred  to  in  Prob.  709  is  60  per  cent  and  the 
time  required  to  fill  the  standpipe  is  30  min.,  what  horse-power  must  be  delivered  to 
the  pump? 

727.  In  Prob.  704,  what  horse-power  is  developed  by  the  draw-bar  pidl  of  the 
engine?  Ars.     3330  h.p. 

728.  A  shaft  transmits  a  turning  moment  of  120  Ib.-ft.  from  a  pulley  keyed  at 
one  end  to  another  pulley  keyed  at  the  other  end.  The  shaft  and  pulleys  rotate  at 
120  r.p.m.  What  horse-power  does  the  shaft  transmit  from  the  dri\dng  pulley  to 
the  driven  pulley? 

§  2.    Energy 

124.  Energy  Defined. — The  e7iergy  of  a  body  is  the  capacity  of  the 
body  for  doing  work.  Work  may  be  considered  to  be  done  by  forces,  as 
in  the  preceding  section,  or,  since  forces  are  exerted  b}-  bodies,  work  may 
also  be  considered  to  be  done  b}'  the  bodies  which  exert  the  forces,  the 
work  being  done  by  \'irtue  of  the  energ}-  which  the  bodies  possess.     A 
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body  may  have  the  capacity  to  do  work  (possess  energy)  due  to  a  vaiiety 
of  conditions  or  states  of  the  bod}'.  Thus,  energy  may  be  classified  as 
mechanical  energy,  heat  or  thermal  energy,  chemical  energj^,  electrical 
energy,  etc.,  depending  on  the  state  or  condition  of  the  body  by  virtue 
of  which  it  is  capable  of  doing  work.  Our  knowledge  of  all  the  condi- 
tions which  render  bodies  capable  of  doing  work  is  far  from  complete, 
but  experience  shows  that  any  of  the  forms  of  energy  may,  under  the 
proper  conditions,,  be  transformed  into  other  forms. 

Mechanical  energy  is  of  particular  importance  in  connection  with  the 
kinetics  of  bodies  and  is  therefore  considered  at  some  length  in  the 
following  pages.  The  other  forms  of  energj'  are  discussed  briefly  in 
Art.  129.  Mechanical  energj^  is  divided  into  potential  energy,  or 
energy  of  position  or  configuration,  and  kinetic  energy  or  energy-  of 
motion. 

From  the  definition  of  energy  it  follows  that  energy,  like  work,  is  a 
scalar  quantity.  Thus,  the  energy  of  any  mass-system  is  the  sum  of  the 
energies  of  the  various  particles  of  the  system  regardless  of  the  directions 
of  motion  of  the  particles. 

The  units  of  energy  are  the  same  as  the  units  of  work  discussetl  in 
the  prece(Ung  section. 

125.  Potential  Energy. — The  potential  cnergj-  of  a  body  is  the 
capacity  of  the  body  for  doing  work  due  to  the  configuration  of  the  body; 
that  is,  to  the  relative  positions  of  the  particles  of  the  body.  Thus  a 
compressed  spring,  and  the  compre.s.sed  steam  in  a  boiler,  are  capable 
of  doing  work  by  virtue  of  the  relative  positions  (configiu-ation)  of  their 
particles.  Likewise,  a  system  of  bodies  may  possess  potential  energy  by 
virtue  of  the  relative  positions  of  the  bodies.  Thus,  the  water  above  a 
mill  dam  is  said  to  possess  potential  energy-  since  it  is  capable  of  driving  a 
water  wheel.  Strictly  speaking,  however,  the  energ}-  is  possessed  not 
by  the  water  alone  but  by  the  system  consisting  of  the  earth  and  the 
water.  But,  since  the  earth  is  usually  regarded  as  hc'iug  fixed,  it  is  con- 
venient to  regard  the  water  as  possessing  the  energy. 

The  potential  energy  of  a  body  may  be  defined  quantitatively  as 
the  amount  of  work  which  a  body  is  capable  of  doing  against  forces,  in 
passing  from  the  given  po.sition  or  configuration  to  some  standard  posi- 
tion or  configuration,  as.suming  that  no  other  change  in  the  state  or 
condition  of  the  body  takes  place.  This  definition,  however,  does  not 
lead  to  a  definite  quantity  for  the  potential  energy  of  the  body  for  a 
given  configuration,  unless  the  work  done  by  the  body  (mass-system) 
depends  only  on  the  initial  and  final  configuration  of  the  ma.><s-system  and 
not  at  all  on  the  paths  described  by  the  parts  of  the  .system  while  coming 
to  the  standard  state.     Mass-systems  for  which  this  condition  is  ful- 
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filled  are  called  conservative  mass-systems,  and  the  force  system  which 
acts  on  such  a  mass-system  while  its  potential  state  changes  is  called  a 
conservative  force  system. 

The  potential  energy  of  conservative  systems,  only,  will  be  con- 
sidered herein  since,  in  most  kinetics  problems  which  involve  non- 
conservative  systems,  the  kinetic  energy  of  the  system  is  of  greater 
importance  in  the  solution  of  the  problems.  The  most  common  case 
of  a  non-conservative  system  is  that  in  which  the  mass-system  does 
work  against  frictional  forces,  such  as  sliding  and  journal  friction  and  the 
friction  of  the  particles  developed  in  deforming  an  inelastic  body.  Con- 
servative mass-systems  occur  frequently  in  engineeiing  problems.  In 
fact  an}^  rigid  body  under  the  action  of  a  force  system  in  which  friction 
does  not  occur  (or  may  be  considered  negligible)  is  a  conservative  system, 
provided,  of  course,  that  no  change  in  the  state  or  condition  of  the  body 
except  that  of  configuration  takes  place.  A  common  example  of  a  con- 
servative system  is  that  of  the  earth  and  an  elevated  body  (whether 
rigid  or  not).  The  work  done  on  the  body  in  any  displacement  is  equal 
to  the  earth-pull  (weight)  of  the  body  times  the  vertical  displacement  of 
the  center  of  gravity  of  the  body  (Art.  121),  regardless  of  the  interaiediate 
positions  occupied  by  the  bodj^  in  moving  from  one  position  to  another 
position.  Another  example  is  that  of  an  elastic  body,  for,  if  the  body  is 
elastic,  the  energ}^  possessed  by  the  body  when  in  a  given  strained  con- 
dition, that  is,  for  a  given  configuration  of  its  particles,  is  the  same 
regardless  of  the  relative  displacements  of  the  particles  which  occurred 
while  being  put  in  the  given  strained  condition.  The  standard  configu- 
ration may  be  arbitrarily  chosen,  but,  for  convenience,  it  is  so  chosen 
that  the  potential  energy  of  the  body  is  positive  or  zero.  Thus,  in  the 
case  of  the  earth  and  an  elevated  body  the  earth  is  considered  fixed  and 
the  standard  configuration  occurs  when  the  bodj^  is  in  contact  with  the 
earth.  A  discussion  of  the  mathematical  test  for  a  conservative  system 
is  beyond  the  scope  of  this  book. 

PROBLEMS 

729.  A  helical  spring  whose  weight  is  20  lb.  and  whose  modulus  is  200  lb.  per  in. 
is  compressed  3  in.  at  sea  level  by  applying  forces  to  its  ends  by  means  of  a  clamp. 
What  is  its  potential  energy,  considering  its  unstrained  condition  at  sea  level  as  the 
standard  configuration?  If  this  compressed  spring  is  now  taken  to  the  top  of  a 
tower  100  ft.  above  sea  level  what  will  be  the  potential  energy  of  the  spring? 

Ans.     Ep  =  75  ft.-lb;  Ep  =  2075  ft.-lb. 

730.  A  flexible,  weightless  cord  passes  over  a  fixed  cylinder  whose  axis  is  hori- 
zontal. From  the  ends  of  the  cord  are  suspended  two  bodies  »veighing  20  lb.  and 
30  lb.     The  standard  configuration  of  the  system  consisting  of  the  cord  and  two 
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bodies  will  be  assumed  to  occur  when  the  bodies  are  at  the  same  level.  What  will  be 
the  potential  energy  of  the  system  if  the  configuration  is  changed  by  allowing  the 
30-lb.  body  to  descend  2  ft.  and  the  20-lb.  body  to  ascend  the  same  distance? 

\J  731.  A  body  B  weighing  60  lb.  is  attached  by  a  flexible  string  to  a  spring  S 
(Fig.  444).  The  pulley  over  which  the  string  passes  is  weightless  and  frictionless. 
The  spring  has  a  modulus  of  40  lb. /in.  If  a  force  P  of  50  lb.  is 
gradually  applied  to  B,  what  is  the  change  in  the  potential 
energy  (o)  of  the  spring;  and  (6)  of  the  spring  and  body  B 
considered  as  one  system? 
^^^7^>777y  Ans.     (a)  AEp  =  106  in.-lb.;  (6)  Afip  =  31  in.-lb. 

732.  Water  is  supplied  to  a  Pelton  water-wheel  from  a  lake 

whose  surface  is  800  ft.  above  the  wheel.     The  water  striking 

the  blades  of  the  wheel  discharges  through  a  nozzle,  the 

amount  of  water  discharged  per  second  being  3.5  cu.  ft.     The 

wheel  drives  an  electric  generator.     If  10  per  cent  of  the 

^  ip     energy  of  the  water  flowing  through  the  conduit  is  lost  and  if 

'/^^//y  the  efficiencies  of  the  water-wheel  and  generator  are  80  per  cent 

Fig  444  ^"^^  ^  P^^  CQVii,  respectively,  how  much  power  (in  kilowatts) 

is  delivered  to  the  switchboard? 

126.  Kinetic  Energy. — The  kinetic  energy  of  a  body  is  its  capacity 
for  doing  work  due  to  its  motion.  Thus,  by  virtue  of  its  kinetic  energy, 
a  body  is  capable  of  doing  work  against  forces  which  change  its  motion. 
For  example,  a  jet  of  water  does  work  on  a  tangential  water-wheel; 
a  steam  forging  hammer  does  work  on  the  material  which  is  deformed  by 
the  hammer;  the  rotating  flywheel  on  a  puncliing  machine  does  work  in 
punching  the  hole  in  the  metal  plate,  etc. 

The  kinetic  energy  of  a  body  at  any  instant  may  be  defined  quanti- 
tatively as  the  amount  of  work  that  the  body  is  capable  of  doing  against 
forces  which  destroy  its  motion,  that  is,  which  bring  it  to  a  state  of  rest. 
The  expression  for  the  kinetic  energy  of  a  body  (mass-system)  should, 
therefore,  contain  a  quantity  (velocity)  which  is  a  measure  of  the  motion 
of  the  body  and  also  a  quantity  (mass,  moment  of  inertia,  etc.)  which 
is  a  measure  of  the  (kinetic)  property  of  the  body  that  has  an  influence 
in  governing  its  change  of  motion.  The  "velocity  of  a  ma.ss-system," 
however,  is,  in  general,  an  indefinite  and  meaningless  phrase  since  in 
general  the  velocities  of  the  various  parts  of  a  system  are  not  the  same. 
Hence,  an  expression  for  the  kinetic  energy  of  a  particle  is  first  obtained 
and,  .since  energy  is  a  scalar  quantity,  the  kinetic  energy  of  a  system  of 
particles  (ma.ss-system)  is  the  arithmetic  sum  of  the  kinetic  energies  of 
the  particles.  However,  the  expre.s.sion  for  the  kinetic  energy'  of  a 
particle  is  of  considerable  importance  in  it.self  .since  in  many  problems 
a  phy.sical  body  may  be  regarded  as  a  particle  without  intixiducing 
serious  errors. 


KINETIC   ENERGY   OF   A   PARTICLE 


291 


127.  Kinetic  Energy  of  a  Particle.— In  Fig.  445,  let  P  be  a  par- 
ticle of  mass  m  in  a 
body  (assumed  rigid 
for  convenience  only) 
which  moves  so  that 
P  travels  from  posi- 
tion P'  to  P",  along 
the  path  shown,  while 
its  velocity  decreases 
from  y  at  P'  to  zero 
at  P"  due  to  the  forces 
against  which  the  par- 
ticle does  work.  The 
work     done    on     the 

particle  by  the  forces  Fig.  445. 

(which    form    a    con- 
current system)  is  equal  to  the  work  done  by  their  resultant  R.     Or, 

Rtds.  But,  by  definition,  the  Idnetic  energy,  Ek,  of  the  par- 
ticle is' the  work  which  the  particle  does  against  the  forces.  Hence,  the 
defining  equation  for  the  kinetic  energy  of  a  particle  is 


Eu  = 


r 

=  —  w  =  —  I 


Rds. 


This  expression  may  be  transformed  so  that  Ek  is  expressed  in  terms  of  m 
and  V  by  means  of  the  followmg  relations: 


Thus 


ds 


dv  ,     ds 

R,^ma.,    a,  =  -,    and    j^  =  v. 

r"  f-  f    dt 

=  —    I     m—  dv  =—   I    nivdv  =  ^mv^. 
Js,         dt  J, 

Therefore,  the  kinetic  energy  of  a  particle  of  mass  m  having  a  velocity  v 
is  equal  to  ^mv^.     That  is. 


Eu  =  imv^  = 


.,       1  W 

i-i  — 


2g 


lf^its,—li  W  is  expressed  in  pounds,  g  in  feet  per  second  per  second, 
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and  V  in  feet  per  second,  Ek  will  be  expressed  in  foot-pounds.  Thus, 
energy  is  expressed  in  the  same  units  as  is  work, 

PROBLEMS 

733.  By  making  use  of  Eq.  (4)  of  Art.  85,  prove  that  the  kinetic  energy  of  a 
particle  having  uniformly  accelerated  rectilinear  motion  is  3^mr^. 

734.  A  baseball  weighing  5J^  oz.  is  thrown  vertically  downward  with  an  initial 
velocity  of  40  ft. /sec.  from  the  top  of  a  tower  100  ft.  above  the  ground.  Find  the 
kinetic  energy  of  the  ball  when  it  reaches  the  ground.  Am.     Ek  =  42.8  ft  .-lb. 

735.  The  German  long-range  gun  which  shelled  Paris  from  a  distance  of  apjiroxi- 
mately  76  miles  was  118  ft.  long.  The  muzzle  velocity  of  the  projectile  was  not  far 
from  5000  ft. /sec.  The  diameter  of  the  projectile  was  8.15  in.  and  its  weight  was 
264  lb.  It  attained  a  height  of  about  24  miles,  was  in  flight  about  3  min.,  and  reached 
Paris  with  a  velocity  of  aljout  2300  ft. /sec.  (For  a  description  of  the  gim  see  Journal 
A.S.IM.E.,  Feb.,  1920.)  Neglecting  the  energy  due  to  the  rotation  of  the  projectile, 
calculate  the  kinetic  energy  of  the  projectile  as  it  left  the  gun,  and  al^o  its  energy  at 
the  end  of  its  flight.     Find  the  loss  of  kinetic  energy  per  second  during  the  flight. 

736.  A  steel  ball  weighing  1  lb.  is  attached  to  one  end  of  a  wire  3  ft.  long  and  is 
rotated  about  the  other  end  with  an  angular  velocity  of  120  r.p.m.  What  is  the 
kinetic  energy  of  the  ball?  .4?w.     Ek  =  22.0  ft  .-lb. 

737.  A  pulley  4  ft.  in  diameter  has  attached  to  its  rim  two  small  pieces  of  metal 
at  opposite  ends  of  a  diameter.  If  each  piece  of  metal  weighs  3^2  lb.,  what  is  the 
kinetic  energy  of  the  two  pieces  of  metal  when  the  pulley  is  rotating  at  200  r.p.m.? 

128.  Kinetic  Energy  of  a  Body. — Since  energy  is  a  scalar  quantity 
the  kinetic  encrg}'  of  a  body  (whether  rigid  or  not)  is  the  arithmetic 
sum  of  the  kinetic  energies  of  its  particles.  Hence,  for  any  mass- 
system, 

Ek  =   22^21'  . 

It  is  convenient,  however,  to  express  the  kinetic  energy  of  a  rigid  body 
in  terms  of  the  ma.ss  (or  some  other  kinetic  j)roperty  such  as  moment  of 
inertia)  of  the  whole  body,  and  either  the  linear  velocity  of  some  par- 
ticular point  in  the  body  (as,  for  example,  the  ma.s.s-center)  or  the 
angular  velocity  of  the  whole  bod}'.  Thus,  for  rigid  bodies  having  th(^ 
special  motions  of  translation,  rotation,  and  plane  motion  the  expressions 
for  the  kinetic  energy  are  found  as  follows: 

/.  Translation  of  a  Rigid  Body. — All  parts  of  the  body  have  the 
same  velocity  at  any  in.stant  whether  the  motion  is  rectilinear  tran.slation 
or  curvilinear  translation,  that  is,  v  in  the  la,st  equation  is  constant. 
Hence 

Ek  =  i:imr2  =  i^v^ 

But  2m  is  the  mass  of  the  body  and  may  be  denoted  by  .V.     Therefore 

Ek  =  iMu-. 
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II.  Rotation  of  a  Rigid  Body.— The  ansnlar  velocities  of  all  particles 
are  the  same  at  any  instant,  that  is,  the  angular  velocity  co  of  any  par- 
ticle with  respect  to  the  center  of  rotation  is  the  angular  velocity  of  the 
body.  The  linear  velocity,  v,  of  any  particle,  P,  of  mass  m,  at  a  dis- 
tance, r,  from  the  axis  of  rotation,  0,  (Fig.  446)  is  equal  to  r«.  Hence  the 
kinetic  energy  of  the  body  is 


Ek  =  ^hmv^  =  iSm(cor)2  ^  1^2^ 


mr 


But  Sm?-^  is  the  moment  of  inertia  of  the  body  with  respect  to  the  axis  of 
rotation  and  is  denoted  by  h-     Thus,  h  =  ^mr^.     Therefore 

Ek  =    \lo<A^- 


Fig.  446. 


Fig.  447. 


III.  Plane  Motion  of  a  Rigid  Body.— As  shown  in  Art.  96,  the  motion 
of  the  body  at  any  instant  may  be  considered  to  be  a  combination  of  a 
rotation  about  an  axis  through  any  point,  0,  in  the  plane  of  motion  with 
the  angular  velocity,  co,  of  the  body  and  a  translation  defined  by  the 
motion  of  0.  Hence  the  velocity,  v,  of  any  particle  P  of  mass  m  (Fig. 
447)  is  the  resultant  of  the  velocity,  cor,  which  P  is  given  by  the  rotation 
about  0,  and  the  velocity,  Vo,  which  is  given  to  all  particles  by  the  trans- 
lation. And,  since  the  body  is  rigid,  the  velocity  co?-  has  a  direction 
perpendicular  to  r.     Thus 

v^  =  (cor)^  +  Vo^  +  2voO)r  cos  6. 

In  Fig.  447,  let  0  be  the  origin  and,  for  simplicity,  let  the  x-axis  have  the 
same  dii'ection  as  Vo.  The  kinetic  energy  of  the  body  may  then  be 
found  in  terms  of  the  mass  of  the  whole  body,  the  angular  velocity  of  the 
body,  and  the  linear  velocity  of  one  point  (in  this  case  the  point  0)  in 
the  body  as  follows : 
_  -^1 


Ek  =  ^imv 


'^  =  j2m(co-r  +  Vo^  +  2voo:r  cos  d) 
=  JSwco^r^  +  JSwM'o^  +  Swi'ocor  cos  6 
=  ^co^2mr  +  ^I'o'Zm  +  M'o^mr  cos  6. 
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But  1,mr^  is  the  moment  of  inertia  of  the  body  with  respect  to  the  axis 
through  0  from  which  r  is  measured.  Thus  Zmr^  =  lo-  Further, 
r  cos  ^  =  y,  whence  I>mr  cos  6  =  Zmy  =  My,  in  which  M  is  the  mass  of 
the  body  and  y  is  the  distance  of  the  mass-center  from  the  a:-axis. 
Therefore 


Ek  =  iio<^^  +  iMvo^  +  ^^^y^^^'c 


(1) 


provided  that  the  directions  of  the  x-  and  y-axes  and  co  arc  chosen  as  in 
Fig.  447.  Now  since  the  point  0  is  any  point  in  the  plane  of  motion  it 
may  be  chosen  at  the  mass-center.  That  is,  the  motion  of  the  body 
may  be  resolved  into  a  rotation  about  an  axis  through  the  ma.ss-center 
and  a  translation  defined  by  the  motion  of  the  mass-center.  If  the 
point  0  is  taken  as  the  mass-center,  then,  y  =  0,  lo  becomes  /,  and 
Vo  becomes  f'.     Hence  the  kinetic  energy  is  given  by  the  expression 


Ek  =  \W'  +  iMv"' 


(2) 


It  is  important  to  note  that,  although  plane  motion  of  a  rigid  body 
may  be  resolved,  at  any  instant,  into  a  rotation  about  an  axis  through 
any  pomt  in  the  plane  of  motion  and  a  translation  defined  bj'^  the  motion 
of  that  point,  it  does  not  follow  that  the  kmetic  energy  of  the  body  at  the 

given  instant  is  the  kinetic  en- 
ergy due  to  the  rotation  plus 
the  kinetic  energy  due  to  the 
translation,  unless  the  assumed 
rotation  is  about  an  axis  through 
the  mass-center  of  the  body  and 
the  translation  is  defined  by  the 
motion  of  the  mass-center. 

Alternative  Method.  —  Plane 
motion  of  a  rigid  body  may  be 
considered  to  be  a  pure  rotation 
about  the  instantaneous  axis  of  rotation  (Art.  97),  and  hence  if  0  in 
Eq.  (1)  is  taken  as  the  instantaneous  center  i,  Vo  becomes  zero  and 
/„  becomes  /,•  and  thus  the  expression  for  Ek  becomes, 


Fig.  448. 


Ek  =  -U.w' 


(3) 


This  expression  for  Ek  may  be  shown  to  be  equivalent  to  the  expression 
in  Eq.  (2).     Thus  the  Ek  of  the  connecting  rod  shown  in  Fig.  448  is 


Ek  =  l/.u)-  =  J(7  -\-  il/f2)u;-  =  ?,7uj-  -I-  §3/t)-. 
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738.  Find  the  kinetic  energy  of  the  rocker  arm  AD  (Fig.  449)  from  the  following 
data:  OB  =  10  in.;  OA  =  S  ft.;  angular  velocity  of  crank  OB  =  50  r.p.m.;  d  =  30°; 
length  of  rod  AD  =  4.5  ft.;  and  the  weight  of  the  rod  is  22.7  lb. 

Ans.     Ek  =  4.95  ft.-lb. 

739.  The  rod  BCD  (Fig.  450)  is  caused  to  oscillate  by  the  crank  OA  and  connect- 
ing rod  AC.  The  crank  is  4  in.  long  and  rotates  at  90  r.p.m.  What  is  the  kinetic 
energy  of  the  rod  BCD  and  the  small  weight  E  in  the  position  shown?  The  rod  is  of 
imiform  cross-section  and  weighs  20  lb.,  and  E  weighs  4  lb. 


fevj' 


IG.  449. 


B 
Fig.  450. 


Fig.  45L 


740.  A  hollow  cylinder  whose  outer  radius  is  r  and  whose  radius  of  gyration  with 
respect  to  its  geometrical  axis  is  VM?"  starts  from  rest  and  rolls  without  slipping 
down  a  plane  inclined  30°  with  the  horizontal  (Fig.  451).  The  weight  of  the  cylinder 
is  20  lb.  (a)  Find  the  velocity  of  the  mass-center  and  the  kinetic  energy  of  the 
cylinder  when  it  has  rolled  a  distance  s  =  10  ft.  (6)  If  the  cylinder  were  allowed  to 
fall  vertically  from  rest  what  would  be  the  velocity  of  the  mass-center  and  the  kinetic 
energy  when  it  has  fallen  a  distance  /i  =  5  ft.? 

Am.    (a)  V  =  13.5  ft./sec,  Ek  =  100  ft.-lb.;  (6)  v  =  17.9  ft./sec,  Ek  =  500  ft.-lb. 

741.  A  car  weighing  1000  lb.  is  mounted  on  four  cylindrical  disk  wheels  each  of 
which  weighs  100  lb.,  the  total  weight  of  car  and  wheels  being  1400  lb.  The  diameter 
of  each  wheel  is  18  in.  T\Tien  the  car  is  traveling  on  a  straight  track  at  30  mi./hr. 
what  is  the  ratio  of  the  kinetic  energy  of  the  wheels  alone  to  the  kinetic  energy  of  the 
car  and  wheels?     Disregard  the  weight  of  the  axles. 

742.  A  slender  rod,  similar  to  the  spoke  of  a  flywheel,  is  3  ft.  long  and  rotates 
about  an  axis  through  one  end  at  a  constant  speed  of  120  r.p.m.  The  rod  weighs 
50  lb.     Find  the  kinetic  energy  which  the  rod  possesses.        Am.     Ek  =  368  ft.-lb. 

743.  Two  spherical  bodies  each  weighing  20  lb.  are  connected  by  a  slender  rod 
and  revolve  at  90  r.p.m.  in  a  horizontal  plane  about  a  vertical  axis  located  midway 
between  the  two  bodies.  The  center  of  each  ball  is  10  in.  from  the  axis.  The  diam- 
eter of  each  ball  is  4  in.  The  weight  of  the  rod  is  6  lb.  Find  the  kinetic  energy 
of  the  system. 

744.  The  winding  drum  of  a  mine  hoist  is  14  ft.  in  diameter,  its  radius  of  gjTation 


296  WORK  AND   ENERGY 

is  6  ft.,  and  its  weight  is  7  tons.     A  cage  weighing  6  tons  is  raised  by  it.     ^\^len  the 
cage  is  rising  at  the  rate  of  40  ft./sec.  what  is  the  kinetic  energy  of  the  system? 

Ans.  Ek  =  554,000  ft.-lb. 
745.  A  homogeneous  sphere  weighing  48.3  lb.  rolls  without  slipping  on  a  hori- 
zontal surface.  The  velocity  of  the  center  of  the  sphere  is  10  ft./sec.  Determine 
the  kinetic  energy  of  the  sphere  by  making  use,  in  addition  to  the  other  necessary 
quantities,  of  the  moment  of  inertia  of  the  sphere  about  an  axis  through  (a)  the  lower 
end  of  the  vertical  diameter,  (6)  the  mass  center,  and  (c)  the  upper  end  of  the  vertical 
diameter. 

129.  Non-mechanical  Energy. — Experience  shows  that  some  bodies 
are  capable  of  doing  work  (possess  energy)  by  virtue  of  certain  states  or 
conditions  of  their  parts,  the  nature  of  which  is  not  definitely  enough 
known  to  make  it  possible  to  determine  their  energy  by  the  methods 
used  in  the  preceding  articles.  Energy  which  cannot  be  determined 
directly  as  potential  or  kinetic  energy  is  called  non-mechanical  energy. 
Thus,  heat  or  thermal  energy,  chemical  energy,  and  electrical  energy  are 
forms  of  non-mechanical  energy. 

A  body  is  capable  of  doing  work  by  reason  of  its  heated  state  or  con- 
dition since  by  giving  up  its  heat  it  may  do  work,  under  favorable  condi- 
tions, as  in  the  case  of  steam  in  the  cylinder  of  a  steam  engine.  Energy 
pos.sessed  by  a  body  by  virtue  of  its  heated  state  is  called  heat  or  thermal 
energy. 

Certain  bodies  are  capable  of  doing  work  by  reason  of  their  chemical 
state  or  condition.  Thus,  carbon  (coal)  and  oxygen  combine  and  pro- 
duce heat  which  as  noted  above  ma}'  in  turn  do  work.  Energy  pos- 
sessed by  bodies  due  to  the  state  of  their  chemical  elements  is  called 
chemical  energy. 

Some  bodies  are  capable  of  doing  work  by  virtue  of  their  electrical 
state  or  condition.  Thus,  a  copper  wire  on  an  armature  moving  in  a 
field  of  force  may  develop  electric  current  which  in  turn  may  do  work  in 
driving  a  motor.  Or,  a  charged  condenser  may  do  work  as  its  electrical 
condition  changes,  etc.  Energy  which  arises  out  of  the  electrical  con- 
ditions of  bodies  is  called  electrical  energy. 

Any  one  of  these,  so-culled,  special  forms  of  energy  ma>-  i)e  con- 
verted, under  favorable  conditions,  into  mechanical  energy,  antl  there 
is  considerable  evidence  to  indicate  that  all  energy  is  mechanical  energy'. 
Thus,  according  to  this  view,  the  iu^at  energy  of  a  body  could  be  deter- 
mined as  kinetic  energy  if  the  motions  of  the  individual  particles  were 
known.  And,  certain  forms  of  chemical  and  electrical  energy  could  be 
determined  as  potential  energy  if  the  molecular  forces  W(Me  definitely 
known.  Thercfon'.  the  energy  pos.sessed  by  bodies  by  virtue  of  special 
states  of  tlieir  nioleeular  structure  arc  considered  as  non-mechanical 
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forms  of  energy,  not  because  these  special  forms  are  necessarily  different 
from  mechanical  energy,  but  because  the  energy  cannot  be  determined 
directly  as  mechanical  energy,  and,  therefore,  has  to  be  transformed  into 
mechanical  energy  and  then  measured.  Thus,  one  unit  of  heat  energy, 
the  British  thermal  unit  (B.t.u.),  has  a  definite  mechanical  equivalent 
which  carefully  made  experiments  have  shown  to  be 

1  B.t.u.  =  778  ft-lb. 

However,  the  lack  of  knowledge  of  the  molecular  structure  and  con- 
ditions by  virtue  of  which  bodies  possess  energy  does  not  prevent  the 
application  of  certain  principles  of  energy  to  such  conditions.  In  fact, 
the  outstanding  feature  concerning  energy  is  that  certain  general 
principles  of  energy,  such  as  principles  of  the  conservation  of  energy 
and  of  degradation  of  energy,  etc.,  are  the  basis  upon  which  our  knowl- 
edge of  the  behavior  of  non-rigid  bodies,  in  general,  is  built  and  thus 
they  furnish  a  method  of  approach  to  problems  for  which  the  principles 
of  force,  mass,  and  acceleration  are  inadequate.  They  are  of  special 
importance,  therefore,  in  the  study  of  hydraulics,  thermodynamics, 
electrodynamics,  physical  chemistry,  etc. 

In  the  following  section  certain  principles  concerning  mechanical 
energy  are  developed  and  apphed  to  the  motion  of  bodies  (mainly  rigid) 
in  which  the  motions  of  the  particles  are  definitely  known.  And  even 
though  the  principles  of  force,  mass,  and  acceleration  may  be  used  for 
many  of  the  problems  considered,  nevertheless,  it  will  be  noted  that  even 
for  rigid  bodies  the  principles  of  work  and  energy  are  of  great  importance 
in  many  kinetics  problems  as  met  in  engineering  practice. 

§  3.  Principle  of  Work  and  Energy 

130.  Preliminary. — As  stated  in  Art.  99,  in  order  to  deal  with  the 
main  problem  in  kinetics,  a  relation  is  found  between  the  forces  acting 
on  the  body,  the  kinetic  properties  (mass,  moment  of  inertia,  etc.)  of 
the  body,  and  the  change  of  motion  (invoh^ing  acceleration,  velocity, 
distance,  etc.)  of  the  body.  This  may  be  done  by  determining  the 
relation  between  the  work  done  by  the  forces  acting  on  the  body  and 
the  kinetic  energy  of  the  body,  since  work  and  kinetic  energy-  involve 
quantities  in  terms  of  which  the  three  factors  in  the  kinetics  problem  as 
mentioned  above  are  expressed.  And  since,  in  general,  the  motions  of 
all  particles  of  a  body  are  not  the  same,  the  principle  of  work  and  kinetic 
energy  will  be  developed  for  a  particle  first  and  then  extended  to  the 
motion  of  a  body.  However,  as  already  noted,  in  many  problems  the 
body  may  be  regarded  as  a  particle  without  introducing  serious  errors. 
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131.  Principle  of  Work  and  Kinetic  Energy.— 7.  For  a  Particle. — 
In  Fig.  452  let  A '  and  A"  be  two  positions  of  a  body,  the  motion  of  which 
changes  due  to  the  unbalanced  forces  (Fi,  F2,  F3,  and  h\)  which  act  on  it. 
The  body  is  assumed,  for  convenience,  to  be  composed  of  small  cubes 
of   different  materials  rigidly  attached    (glued   together),   each   cube 

being  regarded  as  a  particle  of 

the  body.    Let  P  be  one  of  the 

particles    which    describes    the 

path    shown   in    the   figure   as 

the  particle  moves  from  P'  to  P" 

while  its  velocity  changes  from 

I'l  to  V2  due  to  the  unbalanced 

(concurrent)    forces   which   act 

on  it.    Let  the  resultant  of  the 

forces  acting  on  P  be  denoted 

by  R  and  its  component  tangent 

tv*  to  the  path  of  P  be  denoted  by 

Rt.     It  will  be  noted  that  some 

of   the   particles    (cubes)    have 

their  velocities  changed  (are  accelerated)  by  forces  exerted  only  by  other 

particles  of  the  body  (internal  forces)  whereas  other  particles  are  acted  on 

both  by  internal  and  by  external  forces. 

The  work  done  by  the  forces  acting  on  the  particle  as  it  moves 


Fig.  452. 


along  its  path  from  P'  to  P"  is  w  = 


/«2 
Rt 


ds  but  Rtds  may  be  expre.<vsed 


in  terms  of  the  mass,  m,  and  velocity,  v,  of  the  particle  by  means  of  the 
relations : 

dv  .  ds 

Rt  =  mat,     at  = 


dt 


and     V  = 


dt 


Hence 


w  = 


n        n         n  dv  ^ 

=    /     Rtds  =    I     matds  =    /     m  -7  ds 

=    I     m  —  dv  =    I     rnvdv  =  ^mv2'  —  \mvi^ 
Jn         dt  Jpj 

=  AEk  =  change  in  kinetic  encrgj'  of  the  particle. 

Therefore,  the  work  done  by  the  forces  acting  on  a  particle  of  a  body  {whether 
rigid  or  not)  during  any  displaccme7it  is  equal  to  the  change  in  the  kinetic 
energy  of  the  particle  in  the  same  displacement.     Or,  expressed  in  the  form 


of  an  eciuation, 


w 


LEk  =  imv2'^  —  \mvx^. 
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//.  For  a  System  of  Particles. — The  principle  of  work  and  kinetic 
energy  for  a  sj^stem  of  particles  (body)  may  now  be  derived.  Since 
work  and  energy  are  scalar  quantities,  the  work  done  on  a  body  is  the 
algebraic  sum  of  the  works  done  on  all  the  particles.  And  the  change 
in  the  kinetic  energy  of  the  body  is  the  algebraic  sum  of  the  changes  in 
the  kinetic  energies  of  all  the  particles.  But  the  work  done  by  all  the 
forces  acting  on  all  the  particles  equals  the  work  done  by  the  external 
forces  which  act  on  the  body  (we)  plus  the  work  done  by  the  internal  forces 
of  the  body  (wi).  Thus,  by  writing  the  above  equation  for  each  particle 
and  adding  both  sides  of  the  equations,  the  resulting  equation  is 


Wi 


+  Wi  =  |2mt'2^  —  ^'Zmvi^  =  AEk- 


That  is,  the  work  done  on  a  system  of  particles  {whether  rigid  or  not)  hy  all 
of  the  external  and  internal  forces  in  any  displacement  of  the  system  is  equal 
to  the  change  in  the  kinetic  energy  of  the  system  in  the  same  displacement. 

III.  For  a  Rigid  Body. — The  principle  may  now  be  expressed  for 
the  special  case  of  a  rigid  body,  for,  as  pointed  out  in  Art.  121,  the  inter- 
nal forces  in  any  mass-system  occur  in  pairs  of  equal  opposite  and 
collinear  forces  whether  the  body  is  rigid  or  not,  but  the  work  done  by 
these  forces  is  zero,  in  general,  only  if  the  application  points  of  each 
pair  of  forces  remain  a  fixed  distance  apart,  which  is  the  case  in  a  rigid 
body.     Hence,  for  a  rigid  body,  Wi  =  0.     Therefore 

We  =  AEk. 

That  is,  the  work  done  hy  the  external  forces  acting  on  a  rigid  body  in  any 
dis-placement  is  equal  to  the  change  in  the  kinetic  energy  of  the  body  in  the 
same  displacement. 

Although  an  absolutely  rigid  body  does  not  exist  in  nature,  the  work 
done  by  the  external  forces  in  causing  the  relative  displacements  of  the 
particles  in  physical  bodies  is  usually  neghgible  in  comparison  with  the 
work  done  by  the  forces  in  causing  the  displacement  of  the  body  as  a 
whole. 

Application  of  Principle  to  Special  Cases  of  Motion  of  Rigid  Bodies. — 
By  making  use  of  the  expressions  developed  in  Art.  128,  the  principle  of 
work  and  kinetic  energy  may  be  expressed  for  important  special  cases  of 
motion  of  rigid  bodies  as  follows : 

I.  Translation.. 

We  =    iM{v2^  -  Vi^). 


II.  Rotation. 

III.  Plane  Motion. 


We  =    i/o(w2^  -  Wi^). 
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Uriits. — If  the  pound,  foot,  and  second  be  arbitrarilj-  selected  as  the 
units  of  force,  length,  and  time,  respectively,  as  is  usually  done  in  the 
engineer's  system  of  units  (Art.  103),  then  iCe  will  be  expressed  in  foot- 
pounds and  kinetic  energy  will  likewise  be  expressed  in  foot-pounds,  the 


mass  of  the  bodv 


{'■-',) 


=  —  )  being  expressed  in  slugs. 

g 
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Problem  746. — An  engine  capable  of  exerting  a  maximum  draw-bar  pull  of 
51,000  lb.  is  used  on  a  certain  railroad  having  small  grades  to  draw  freight  trains 

ha\'ing  a  maximum  weight  of  2000  tons, 
^  the  average  weight  of  a  freight  car  with 

its  cargo  being  about  45  tons.  The  train 
resistance  per  ton  of  weight  varies  with 
the  car  weight  and  with  the  speed.  If  an 
average  value  of  8  lb./  ton  is  used  and  the 
engine  pulls  a  2000-ton  train  while  going 
up  a  }'2  per  cent  grade,  how  far  will  the 
train  travel  while  its  velocity  is  increasing  from  15  to  30  mi.  hr.?  How  long  will  it 
take? 

Solution 
(Fig.  453). 


2000  tons  'N 

Fig.  453. 


—The  forces  acting  on  the  train  are  shown  in  the  free-body  diagram 
The  angle  d  (exaggerated  in  the  diagram)  for  a  ,'•>  pcT  cent  grade  is  so 

small  that  tan  d  may  be  considered  to  be  equal  to  sin  0.     Hence,  sin  6  = 


200 


u;   =  sEk   =  iV(r2-  -  V1-), 
2000  X  2000\    1  2000  X  2000 


/  2000  X  2000\     1  2000  X  2000  ,_,   _,. 

( 51,000  -  16,000 -— r^  =  -  — rrr; —  (44=  -  22-) 

\  200/2  32.2  ' 


But 


200 
15,000«  =  62,200  X  1452, 

'•l  +  ^2 


32.2 
s  =  6020  ft. 


22  +  44 
6020  = X  t. 


TNTience 


t  =  1S2.5  sec.  =  3.04  min. 


F*roblem  747. — The  punching  and  shearing  machine  shown  in  Fig.  454  has  a 
capacity  for  punching  a  2}  2-in.  hole  in  a  J  2-in.  steel  plate.  The  pinion  shaft  (and  fly- 
wheel) is  driven  at  220  r.p.m.  from  a  counter-shaft  bj'  means  of  a  belt  drive  to  the 
tight  pulley  on  the  pinion  shaft.  Each  operation  of  punching  a  hole  (punching 
cycle)  causes  a  fluctuation  (decrease)  in  the  speed  of  the  flywheel.  The  "coefficient 
of  speed  fluctuation"  is  O.S,  that  is,  the  speed  of  the  flywheel  decre.nses  20  per  cent 
in  each  punching  cycle.  If  the  work  done  in  punching  the  hole  is  all  supplied  by  the 
flywheel,  what  moment  of  inertia  should  the  flywheel  have?  ^\'hat  is  the  moment 
of  inertia  of  the  flywheel  on  the  machine  as  actually  designed  (as  shown  in  Fig.  454\ 
neglecting  thr  mati-rial  in  the  hub  and  spokes?  If  the  difference  in  the  belt  tensions, 
Ti  —  T\,  is  286  lb.  and  the  pinion  shaft  turns  through  an  angle  of  230°  while  the  hole 
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is  being  punched,  how  much  work  is  done  on  the  shaft  (and  fl>-wheel)  by  the  belt 
while  the  hole  is  being  punched?     The  diameter  of  the  pulley  is  22  in. 


Punch  attachment 

'P=  Force  exerted  by 
punch 


J) 


-4Uf 


Pinion  g'ear 
Pinion  shaft 


Fig.  454. 

Solution. — The  maximum  value  of  the  force  P  required  to  punch  the  hole,  using 
60.000  lb.,  sq.  in.  for  the  ultimate  shearing  strength  of  the  material  of  the  plate,  is 

P  =  ird  Xt  X  60,000 

=  TT  X  f  X  §  X  60,000  =  235,500  lb. 
The  work  done  in  punching  the  hole,  assuming  a  triangular  work  diagram  (see  Prob. 
701),  is 

P       1       235,500 


1 

w  =  -  X-  = 
2 


58,875  in.-lb. 


=  4900  ft. -lb.,  which  is  supplied  by  the  flj-wheel. 
For  the  fl}"tt'heel  we  have  then 

u-e  =  AEk  =  ll{oi2^  -  m^l 


4900 


,  -  r/220  X  27r\2      /    ^       220  X  27r\- 
=  ^I     { )   -  (  0.8  X — 

-  LV    60    y    V         60    y  J 


=  95.5/. 


_         60       /        \    '     '        60 
Whence 

J  =  51.3  slug-ft.2 

Hence,  the  moment  of  inertia  of  the  flj^vheel  should  be  51.3  slug-ft.-  in  order  that  the 
speed  be  decreased  not  more  than  20  per  cent.  Assuming  the  flj-wheel  to  be  made  of 
cast  iron  which  weighs  450  Ib./cu.  ft.,  the  moment  of  inertia  of  the  flj-wheel  as  actually 
designed,  neglecting  hub  and  spokes,  is 

7  =  ^M{r2^  +  n-).     (See  Prob.  993.) 

r    TT  r  „    /i9.5\-i    4.5    ,.^    r ,  ,  /i9.5\=~ 

=  -  X 2-  -  I X  --  X  450  X     2-  -f  I  -— 

2       32.2  L  \  12  /  J       12  L  V  12  /  _ 


=  -  -^  X  1.36  X  0.375  X  450  X  6.64  =  74.3  slug-ft.- 
2  32.2 
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The  work  done  on  the  flj'wheel  while  the  hole  is  being  punched  is 


WUIMm 


Or 


Also 


Hence 


Whence 


w  =  2r- 


11 


=  286  X  —  X  230  X 


—  =  1050  ft.-lb. 
180 

Problem  748. — A  solid  homogeneous  cylin- 
der rolls  up  an  inclined  plane  without  slipping 
(Fig.  455).  The  weight  of  the  cylinder  is  120 
lb.  and  its  diameter  is  3  ft.  If  the  angle,  ^,  of 
inclination  of  the  plane  is  15°  and  the  velocity 
of  the  center  of  the  cylinder  is  20  ft. /sec.  just 
as  it  comes  in  contact  with  the  incline,  how  far 
up  the  plane  will  the  cylinder  roll? 

Solution. — The  forces  acting  on  the  cylinder 
while  roUing  up  the  plane  are  shown  in  Fig.  455. 
And  the  work  done  by  the  forces,  as  was  shown 
in  Prob.  702,  is  W  sin  <l>s.     Thus 

We  =  AEk, 

-  W  sin  4>-s  =  ^(Mvi'^  +  W)  -  \{Mvi-  +  T^i^). 

TT^sin  <t>-s  =  2  0-^^i"  +  -^wi*))  since  V2  and  oijj  are  zero. 


Fig.  455. 


5  =  rw  =  1.5o 


120  X  0.2588  X  s  =  ^  ^  (20)2  +  ^ 


1  /l  120        — A  /20\  = 


746  +  372 
31.1 


=  36  ft. 
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749.  A  bullet  fired  with  a  velocity  of  10(X)  ft. /sec.  penetrates  a  block  of  wood  to 
a  depth  of  12  in.  If  the  bullet  wore  fired  through  a  Ixjard  of  the  sjinio  wood  2  in. 
thick,  find  its  velocity  after  passing  through  the  board.  As.sume  the  resistance  of 
the  wood  to  the  bullet  to  be  constant.  Ans.     v  =  913  ft. /sec. 

750.  A  body  weighing  80  lb.  is  projected  along  a  rough  horizontal  plane  with  a 
velocity  of  8  ft. /sec.  It  comes  to  rest  in  a  distance  of  10  ft.  Find  the  coefTicient  of 
kinetic  friction. 

./  751.  An  automobile  which  weighs  W  lb.  is  moving  at  the  rate  of  30  mi.  hr. 
when  it  comes  to  the  foot  of  a  hill.  Power  is  then  shut  off.  The  slope  of  the  hill  is 
1  ft.  in  50  ft.  How  far  will  the  machine  coast  up  the  hill  if  the  total  frictionnl  resist- 
anoi;  (parallel  to  the  road)  is  0.0811?  Ana.     s  =  301  ft. 

\Jl62.  A  box  slides  from  rest  10  ft.  down  a  plane  inclined  30°  to  the  horizontal. 
After  reaching  tho  bottom  of  the  pl.nne  the  box  moves  on  n  horizontal  flt)or.  If  the 
coefficient  of  friction  Ix'tween  the  box  anil  plane  and  iM'twii-u  the  box  nutl  floor  is 
0.3,  how  fur  will  the  box  move  on  the  floor  before  coming  to  n'.st? 

763.  A  bullet  that  weighs  1  oz.  is  moving  with  a  velocity  of  2000  ft.  sec.  when  it 
strikes  a  plank  normally  and  passes  through  it.    The  velocity  on  leaving  the  plank 
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is  1200  ft. /sec.    If  the  average  resistance  to  penetration  is  5000  lb.,  how  thick  is  the 
p]ank?  ■^^-     '  =  5.96  in. 

754.  A  weight  of  8.05  lb.  is  placed  on  a  horizontal  plane  and  touches  one  end  of  a 
horizontal  spring  whose  other  end  is  in  contact  with  a  vertical  wall.  The  weight  is 
moved  toward  the  wall,  compressing  the  spring  6  in.  The  spring  is  then  released 
causing  the  weight  to  be  projected  away  from  the  wall.  The  modulus  of  the  spring 
is  2  Ib./in.  and  the  kinetic  friction  between  weight  and  plane  is  1  lb.  What  is  the 
velocity  of  the  weight  when  the  spring  regains  its  normal  length?  If  the  spring  is 
stopped  at  that  time,  how  much  farther  will  the  body  move  before  coming  to  rest? 

755.  A  body  B  (Fig.  456)  that  weighs  W  lb.  falls  from  rest  through  a  distance  h 
of  2  ft.  and  strikes  a  heUcal  spring  whose  modulus  is  40  Ib./in.  If  the  maximum 
compression  s  of  the  spring  is  6  in.,  what  is  the  value  of  IF?  Neglect  the  mass  of 
the  spring.  Am.'    W  =  24  lb. 


7///////////// 
Fig.  456. 


Fig.  457, 


756.  A  block  B  (Fig.  457)  that  weighs  16.1  lb.  slides  without  friction  along  a 
vertical  rod  OY.  A  spring  aS,  whose  imstretched  length  is  3  ft.,  is  attached  to  B 
and  to  the  stationary  plane  OX  at  A  as  shown.  If  a  constant  vertical  force  P  of 
50  lb.  is  exerted  on  B,  what  will  be  the  velocity  of  B  after  a  displacement  of  4  ft., 
assuming  that  B  starts  from  rest  at  0?  The  modulus  of  the  spring  is  20  Ib./ft. 
Disregard  the  mass  of  the  spring. 


f57.  A  simple  pendulum  (Fig.  458)  consists  of  a  cord  having  a  length,  r,  of  4  ft. 
and  a  bob  (assumed  to  be  a  particle)  having  a  weight,  TF,  of  6  lb.  The  pendulum  is 
displaced  an  angle,  0,  of  60°.  What  wiU  be  the  velocity,  v,  of  the  bob  when  in  its 
lowest  position,  if  air  resistance  is  neglected?  Note  that  the  puU  T  of  the  cord  on 
the  bob  does  no  work.  Ans.     v  =  11.36  ft./sec. 

758.  A  shearing  machine  has  3  h.p.  delivered  to  it  by  the  belt.  Every  two 
seconds  an  operation  occurs  which  requires  seven-eighths  of  all  the  energy  supphed 
during  the  two  seconds;  the  other  one-eighth  of  the  energy  is  required  to  overcome 
the  friction  of  the  machine.  During  each  operation  the  speed  of  the  flywheel 
decreases  from  120  to  80  r.p.m.  Assuming  that  the  work  done  in  shearing  is  done 
by  the  flj-wheel,  what  should  be  the  moment  of  inertia  of  the  flj'wheel?  If  the 
weight  of  the  flywheel  is  400  lb.  what  is  its  radius  of  gyration? 

759.  The  flywheel  shown  in  Fig.  459  is  made  of  cast  iron  which  weighs 
450  Ib./cu.  ft.  If  the  turning  moment  exerted  by  the  shaft  to  which  the  flj-rvheel  is 
keyed  delivers  5  h.p.  to  the  flywheel  for  1  min.,  what  will  be  the  angular  velocity  of 
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the  wheel  at  the  end  of  this  period  assuming  that  the  wheel  starts  from  rest?  Solve, 
(a)  neglecting  the  hub  and  spokes,  and  (6)  neglecting  the  hub  and  assuming  the 
spokes  to  have  a  constant  cross-section  equal  to  the  mean  cross-section  and  to 
extend  from  the  center  of  the  shaft  to  the  rim. 

Ans.     (a)  w  =  892  r.p.m.;  (b)  w  =  862  r.p.m. 


3»4x44 


BO-J 


bQ-- 


r 


■  Rope 


DA 


Fig.  459. 


Fig.  460. 


760.  'I'wo  steel  balls  B,  B  (Fig.  460)  are  connected  by  a  rigid  slender  rod  that 
rotates  in  a  vertical  plane  about  the  axis  XX  and  turns  a  light  wootlen  drum  about 
the  same  axis.  The  drum  in  turn  lifts  the  weight  A  by  means  of  a  rope  that  is  wound 
around  the  drum.  Each  ball  is  4  in.  in  diameter  and  weighs  8.05  lb.  If  the  rot!  is 
given  an  angular  velocity  of  100  r.p.m.,  what  is  the  weight  of  .4  if  it  is  lifted  20  ft. 
while  the  rod  and  balls  are  coming  to  rest?  Neglect  the  mass  of  the  drum  and  of 
the  rod  and  also  neglect  all  frictional  forces. 

761.  If  the  flywheel  shown  in  Fig.  459  is  used  on  the  punching  machine  shown  in 
Fig.  454  and  the  punching  machine  is  required  to  do  the  sjime  amount  of  work 
(4900  ft.-lb.)  in  punching  a  hole  as  was  found  in  Prob.  747,  what  will  be  its  .«peeti 
after  punching  the  hole?  The  speed  of  the  fl>'wheel  Ix-fore  the  hole  is  punclutl  is 
220  r.p.m.,  as  .stated  in  Prob.  747.  Neglect  the  hub  and  spokes  in  determining  the 
moment  of  inertia  of  the  flywheel.    Assume  the  weight  of  cast  iron  to  be  450  lb.  cu.  ft. 

Ans.     157  r.p.m. 

762.  Water  flows  through  a  conduit  that  is  7.76  mi.  long  and  has  a  cross-section 
of  100  sq.  ft.  The  velocity  of  the  water  is  10  ft.,  sec.  Find  the  kinetic  energy  of 
the  water.  Discu.ss  what  would  probal)ly  hap|)en  if  a  valve  at  the  lower  end  of  the 
conduit  were  closed  rather  suddenly. 

763.  A  train  weighing  500  tons  is  drawn  on  a  horizontal  track  by  an  engine 
whose  draw-l)ar  p<ill  varies  with  the  speed  so  that  it  always  develojis  200  h.p.  How 
many  seconds  does  it  take  to  i)ull  the  train  1000  ft.  starting  from  rest?  How  much 
work  is  done  on  the  train  by  the  draw-bar  pull?    Neglect  train  resistance. 

Arus.     t  "  as  see;  w  -  7,480,000  ft.-lb. 
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764.  The  vortical  bar  in  Fig.  461  is  4  ft.  long  and  weighs  80  lb.  The  bar 
is  displaced  .slightly  from  the  position  shown  and  rotates  about  0.  When  it 
comes  to  a  horizontal  position  it  strikes  the  two  springs  shown  and  continues  to 
rotate  until  the  spring  S\  is  compressed  3^  in.  The  springs  have  the  same  modulus. 
Find  the  modulus  of  the  springs.  Assume  the  bar  to  be  rigid  and  of  constant 
cross-section. 


-^ 


t" 


Fig.  461. 


Fig.  462. 


765.  The  hand-operated  screw  press,  shown  in  Fig.  462  is  used  for  embossing, 
lettering  dies,  punching  thin  plates,  etc.  The  diameter  of  the  screw  is  23^  in.  The 
screw  has  triple  threads  with  a  pitch  of  23^  in.  Each  ball  weighs  100  lb.  and  the 
diameter  of  each  ball  is  9  in.  If  the  balls  are  revolved  at  60  r.p.m.,  what  is  the 
maximum  size  (diameter)  of  hole  that  can  be  punched  in  a  34-in.  steel  plate,  assuming 
the  shearing  strength  of  the  steel  to  be  60,000  Ib./sq.  in.  and  the  efficiency  of  the 
screw  to  be  15  per  cent.  Also  assume  the  work  diagram  for  punching  the  hole  to  be 
triangular.     (See  Prob.  701.)  Am.     d  =  0.60  in. 

766.  A  sphere  rotates  about  an  axis  through  its  center.  Its  speed  is  increased 
from  600  rad./min.  to  90  rad./sec.  while  it  turns  through  10  revolutions.  If  the 
moment  of  inertia  of  the  sphere  with  respect  to  the  axis  of  rotation  is  20  slug-ft.-, 
find  the  moment  of  the  couple  acting  on  the  sphere. 

767.  A  generator  driven  by  a  hydraulic  turbine  has  a  speed  of  600  r.p.m.  and 
delivers  1000  h.p.  An  additional  load  of  200  h.p.  is  put  on  the  generator.  If  2  sec. 
elapse  before  the  governor  can  act,  what  must  be  the  moment  of  inertia  of  the  rotating 
parts  in  order  that  the  decrease  in  speed  shall  be  1  per  cent? 

Ans.     I  =  5600  slug-ft.^ 

768.  A  homogeneous  sphere  rolls,  without  slipping,  up  a  plane  inclined  45°  to 
the  horizontal.  If  the  initial  velocity  of  the  center  of  the  sphere  is  40  ft. /sec,  how 
far  will  the  sphere  roll  before  coming  to  rest? 

769.  A  car  weighing  966  lb.  is  mounted  on  four  cylindrical  disk  wheels.  Each 
wheel  weighs  161  lb.  and  has  a  diameter  of  4  ft.  (The  total  weight  of  the  car  and 
wheels  is  1610  lb.)  If  the  car  travels  on  a  straight  horizontal  track  with  a  velocity 
of  20  ft. /sec,  what  force  parallel  to  the  track  is  required  to  stop  the  car  in  a  distance 
of  100  ft.?     Assume  that  the  wheels  do  not  skid.  Ans.     P  =  120  lb. 

770.  A  solid  cylinder  weighing  500  lb.  is  rolled  up  an  inclined  plane  by  means  of 
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a  descending  weight  B  (Fig.  463).  The  diameter  of  the  cylinder  is  4  ft.  The  pulley 
over  which  the  rope  runs  is  assumed  to  be  frictionless  and  weightless.  Body  B 
weighs  300  lb.  If  the  cylinder  starts  from  rest  at  the  bottom  of  the  incUne,  with 
what  velocity  will  its  center  reach  the  top? 


wu^// 


Fig.  463. 


Fig.  464. 


771.  A  solid  disk  18  in.  in  diameter  is  mounted  on  a  shaft  4  in.  in  diameter  (Fig. 
464).  The  shaft  rolls,  without  slipping,  on  two  inclined  tracks.  The  disk  weighs 
120  lb.  and  the  weight  of  the  shaft  may  be  neglected.  The  angle  of  inclination,  <^, 
is  15°,  and  the  incline  is  8  ft.  long.  If  the  disk  starts  from  rest  at  the  top,  what  will 
be  the  velocity  of  its  center  at  the  bottom  of  the  incUne? 

Ans.     V  =  3.46  ft./sec. 

772.  A  hollow  steel  cylinder  with  an  outside  radius  of  1  ft.  and  an  inside  radius 
of  6  in.  weighs  966  lb.  The  cylinder  rolls  with  its  axis  horizontal  and  without  slip- 
ping up  a  plane  making  an  angle  of  30°  with  the  horizontal.  If  the  initial  velocity  of 
the  mass-center  of  the  cylinder  is  10  ft./sec.  up  the  plane,  what  will  be  the  velocity 
of  the  mass-center  when  it  has  reached  a  position  10  ft.  down  the  plane  from  the 
initial  position? 

773.  A  solid  sphere  1  ft.  in  diameter  and  weighing  100  lb.  rolls  down  the  inside  of 
a  thin-walled  hollow  cylinder  whose  radius  is  6  ft.,  the  axis  of  the  cylinder  being 
horizontal.  In  its  initial  position  the  line  from  the  center  of  the  sphere  perpendicular 
to  the  axis  of  the  cylinder  makes  an  angle  of  60°  with  the  vertical.  If  the  sphere 
starts  from  rest,  find  its  kinetic  energy  and  the  velocity  of  its  center  when  it  is  in 
its  lowest  position. 

Ans.     Ek  =  275  ft.-lb.;  tJ  =  11.24  ft./sec. 

774.  A  plane  10  ft.  square  with  two  edges  horizontal  makes  an  angle  of  30°  with 
the  horizontal.  A  solid  steel  cylinder  weighing  100  \h.  and  having  a  radius  of  6  in. 
rolls  without  slipping  along  one  of  the  diagonals.  If  the  cylinder  starts  from  rest 
lit  the  upper  corner  what  is  its  kinetic  energy  and  the  velocity  of  its  center  when  it 
reaches  the  lower  corner? 

132.  Conservation  of  Energy. — One  of  the  greatest  achievements 
of  the  nineteenth  century  was  the  recognition  and  statement  of  the  prin- 
ciple of  the  conservation  of  energJ^  Like  Newton's  hiws  of  motion  it  is 
ail  inductive  generalization  from  observation  of,  and  expcMience  with, 
physical  phenomena.  The  principle  states  that  in  any  change  of  the 
state  or  condition  of  an  isolated  material  sy.stem  the  total  amount  of 
energy  of  the  sj'stem  remains  constant.  By  an  isolated  system  is  meant 
one  on  which  no  bodies  external  to  tlie  system  have  any  effect.     Hence, 
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an  isolated  system  neither  gives  nor  receives  energy.  Thus,  the  dis- 
tribution of  energy  within  the  isolated  system  may  be  altered  and  the 
various  forms  of  energy  changed  into  other  forms  but  the  total  amount 
of  energy  remains  constant.  Or,  as  sometimes  stated,  energy  may  be 
transformed  or  transferred  but  cannot  be  created  or  destroyed.  As 
noted  in  Art.  129,  the  principle  of  conservation  of  energy  is  of  particular 
importance  in  the  stud}-  of  material  systems  which  possess  non-mechan- 
ical energy,  although  it  is  also  of  much  value  in  the  study  of  mechanical 
energy.  Although  an  isolated  system  does  not  exist  in  nature,  certain 
systems  approach  closely  thereto,  as,  for  example,  the  earth  and  a  falHng 
body,  provided  that  the  action  (and  reaction)  between  the  earth  and 
body  is  large  compared  with  the  resistance  of  the  air  and  the  attractions 
of  other  bodies  on  the  falling  body.  Again,  although  external  forces  act 
on  a  system  of  bodies,  the  work  done  by  the  forces  may  be  zero  (or 
negligible)  as  in  the  case  of  a  simple  swinging  pendulum  and  the  earth  in 
which  the  pull  of  the  string  on  the  bob  is  always  normal  to  the  dis- 
placement of  its  application  point  and  the  effect  of  the  air  is  neghgible, 

§  4,  Efficiency.     Dissipation  of  Energy 

133.  Efficiency   Defined. — The    efficiency   of   a   machine,    as,    for 

example,  a  steam  engine,  an  electrical  motor,  a  chain  hoist,  a  jack 

screw,  etc.,  is  the  ratio  of  the  energ}^  output  of  the  machine  in  a  given 

period  of  time  to  the  energy  input  in  the  same  period,  provided  that  no 

energy^  is  stored  in  the  machine  which  becomes  available  at  a  later 

period.     By  input  is  meant  the  amount  of  energy  received  by  the 

machine,  a  portion  of  which  is  transformed  or  transmitted  into  the 

work  for  which  the  machine  is  designed.     The  work  done  or  energy 

delivered  by  the  machine  is  called  the  output.     Thus,  denoting  efficiency 

by  e,  we  have 

energy  output  power  output 

e  = : or    e  = ~ —  . 

energy  mput  power  input 

As  already  noted,  in  the  transformation  and  transference  of  energy 
(which  is  the  main  function  of  many  machines),  some  of  the  energy 
always  takes  the  form  of  a  lower  grade  of  energy  (heat  energj^)  and 
thereb}^  becomes  unavailable  for  the  particular  process  for  which  the 
machine  is  used.  The  amount  of  energ}'  which  thus  miscarries  or  leaks 
out  in  the  process  is  spoken  of  by  various  names,  such  as  lost  energy 
(or  lost  w^ork),  energj^  leak,  dissipated  energy,  etc.  Since  dissipation  of 
energy  occurs  with  every  physical  process,  the  output  is  alwaj's  less  than 
the  input  and,  therefore,  the  efficiency  is  always  less  than  unity. 
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The  efficiency  as  defined  above  is  the  over-all  efficiency  of  the 
machine.  Certain  parts  of  the  machine,  however,  may  have  their 
individual  efficiencies;  and  the  over-all  efficiency  is  the  product  of  the 
efficiencies  of  the  several  elements  of  the  machine. 

134.  Dissipation  of  Energy. — The  work  done  against  frictional  forces 
is  the  most  frequent  cause  of  dissipation  of  energy  in  machines.  Energy- 
dissipated  in  doing  work  against  frictional  forces  is  transformed  into  heat 
energy.  Electrical  resistance  in  connection  with  electrical  machinery 
also  causes  a  loss  of  available  energy  by  developing  heat.  The  work 
done  against  friction  is,  in  some  machines,  a  necessary  evil  to  be 
reduced  to  a  minimum,  as  in  the  case  of  prime  movers,  bearings, 
teeth  of  gears,  etc.;  whereas,  in  other  machines  or  machine  elements, 
the  main  object  of  the  machine  is  to  dissipate  all  the  energy  received 
by  the  machine,  as  in  the  case  of  friction  brakes  and  absorption 
dynamometers. 

135.  A  Simple  Dynamometer.  Prony  Brake. — A  simple  dynamom- 
eter, commonly  called  a  prony  brake,  is  shown  in  Fig.  465.  A  is  a 
flanged  pulley  keyed  to  a  rotating  shaft.  The  power  transmitted  by  the 
shaft  is  not  only  dissipated  or  absorbed  but  is  also  measured  by  the 
brake.  B,  B  are  bearing  blocks  against  which  the  pulley  develops  a 
frictional  resistance,  the  magnitude  of  which  is  varied  by  adjusting  the 

nuts  C,  C.     D  is  the 

S^         ^\^ dQl    frame   or   beam   with 

its  end  E  resting  on 
the  platform  of  a 
weighing  scale.  AVhen 
the  pulley  is  lainning, 
the  beam  develops  an 
additional  pressure  on 
the  platform,  due  to 
the  friction  of  the 
pulley  on  the  bearing  blocks.  The  work  lost  in  friction  and  the  power 
developed  by  the  shaft  may  be  found  as  follows: 

It  will  be  assumed  that  the  scales  are  adjusted  to  read  zero  when  the 
beam  rests  on  the  platform  and  the  pulley  is  not  running.  Thus,  the 
scale  reading  is  a  measure  of  the  pressure,  P,  at  E  due  to  the  friction 
developed  on  the  bearing  blocks  when  the  pulley  is  running.  Since  the 
brake  frame  is  in  equilibrium  under  the  action  of  the  forces,  A'^,  P,  and  F 
(F  denotes  the  total  frictional  force  on  the  two  hIock5).  the  sum  of  the 
moments  of  P  and  F  about  the  axis  of  the  shaft  nuist  equal  zero.     Or 


^/z^^yyy/'\ 


Ft  =  Pa. 
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And  the  work  done  by  the  frictional  moment  Fr  in  1  sec.  Ls 

Wf  =  Fru  =  Paw, 

*     ,      •  27rn 

in  which  co  is  expressed  in  radians  per  second.     And,  smce  co  =  — — 

bO 

where  n  is  the  number  of  revolutions  per  minute  (r.p.m.)  of  the  shaft  and 

pulley,  the  expression  for  uy  becomes 

27rPan 

If  P  is  expressed  in  pounds  and  a  in  feet,  then  Wf  will  be  expressed  in 
foot-pounds,  and  the  horse-power  developed  by  the  frictional  moment 
(and  hence  by  the  shaft)  is 

■wPan  irPan 

^'^'  ^  30  X  550  ^  16,500 " 

This  expression  may  be  simplified  if  the  dynamometer  is  constructed 
so  that  a  has  a  special  value.  It  should  be  remembered  that  the  scale 
reading  should  not  be  used  for  the  value  of  P  unless  the  scales  are 
adjusted  to  read  zero  when  the  pulley  is  not  running. 

PROBLEMS 

775.  What  force,  P,  is  required  to  raise  a  load,  Q,  of  200  lb.  by  means  of  the 
differential  chain  hoist  shovra  in  Fig.  466  if  e  =  30  per  cent,  rz  =  8  in.,  and  ri  =  4  in.? 

Am.     P  =  167  lb. 

776.  The  dynamometer  shown  in  Fig.  467  was  devised  by  Lord  KeMn  in  con- 
nection with  the  laying  of  the  Atlantic  cable  for  braking  the  cable  drum  as  the  cable 
was  laid  out.  If  it  is  used  in  the  test  of  a  steam  engine,  find  the  horse-power  absorbed, 
using  the  following  data:  W  =  400  lb.;  speed  of  engine  =  150  r.p.m.;  r  =  4  ft.; 
reading  of  spring  balance  is  85  lb.  Ans.     36  h.p. 

777.  In  a  test  of  a  jackscrew  (see  Fig.  210)  with  a  screw  1.5  in.  in  diameter  and 
a  pitch  of  ^  in.,  it  was  found  that  a  pull  of  72  lb.  at  the  end  of  a  15-in.  lever  was 
required  to  raise  a  load  of  2400  lb.  when  no  lubricant  was  used,  and  a  pull  of  63  lb. 
when  an  oil  lubricant  was  used.    What  is  the  efficiency  of  the  jack  for  each  case? 

Ans.     e  —  11.8  per  cent;  e  =  13.5  per  cent. 

778.  The  band  brake  described  in  Prob.  293  allows  a  certain  load  to  lower  at  a 
constant  speed  such  that  the  brake  sheaves  rotate  at  120  r.p.m.,  in  a  counter-clockwise 
direction.    What  horse-power  is  absorbed  by  the  brake? 

779.  An  automobile  when  traveling  at  a  speed  of  50  mi.,  hr.  delivers  to  the  trans- 
mission shaft  80  h.p.  If  the  efficiency  in  transmitting  the  power  from  the  engine  to 
the  rear  wheels  is  80  per  cent,  what  is  the  propelling  force  (tractive  effort)  developed? 

Am.     F  =  480  lb. 

780.  A  jet  of  water  2  in.  in  diameter  having  a  velocity  of  150  ft. /sec.  impinges 
against  the  buckets  of  a  tangential  water-wheel.     If  the  efficiency  of  the  wheel  is 
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90  per  cent,  what  horse-power  is  delivered  by  the  wheel?    Assume  the  weight  of 
water  to  be  62.4  Ib./cu.  ft. 


mm^ 


Fig.  466. 


Fig.  467. 


781.  In  the  hand  brake  shown  in  FiR.  468  the  scale  .S  indicates  a  force  of  120  lb. 
when  f*  =  20  lb.  and  when  the  drum  I)  is  rotating  at  150  r.p.m.  \Miat  horse-power 
is  being  developed  by  the  motor  that  turns  the  shaft  on  which  the  drum  is  keyed? 


->i< 1 

Fig.  468. 


Fig.  469. 


782.  Figure  469  represents  one  form  of  a  djTiamomctcr.  A  cast-iron  disk  keyed 
to  the  shaft  rotates  inside  the  drum  as  the  shaft  turns.  The  disk  rotates  in  a  water- 
tight compartment  between  two  copper  plates  that  are  attachetl  to  the  drum,  and 
|)re.ssure  of  the  copi)er  i)lates  against  the  disk  is  produced  by  water  from  the  city 
mains  which  fills  the  spaces  between  the  copper  plates  and  the  ends  of  the  drum. 
'Ihe  narrow  spaces  between  the  disk  and  the  copper  plates  are  tilled  with  oil.  As 
the  shaft  (and  disk)  rotates,  the  drum  (tlue  to  the  friction  develoi>ed  on  the  copixr 
plates)  tends  to  turn,  causing  a  pri-ssure  at  D  on  the  scale  beam,  which  is  b.-danced 
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by  the  poise  weights  A  and  B.  The  weight  of  A  and  B  together  is  150  lb.,  and  that 
cf  B  alone  is  3.5  lb.  The  divisions  on  the  large  scale  are  1  in.,  and  those  on  the  small 
scale  are  0.4  in.  When  both  A  and  B  are  set  at  zero  on  the  scales  they  are  just 
balanced  by  the  weight  of  C.  If,  in  order  to  maintain  balance  when  the  disk  is 
rotating,  A  is  set  at  the  tenth  division  and  B  is  set  at  the  fifteenth  division,  what 
is  the  pressure  of  the  dynamometer  on  the  scale  beam  at  D,  and  what  horse-power  is 
developed  by  the  shaft  when  rotating  at  240  r.p.m.?  The  distance  from  the  center 
of  the  shaft  to  D  is  18  in.  Ans.     8.69  h.p. 

REVIEW    QUESTIONS   AND    PROBLEMS 

783.  Define  work  done  l>y  any  force  (o)  in  words,  (&)  as  a  mathematical  expression. 
Write  an  expression  for  the  work  done  by  a  couple  in  terms  of  the  moment  of  the 
couple. 

784.  Show  that  the  following  statement  is  correct.  In  lifting  a  body  that  weighs 
3960  lb.  vertically  upwards  a  distance  of  100  ft.,  the  work  done  on  the  body  by  the 
lifting  force  is  0.2  h.p.-hr. 

785.  Define  kinetic  energy  of  a  particle  (o)  in  words,  (6)  as  a  mathematical 
expression.  Using  this  mathematical  expression,  show  that  the  kinetic  energy  of 
the  particle  is  3^mii^.  Assuming  that  the  engineer's  system  of  units  is  used,  what  are 
the  units  of  m  and  v,  and  of  J^mf^? 

786.  Point  out  and  correct  the  errors  in  the  following  demonstration  that  the 
kinetic  energy  of  a  rotating  rigid  body  is  J-^/o^^:  Ek  for  a  particle  is  ^^mt^^.  Therefore 
Eh  for  the  whole  body  is  }^Mv".  But  v  =  rw.  Hence,  l^Mv"^  =  J/^Mr^w^.  But 
Mr^  =  lo',  therefore,  Ek  =  3^/oco2. 

787.  If  the  kinetic  energy  of  a  rigid  body  having  plane  motion  is  expressed  as  the 
simi  of  two  terms  (j^MvJ^  +  K-^ow^),  what  point  in  the  body  must  be  selected  as 
the  point  0? 

788.  The  following  equation  expresses  the  principle  of  work  and  kinetic  energy 

as  applying  to  a  non-rigid  mass-system  We  +  UH  =  ^Ek-  Explain  why  tr,-  becomes 
zero  for  a  rigid  body.  State  in  words  the  principle  of  work  and  kinetic  energy  for  a 
rigid  body. 

789.  State  the  conditions  to  which  the  equation  We  =  ]/2M{v^  —  vi")  applies. 

790.  What  is  the  greatest  speed  at  which  a  motor  capable  of  delivering  10  kw. 
can  lift  an  elevator  weighing  1000  lb.,  frictional  forces  being  neglected. 

Am.     V  =  7.37  ft./sec. 

791.  A  small  sphere  weighing  4  lb.  is  suspended  by  a  string  6  ft.  long  and  swings 
as  a  pendulum.  As  the  sphere  passes  through  its  lowest  position  its  velocity  is 
10  ft./sec.     How  far  vertically  above  its  lowest  position  does  it  rise? 

Ans.     h  =  1.55  ft. 

792.  A  body  weighing  16.1  lb.  is  projected  up  a  smooth  plane  making  an  angle 
of  30°  with  the  horizontal  with  an  initial  velocity  of  20  ft./sec.  After  moving  4  ft. 
the  bod}^  strikes  axially  a  helical  spring,  which  is  fixed  at  its  upper  end,  and  com- 
presses it  3  in.     Find  the  modulus  of  the  spring. 

Ans.     Modulus  =  176  lb. /in. 

793.  In  Fig.  470  the  pulley  B  which  has  a  diameter  of  20  in.  is  keyed  to  the 
shaft  of  a  motor  that  is  rotating  at  90  r.p.m.    The  weight  of  A  is  10  lb.  and  the  spring 
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S  is  stretched  3  in.    The  modulus  of  the  spring  is  20  lb.  per  in.    Calculate  the  horse- 
power delivered  by  the  motor  to  the  shaft  on  which  the  pulley  is  keyed. 

Ans.     0.72  h.p. 

794.  A  disk  D  (Fig.  471),  weighs  120  lb.  and  is  4  ft.  in  diameter.  The  axle  to 
which  it  is  keyed  also  carries  a  drum,  B,  10  in.  in  diameter,  to  which  a  friction-band 
brake  (not  showni)  may  be  applied.  If  the  disk  is  rotating  at  100  r.p.m.  when  the 
brake  is  applied,  what  is  the  average  frictional  force  developed  on  the  circumference 
of  the  drum  if  the  disk  is  brought  to  rest  in  20  revolutions?  Neglect  the  mass  of  the 
friction  drum.  Ans.     F  =  7.8  lb. 
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Fig.  470. 


Fig.  471. 


Fig.  472. 


795.  A  two-wheeled  cart  (Fig.  472)  weighs  360  llx  including  the  weight  of  the 
wheels;  the  weight  of  each  disk  wheel  is  60  lb.  and  the  diameter  is  4  ft.  What  force 
P  parallel  to  the  track  is  required  to  give  the  cart  a  speed  of  15  mi.,  hr.  in  a  distance 
of  100  ft.,  starting  from  rest?  Am.     P  =  212  lb. 


CHAPTER  X 

IMPULSE  AND   MOMENTUM 

136.  Preliminary. — In  Art.  115,  the  statement  was  made  that 
impulse  is  a  quantity  which  involves  force  and  time,  and  that  momentum 
is  a  quantity'  which  involves  mass  and  velocity.  And  the  fact  was  noted 
that  the  use  of  these  quantities  in  the  analysis  of  the  motion  of  bodies 
requires  no  fundamental  laws  in  addition  to  Newton's  laws  of  motion. 
However,  methods  which  make  use  of  impulse  and  momentum  offer 
advantages,  in  certain  types  of  problems,  over  the  methods  of  work  and 
energy   (Chapter  IX)  and  of  force,  mass,  and  acceleration   (Chapter 

yiii). 

In  detennining  the  effect  of  forces  on  the  motion  of  bodies,  thus  far, 
by  the  method  of  force,  mass,  and  acceleration  and  by  the  method  of 
work  and  energy,  it  has  been  assumed  that  the  forces  have  acted  on 
rigid  bodies  during  a  definite  (comparatively  large)  interval  of  time,  and 
when  the  forces  were  not  constant  the  manner  in  which  they  varied 
during  the  period  was  assumed  to  be  kno^\ii.  To  such  conditions  the 
methods  of  impulse  and  momentum  also  apply,  and  in  many  cases  offer 
a  simpler  method  of  solution  than  the  methods  previously  discussed. 
Forces  sometimes  act,  however,  for  a  very  short  (indefinite)  interval  of 
time  during  which  the  value  of  the  force  at  any  instant  is  not  known. 
These  forces  may,  nevertheless,  produce  very  appreciable  changes  in  the 
motion  of  the  bod}'.  Such  forces  are  called  ijyipidsive  forces.  The 
principles  of  impulse  and  momentum  are  of  special  value  when  consider- 
ing the  motion  of  bodies  under  the  action  of  impulsive  forces.  The 
bodies  upon  which  impulsive  forces  act  deform  under  the  excessive 
pressures  produced  and  hence,  in  determining  the  motions  of  bodies 
under  the  influence  of  impulsive  forces,  the  bodies  cannot  always  be 
assumed  to  be  rigid  without  introducing  appreciable  errors.  As 
examples  of  impulsive  forces  the  following  may  be  mentioned :  the  force 
exerted  on  a  projectile  due  to  the  explosion  of  the  powder;  the  action  of 
one  billiard  ball  on  another;  the  force  exerted  by  the  ram  of  a  pile  driver 
on  the  pile;  the  pressure  between  two  railway  cars  when  making  a 
fljang  coupling;  the  action  of  a  steam  jet  on  the  blades  of  a  high-speed 
steam  turbine;  the  pressure  exerted  by  the  water  in  a  pipe  line  on  a 
valve  which  is  closed  suddenly. 
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The  purpose  of  the  present  chapter  is  to  make  clear  the  conception 
or  meaning  of  impulse  and  of  momentum,  to  develop  certain  principles 
which  express  relations  between  these  quantities,  and  to  apply  these 
principles  to  problems  in  kinetics. 

§  1.    Impulse 

137.  Impulse  and  Impact  Defined.  Units. — The  impulse  of  a  con- 
stant force  is  defined  as  the  product  of  the  force  and  the  time  interval 
during  which  the  force  acts.  Thus,  the  impulse  of  a  force  F  is  defined 
by  the  equation 

Imp.  =  FLt, 

provided  that  the  force  remains  constant  during  the  time  interval  M. 
If  the  force  varies  in  magnitude  but  not  in  direction,  the  impulse  for  an 
indefinitely  short  period  of  time  dt,  is  F-dt,  and,  for  a  time  interval 
M  =  t2  —  ti,  the  impulse  is 


Imp.  =  I     Fdt. 

In  order  to  evaluate  this  integral  by  the  method  of  calculus,  F  must  be 
expressed  in  terms  of  t.  The  impulse  of  a  force  which  acts  on  a  body 
during  a  very  short  (indefinite)  interval  of  time  is  also  given  by  the 
above  expression  but,  as  noted  in  the  preceding  article,  the  impulsive 
force  camiot  be  expressed  in  terms  of  t,  since  its  law  of  variation  is  not 
known,  and  hence  the  impulse  camiot  be  determined  directly  but  is 
found  in  terms  of  the  change  of  momentum  of  the  body  on  which  the 
force  acts,  as  is  discussed  in  the  subsequent  pages. 

The  impulse  of  an  impulsive  force  is  sometimes  called  an  impact,  that 
is,  an  impact  is  a  sudden  impulse.  The  term  impact,  however,  is  also 
freriuently  used  as  descriptive  of  the  act  of  collision  of  bodios.  In  some 
problems  it  is  convenient  to  estimate  the  time  interval  of  the  impulsive 
force  and  to  express  the  impact  as  the  product  of  an  average  value  of  the 
force  and  an  as.sumed  or  estimated  time  interval  A/  =  /^  —  'i-     Thus 


Imp.  =  I     Fdt  =  Fav-^t, 

in  which  F„r  denotes  the  time-average  value  of  the  impulsive  force 
which  LS  a.ssumed  to  act  during  the  time  interval  At.  The  impulse  of  a 
force  frequently  Is  called  linear  impulse  in  contrast  with  the  moment  of 
the  impulse  which  is  called  angular  impure.     (See  Art.  139.) 


MOMENT  OF  IMPULSE.    ANGUT.AR  IMPULSE  3L5 

Units. — The  unit  of  an  impulse  is  a  combination  of  a  unit  of  force 
and  of  time  and,  hence,  is  a  compound  unit.  The  unit  of  impulse  has 
no  special  name.  In  the  gravitational  or  engineer's  system  of  units 
(Art.  103)  if  the  pound  is  selected  as  the  unit  of  force  and  the  second  for 
the  unit  of  time,  the  unit  of  impulse  is  the  pound  second  (lb.  sec). 

138.  Components  of  Linear  Impulse. — The  impulse  of  a  force,  like 
the  force  itself,  is  a  directed  or  vector  quantity,  the  sense  and  action  line 
of  the  impulse  being  the  same  as  that  of  the  force.  An  impulse  of  a 
force,  therefore,  may  be  resolved  into  components  and  may  have  a 
moment  with  respect  to  a  point  or  a  line.  The  component,  in  any 
direction,  of  the  impulse  of  a  constant  force  is  the  product  of  the  com- 
ponent of  the  force  in  the  given  direction  and  the  time  interval  A^  during 
which  the  force  acts.     That  is, 

(Imp.):c  =  F^-M;     (Imp.)y  =  Fy-At,  etc. 

And,  if  the  force  varies  in  magnitude  or  in  direction  during  the  time 
interval  At  =  t2  —  ti,  the  components  of  the  impulse  are 

(Imp 


■)x=         FJt;     {Imp.)y=  /    Fydt,  etc. 


Linear  Impulse  of  a  Force  System. — The  linear  impulse,  in  any  direc- 
tion, of  a  force  system  is  the  algebraic  sum  of  the  components,  in  the 
given  direction,  of  the  impulses  of  the  forces  of  the  system.  Thus,  for  a 
force  system  in  which  the  forces  are  constant,  the  linear  impulse  of  the 
force  system  in  any  direction  x,  is 

(Imp.),  -  ^F,At. 

Or,  if  the  forces  of  the  system  vary  during  the  interval  At  =  t2  —  ti, 
then 

(Imp.),  =  2  /    F,dt. 

139.  Moment  of  Impulse.  Angular  Impulse. — The  moment  of  the 
impulse  of  a  constant  force  about  any  point  or  axis  is  the  product  of 

the  moment,  T,  of  the  force  about  the  given  point  or  axis,  and  the  time 
interval,  At,  during  which  the  force  acts.  The  moment  of  the  impulse 
of  a  force  is  also  called  the  angular  impulse  of  the  force.  Thus,  the 
angular  impulse  of  a  constant  force  with  respect  to  an  axis  0,  is  defined 
by  the  equation 

(Ang.Imp.)o  =  ToM, 

in  which  To  is  the  moment  of  the  force  with  respect  to  the  axis  0. 
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And,    if    the    force    varies    in    magnitude    during    the    time    interval 
At  =  t2  —  ti,  the  moment  of  the  impulse  is  expressed  by  the  equation 


/'2 
ToC 


(Ang.  Imp.)o  =  /     Todt. 

Units. — In  the  gravitational  system  of  units,  if  the  units  of  force, 
time,  and  length  are  the  pound,  second,  and  foot,  respectively,  the  unit 
of  angular  impulse  is  the  pound-second-foot  (Ib.-sec.-ft.). 

Angular  Impulse  of  a  Force  Sy stein. — The  angular  impulse  of  a  force 
system  about  any  axis  is  the  algebraic  sum  of  the  angular  impulses  of 
the  forces  of  the  system  about  the  given  axis.  Thus,  if  the  forces  of 
the  system  are  constant,  the  angular  impulse  of  the  system  about  the 
axis  0  is 

{Ang.  Imp.)o  =  ^TM- 

And,  if  the  forces  vary,  the  angular  impulse  of  the  force  system  about 
the  axis  0,  for  the  time  interval  M  =  t2  —  ti,\s  expressed  by  the  equa- 
tion 


/ 


{Ang.  Imp.)o  =  S  /     Todt. 

It  should  be  noted  that  the  linear  (and  angular)  impulse  of  a  constant 
force,  or  of  a  variable  force  for  which  the  law  of  variation  Is  known,  Is 
not  as  important  a  conception  in  the  analysis  of  the  motion  of  a  body  as 
Is  the  impulse  of  an  impulsive  force.  However,  as  already  noted,  even 
for  constant  forces  which  act  during  a  comparatively  long  time  interval, 
the  methods  of  impulse  and  momentum  may  possess  advantages  over 
other  methods. 


^. 
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796.  A  body  weighing  40  lb.  slides  down  an  inclined  jilane  in  4  sec.  The  plane 
makes  an  angle  of  60°  with  the  horizontal.  If  the  coefficient  of  friction  is  0.2  find 
the  component  of  the  linear  impnlse  of  the  force  system  acting  on  the  body  j)arallel 
to  the  plane. 

797.  The  linear  imjHjlse  of  the  total  pressvire  of  the  steam  on  the  piston  t)f  a  steam 
engine  is  4200  11). -sec.  The  diameter  of  the  cylinder  is  14  in.  and  the  engine  nnis  at 
200  r.p.m.  Find  the  average  (time  average)  pressure  (in  pounds  per  square  inch) 
of  the  steam  against  the  piston  during  one  stroke.  A  us.     p  =  182  lb. /in.' 

V^  798.  .\  train  having  a  weight  of  2000  tons  travels  up  a  )^  per  cent  grade.  The 
draw-bar  pull  of  the  engine  is  50,000  lb.  and  the  train  resistance  is  8  lb.  'ton  of  weight. 
If  it  takes  2  min.  to  travel  up  the  grade,  find  the  linear  impulse  of  the  force  system 
acting  on  the  train  for  the  2-min.  interval. 

799.  A  constant  frictional  moment  of  200  lb. -ft.  is  applied  to  a  rotating  drum  liy 
means  of  a  band  brake  (see  Fig.  214).     If  the  moment  decreases  the  angular  vel<><*ity 
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of  the  drum  uniformly  from  90  r.p.m.  to  10  r.p.m.  while  the  drum  makes  30  revolu- 
tions, find  the  angular  impulse  of  the  band  brake  on  the  drum. 

Ans.     7200  Ib.-ft.-sec. 

- 800.  A  force  acts  on  a  body  along  a  fixed  straight  line,  the  magnitude  and  sense 

of  the  force  being  indicated  by  the  ordinate  to  the  graph  shown  in  Fig.  473.  Find 
the  impulse  of  the  force  for  the  period  of  4  sec.  Find  the  impulse  for  the  first  three 
seconds. 


Fig.  473. 


801.  The  torque-time  curve  for  a  couple  that  acts  on  a  body  is  a  semi-circle  as 
shown  in  Fig.  474.     What  is  the  angular  impulse  of  the  couple  for  a  period  of  4  sec? 

Ans.     Ang.  Imp.  =  31.4  lb. -sec.  it. 

802.  A  car  coasting  on  a  straight  track  is  brought  to  rest  by  bumping  into  a  spring 
biunper.  From  a  study  of  the  change  in  the  velocity  of  the  car  it  is  found  that  the 
impulse  of  the  force  exerted  on  the  car  by  the  spring  while  being  compressed  is 
100,000  lb. -sec.  If  the  time  consumed  in  compressing  the  spring  is  3^  sec,  what  is 
the  time-average  value  of  the  force  exerted  by  the  spring? 

803.  A  disk  is  keyed  to  a  shaft  and  the  moment  T  exerted  by  the  shaft  on  the  disk 
varies  according  to  the  law  T  =  2t^  +  At,  where  T  is  expressed  in  pound-feet  and 
t  in  seconds.  Find  the  angular  impulse  of  the  shaft  on  the  disk  in  the  interval  t  =  0 
to  i  =  4  sec.  Ans.     Ang.  Imp.  =  74.7  Ib.-sec-ft. 


§  2.  Momentum 

140.  Momentum  of  a  Particle  Defined.     Units. — The  momentum 

of  a  moving  particle,  at  2a\y  instant,  is  defined  as  the  product  of  the 
mass  of  the  particle  and  its  velocity  at  the  instant.  Thus,  the  momen- 
tum of  a  particle  of  mass  m  moving  with  velocity  v  is  defined  by  the 
equation 

Mom.  =  mv. 

Momentum,  like  velocity,  is  a  directed  or  vector  quantity.  Further- 
more, like  force,  momentum  is  represented  by  a  localized  vector,  that 
is,  it  has  a  definite  position  line;  the  direction  of  the  momentum  of 
a  particle  is  the  same  as  that  of  the  velocity  of  the  particle,  and  its 
position  line  passes  through  the  particle. 

The  momentum  of  a  particle  frequently  is  called  linear  momentum  in 
contrast  with  the  moment  of  momentum  of  the  particle  which  is  called 
angular  momentum. 
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Units. — The  unit  of  momentum  is  a  combination  of  a  unit  of  mass 
and  a  unit  of  time,  and  hence  is  a  compound  unit.  The  unit  of  momen- 
tum has  no  special  name.  In  the  gravitational  or  engineer's  .system  of 
units,  the  unit  of  ma.ss  is  a  derived  unit  called  a  slug,  as  explained  in 
Art.  103,  derived  from  the  units  of  force,  length,  and  time;  hence  the 
unit  of  momentum  is  also  a  derived  unit.  Thus,  if  the  pound,  foot,  and 
second  are  chosen  for  the  units  of  force,  length,  and  time,  respectively, 
the  unit  of  momentum  is  expressed  by 


1  unit  of  mass  X  1  unit  of  velocity  = 


1  lb.  X  1  S0C.2        1  ft. 


1ft. 


X 


1  sec. 


=  1  Ib.-sec. 


It  will  be  observed,  therefore,  that  momentum  is  expressed  in  the  same 
fundamental  units  as  is  impulse. 

141.  Components  of  Momentum.  Angular  Momentum. — Since  the 
momentum  of  a  particle  is  a  vector  quantity,  it  may  be  resolved  into 
components,  and,  like  any  localized  vector,  it  has  a  moment  with  respect 
to  any  point,  the  moment  being  defined  as  the  product  of  the  magnitude 
of  the  momentum  and  the  perpendicular  distance  from  the  position  line 
of  the  momentum  vector  to  the  point  or  moment-center.  The  moment 
of  the  momentum  of  a  particle  is  also  called  the  angular  momentum  of 
the  particle.  The  components  of  the  momentum  of  a  particle  of  mass  m 
moving  with  velocity  v  (Fig.  475),  and  the  angular  momentum  of  the 
particle  with  respect  to  the  point  0  are  expressed  by  the  equations: 

{Mom.)x  =  (mv)j;  = 


mi\ 


(Mom.)y  =   (mv)y  =  rtiVy. 

{Ang.  Mom..)o  =  mv-r, 

(Ang.  Mom.)o  =  mvjc-y  —  mvy- 


or 


Fia.  475. 


The  latter  expression  states  that  the 
angular  momentum  of  a  particle 
e{]uals  the  algebraic  sum  of  the 
moments  of  the  components  of  the 
momentum  of  the  particle. 

From    the    expression    mvr   it    is 
feet 


evident  that  the  units  of  angular  momentum  are  slug 


seconds 


feet  = 


slug-feet' 


,  or,  if  m  Ls  expressed  in  its  fuiulamental  units,  then  the  units 


seconds 

of  vivr  are  pound-foot-seconds,  which  are  the  same  as  those  of  angular 
impulse. 
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142.  Linear  Momentum  of  a  Body. — The  component  of  the  linear 
momentum,  in  any  direction,  of  any  body  (mass-system)  is  the  algebraic 
sum  of  the  components  in  the  given  direction  of  the  momentums  of  the 
particles  of  the  bod}'.  In  general,  the  momentums  of  the  particles  of  a 
body  vary  in  magnitude  and  in  direction.  It  was  shown  in  Art.  109, 
however,  that  the  linear  momentum  of  the  whole  body  may  be  found 
from  the  mass  of  the  whole  body  and  the  velocity  of  the  mass-center  of 
the  body.  Likewise  the  component,  in  the  a:-direction,  of  the  linear 
momentum  of  the  mass-system  (Art.  109)  is 

(Mom.)^  =  mW  +  ni"v^"  +  m"%"'  +  •  •  •  =  ilfy^, 

A  similar  equation  may  be  WTitten  for  the  ^/-component.  Thus  for  any 
mass-system  we  may  write 

(Afom.)j;  =  MVjc]     {Mom.)y  =  Mvy]    and    Mom.  =  Mv. 

That  is,  the  linear  momentum  of  any  moving  mass-system  is  the  product  of 
the  mass  of  the  whole  system  and  the  velocity  of  the  mass-center  of  the  system, 
and  its  direction  agrees  with  that  of  the  velocity  of  the  mass-center. 

It  should  be  noted  that  the  linear  momentum  vector  does  not,  in 
general,  pass  through  the  mass-center  of  the  mass-system.  If,  however, 
the  mass-system  is  a  rigid  body  that  has  a  motion  of  translation,  then 
the  linear  momentum  vector  passes  through  the  mass-center  of  the 
body.  (The  proof  is  left  to  the  student;  see  Art.  110  for  method  of 
proof.) 

A  general  expression  could  also  be  obtained  for  the  moment  of  the 
linear  momentum  (angular  momentum)  of  any  mass-system  having  any 
motion,  but  it  will  be  found  more  desirable  to  derive  expressions  that 
apply  only  to  rigid  bodies  having  the  special  motions  of  rotation  and 
plane  motion. 

143.  Angular  Momentum  of  a  Rotating  Rigid  Body. — Let  Fig.  476 
represent  a  rigid  body  rotating  about  a  fixed  axis  through  0  with  an 
angular  velocity  co.  The  linear  velocity  of  any  particle  of  the  body 
at  a  distance  /•  from  the  axis  of  rotation  is  /'co,  and  the  linear  momentum 
of  the  particle  of  mass  m  is  mv  or  mru  perpendicular  to  r.  Therefore, 
the  moment  of  momentum  of  the  particle  about  the  axis  of  rotation  is 

mv-r  =  mrco-r  =  mr^o:, 

and  the  algebraic  sum  of  the  moments  of  the  momentums  of  all  the 
particles  about  the  same  axis  is 

(Ang.  Mom.)o  =  Swr^w  =  cx}^mr~, 
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{Ang.  Mom.)o  =  /ooj, 
in  which  lo  is  the  moment  of  inertia  of  the  body  about  the  axL^  of  rotation. 


Fig.  476. 


]"io.  477. 


Position  of  the  Linear  Momentum  Vector.  — The  di.stance,  q,  from  the 
center  of  rotation,  0,  to  the  linear  momentum  vector  Mv  for  a  rotating 
rigid  body  (Fig.  477)  may  be  found  by  u.se  of  the  principle  of  moments 
as  follows: 

Mvq  =  /oco  =  MkJ^  -  ,     whence,     Q  =  -^ 
f  f 

in  which  ko  is  the  radius  of  gj'nition  of  tlio  body  about  tlic  axis  of  rotation. 
144.  Angular  Momentum  of  a  Rigid  Body  Having  Plane  Motion. — 
Since  a  plane  motion  of  a  rigid  body  may  be  consideiod  a.s  a  combina- 
tion of  a  rotation  and  a  translation  (Art.  96),  the  velocity  of  anj'  par- 
ticle P  (Fig.  478)  is  the  resultant  of  a  velocity  ru  due  to  the  rotation 

of  the  body  with  angular  velocity 
CO  about  an  axis  through  any 
point  0  perpendicular  to  the 
plane  of  motion,  and  the  velocity 
r„  due  to  the  translation  which 
gives  to  each  particle  the  velocity' 
I'o  of  the  point  0.  Therefore,  the 
components  of  tlie  momentum 
of  the  particle  P  are  ynru  and 
mvo  as  shown  in  Fig.  478.  And, 
if  7n{vo)x  and  ni{Vo)u  denote  tlie 
X-  and  ?/-component.s  of  mi'o, 
then  the  angular  momentum  of 


Kiu.  478. 


the  particle  with  respect  to  the  axis  through  0  is 

viru-r  +  t)i{Vo)x-y  —  m(fo)y-x, 
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and  the  angular  momentum  for  the  whole  body  with  respect  to  the 
axis  through  0  is 

{Ang.  Mom.)o  =  l^mr'^u  +  I,m{vo)xy  —  ^m(vo)yX 

=  iSLmi^  +  {vo)x^ffiy  —  (Vo)yIimx 

=  Io(o  +  {Vo)xMy  -  (Vo)yMx,  ....     (1) 

where  the  directions  of  the  x-  and  y-axes  and  co  are  taken  as  shown  in 
Fig.  478.  If  the  point  0  Ls  taken  as  the  mass-center,  G,  of  the  body,  the 
above  expression  reduces  to 

{Ang.  Mom,)rr,aas.center  =   Ao, (2) 

since  y  and  x  are  then  equal  to  zero  and  lo  becomes  /. 

It  is  important  to  note  that,  although  plane  motion  of  a  rigid  body 
may  be  considered  as  a  rotation  about  an  axis  through  any  point  0  in  the 
plane  of  motion,  combined  with  a  translation,  Eq.  (1)  shows  that  the 
angular  momentum  of  the  body  about  the  axis  through  0  is  not  equal 
to  IqO^  unless  0  is  chosen  as  one  of  the  three  following  points : 

(1)  The  mass-center  of  the  body,  in  which  case  the  expression 
for  the  angular  momentum  in  Eq.  (1)  reduces  to  /oco  (or  7w),  since 
X  and  y  are  zero  as  already  noted. 

(2)  The  instantaneous  center  of  zero  velocity,  in  which  case 
the  expression  reduces  to  /oco  since  Vo  is  then  zero. 

(3)  A  point  whose  velocity  is  directed  toward  (or  away  from) 
the  mass-center.  To  prove  this,  let  y<,  in  Fig.  478  be  directed 
toward  G  and,  for  convenience,  let  the  x-axis  be  coincident  with  Vo. 
The  resulting  expression  for  the  angular  momentum  then  becomes 

Position  of  the  Linear  Momentum  Vector. — ^The  distance,  q,  of  the 
linear  momentum  vector  Mv  from  0  when  0  has  any  one  of  the  three 
positions  specified  above  may  be  found,  as  in  the  case  of  pure  rotation, 
from  the  principle  of  moments.     Thus 

Mvq  =  loO}  =  Mk^oi.     Hence,  q  =  — —  , 

V 

in  which  ko  is  the  radius  of  gyration  of  the  body  about  the  axis  through  0. 

PROBLEMS 

A  small  body  (particle)  weighing  8  lb.  is  attached  to  one  end  of  a  string  and 
is  made  to  revolve  as  a  conical  pendulum  (see  Fig.  353).  If  the  body  revolves  at  a 
distance  of  15  in.  from  the  axis  with  an  angular  velocity  of  90  r.p.m.,  find  (a)  the 
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linear  momentum  of  the  body,  (b)  the  angular  momentum  of  the  body  with  respect 
to  the  axis  of  rotation. 

Am.     (a)  Mom.  =  2.93  Ib.-sec. ;  (6)  Ang.  Mom.  =  3.66  Ib.-ft.-sec. 

805.  A  slender  rod  rotates  in  a  horizontal  plane  about  a  vertical  axis  through 
one  end  of  the  rod.  If  the  rod  is  3  ft.  long,  weighs  4  lb.  per  foot,  and  rotates  at 
120  r.p.m.,  find  its  angular  momentum  about  the  axis  of  rotation. 

806.  Determine  the  linear  momentum  of  the  rod  described  in  the  preceding  prol>- 
lem  and  find  the  position  of  the  momentum  vector. 

Ans.     Mom.  =  7.02  Ib.-sec;  5  =  2  ft. 

807.  Find  the  angular  momentum,  about  the  axis  of  rotation,  of  the  fl>'whecl 
shown  on  the  punching  machine  in  Fig.  454,  when  the  flywheel  is  rotating  at  225  r.p.m. 
Use  the  value  of  /  found  in  Prob.  747. 

808.  Two  small  bodies  A  and  B  (Fig.  479)  move  on  a  circle  whose  radius  is  2  ft. 
When  in  the  positions  shown  the  velocity  of  A  is  40  ft. /sec.  and  the  x-component  of 
the  momentum  of  the  system  consisting  of  the  two  bodies  is  5  Ib.-sec.  The  weight 
of  ^  is  5  lb.  and  that  of  Zi  is  8  lb.     What  is  the  velocity  of  B? 

Ans.     vb  =  6.89  ft./sec. 


I'lG.  479. 


2       3 
Time 

Fia.  481. 


809.  A  .small  body  A  in  Fig.  480  weighs  4  lb.  and  is  made  to  rotate  clockwise  with 
a  constant  angular  velocity  of  60  r.p.m.  in  a  circular  path  in  a  plane  parallel  to  the 
j/z-plane.  Calculate  the  angular  momentum  of  the  body  with  respect  to  the  ?/-axis 
in  terms  of  6,  where  6  is  mejisured  from  a  line  parallel  to  the  ?/-axis.  Draw  (frr(^ 
hand)  a  curve  showing  approximately  the  variation  of  the  angular  momentum  with  0. 

810.  A  small  block  travels  in  a  straight  path  along  a  horizontal  plane;  its  linear 
momentum  varies  with  time  as  shown  in  Fig.  481,  in  which  the  momentum  is  expressed 
in  Ib.-sec.  units  and  time  in  seconds.  Describe  the  motion  of  the  block  and  calculate 
the  change  in  linear  momentum  of  the  block  during  the  third  second. 

Ans.     A  Mom.  =  4  Ib.-sec. 

811.  A  solid  cylinder  weighing  128.8  lb.  rolls,  without  slipping,  down  an  inclined 
plane.  The  linear  velocity  of  the  mass-center  of  the  cylinder  at  a  given  instant  is 
30  ft./sec.  The  diameter  of  the  cylinder  is  IS  in.  Find  the  angular  momentum  of 
the  cylinder  (a)  about  an  axis  through  the  mass-center  peri)endirular  to  the  plane  of 
motion,  (6)  alx)ut  the  instantaneous  a,\is  of  rotation. 

812.  A  door  of  uniform  thickness  and  3-ft.  width  swings  al>out  a  vertical  axis 
through  one  edge  with  an  angular  velocity  of  2  rad./sec.  The  door  weighs  96.6  II). 
Find  the  angular  momentum  of  the  door  about  the  axis  of  n>tation.  Also  find  the 
m.ignitude  of  the  linear  monientuni  and  the  position  of  the  momentum  vector. 

Ann.     Aug.  Mum.  =  IS  Ib.-stc.-fl. ;   Mum.  -  9  Il>.-s<c.;  7  =■  2  ft. 
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813.  A  homogeneous  sphere  weighs  322  lb.  and  has  a  radius  of  1  ft.  The  sphere 
rolls,  without  slipping,  on  a  horizontal  plane.  If  the  kinetic  energy  of  the  sphere  is 
700  ft. -lb.,  what  is  the  angular  momentum  about  an  axis  through  the  center  of  the 
sphere  perpendicular  to  the  plane  of  motion?  Find  the  linear  momentum  of  the 
sphere  and  the  position  of  the  momentum  vector. 

§  3.    Principles  of  Impulse  and  Momentum 

145.  Preliminary. — In  order  to  determine  the  effect  of  a  force  system 
on  the  motion  of  a  body,  that  is,  in  order  to  treat  the  usual  problem  in 
kinetics,  by  means  of  the  quantities  impulse  and  momentum,  the  rela- 
tions which  exist  between  the  impulse  of  the  force  system  and  the 
momentum  of  the  body  on  which  the  force  system  acts  must  be  estab- 
lished. These  relations  are  expressed  by  means  of  two  principles, 
namely,  (1)  the  principle  of  linear  impulse  and  linear  momentum  and 
(2)  the  principle  of  angular  impulse  and  angular  momentum. 

146.  Principle  of  Linear  Impulse  and  Linear  Momentum. — It  was 
stated  in  Art.  109  that  the  algebraic  sum  of  the  components,  in  a  given 
direction,  of  the  external  forces  acting  on  any  body  (whether  rigid  or 
not)  is  equal  to  the  mass  of  the  body  times  the  component  of  the  accel- 
eration of  the  mass-center  of  the  body  in  the  given  direction.  That  is, 
if  X  denotes  any  direction, 

SF^  =  Ma,  =  M-^  =  -  (Mv,) (1) 

And,  by  integrating  this  equation,  the  following  equation  which  expresses 
the  principle  of  linear  impulse  and  linear  momentum  is  obtained 


^F^dt  =  /       d{Mv:c)- 


Or 


S  /    F^t  =  Mv'\  -  Mv',, (2) 

in  which  v"x  and  v'x  are  the  rc-components  of  the  velocity  of  the  mass- 
center  of  the  body  at  the  end  and  at  the  beginning,  respectively,  of  the 
time  interval  t^  —  t\-  The  principle  of  linear  impulse  and  Unear 
momentum  then,  as  expressed  in  Eq.  (2)  may  be  stated  in  words  as 
follows:  The  algebraic  sum  of  the  components,  in  any  direction,  of  the 
impulses  of  the  external  forces  acting  on  a  body  during  any  time  interval  is 
equal  to  the  change  in  the  component  of  the  linear  momentum  of  the  body  in 
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the  sa7ne  direction  during  the  same  interval  of  time,  or,  stated  in  the  form  of 
an  equation, 

(Imp.)^  =  MMom.)^ (3) 

in  which  x  represents  any  direction. 

It  should  be  noted  also  that  equation  (1)  expresses  an  important 
principle  which  may  be  stated  in  words  as  follows:  The  algebraic  sum, 
of  the  components,  in  any  direction,  of  the  external  forces  acting  on  any  body 
is  equal  to  the  rate  of  change  of  the  component  of  the  linear  momentum  of  the 
body  in  the  same  direction. 

147.  Principle  of  Angular  Impulse  and  Angular  Momentum. — The 
relation  between  the  angular  imi^ulse  of  the  forces  acting  on  a  body  and 
the  angular  momentum  of  the  body  will  now  be  found  for  rigid  bodies 
having  a  motion  of  rotation  or  a  plane  motion. 

Rotation  of  a  Rigid  Body. — It  was  shown  in  Art.  Ill  that,  if  a  rigid 
body  rotates  about  a  fixed  axis,  the  algebraic  sum  of  the  moments  of  the 
external  forces  about  the  axis  of  rotation  is  equal  to  the  product  of  the 
moment  of  inertia  of  the  body  about  the  axis  of  rotation  and  the  angular 
acceleration  of  the  body.     That  is, 

:^To  =  IoCx  =  lo^  =  7,  (/oc.) (1) 

dt       dt 

Now  by  integrating  this  equation,  the  following  equation,  which 
expresses  the  principle  of  angular  impulse  and  angular  momentum 
for  a  rigid  body  rotating  about  a  fixed  axis,  is  obtained: 


^T^dt  =  / 


diloc^). 
Or 


■■I 


Todt  =  /„ojo  —  7(,a)i, (2) 


in  which  ui  and  aj2  are  the  angular  velocities  of  the  body  at  the  beginning 
and  end,  respectively,  of  the  time  interval  ^2  ~  'i- 

The  principle  expre.s.sed  by  Eq.  (2)  may  be  stated  as  follows:  The 
algebraic  sum  of  the  angular  impidses  of  the  external  forces  acting  on  a 
rotating  rigid  body,  about  the  axis  of  rotation,  for  any  time  interval,  is 
equal  to  the  change  of  angular  momentum  of  the  body  about  the  same  axis  in 
the  same  interval  of  time.     Or  stated  in  the  form  of  an  equation, 

{Ang.  Imp.)o  =  L{Ang.  Mom.),, (3) 

It  should  be  noted  also  that  Eq.  (1)  expresses  an  important  principle 
which  may  be  stated  in  words  as  follows:    The  algebraic  sum  of  the 
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moments  of  the  forces  acting  on  a  rotating  rigid  body  about  the  axis  of 
rotation  is  equal  to  the  rate  of  change  of  the  angular  momentum  of  the  body 
about  the  same  axis. 

Plane  Motion  of  a  Rigid  Body.— It  was  shown  in  Ait.  114  that 
the  equation  ZT^  =  loa  also  applias  to  a  rigid  body  having  plane 
motion,  provided  that  the  point  0  is  the  mass-center  of  the  body. 
Therefore,  Eq.  (2)  and  (3)  apply  also  to  a  rigid  body  havmg  plane 
motion  provided  that  0  is  the  mass-center  of  the  body.  Thus  the  equa- 
tion (Aug.  Imp.)o  =  A{Ang.  Mom.)o  becomes  (Ang.  Im'p.)mas,-cenier 
=  ^{Ang.  Mom.),nass-center,  and,  if  the  forces  acting  on  the  rigid  body 
are  constant,  this  may  be  written : 

tfLt  =  7(C02  -  (Ol) 

The  equation  {Ang.  Imp.)o  =  ^{Ang.  Mom.)o,  however,  Ls  not 
restricted  to  the  case  where  0  coincides  with  the  mass-center  of  the 
body  but  may  be  used  where  0  is  any  point  m  the  plane  of  motion,  as 
may  be  shown  by  starting  with  the  general  expression  for  ZTo 
m  equations  (1)  of  Art.  114  instead  of  starting  with  the  restricted 
equation  llTo  =  loct-  But,  as  noted  in  Art.  144,  {Ang.  Mom.)o  is  not 
equal  to  Zoco  unless  0  is  the  mass-center  of  the  body,  or  the  center  of 
zero  velocity,  or  a  point  whose  velocity  Is  directed  toward  (or  away 
from)  the  mass-center. 

148.  Method  of  Analysis  of  the  Motion  of  a  Body  by  Means  of 
Impulse  and  Momentum. — It  was  noted  in  Art.  108  that,  in  the  analysis 
of  the  motion  of  any  body  under  the  action  of  an  unbalanced  force 
system,  relations  must  be  found  which  involve  (1)  the  forces  acting  on 
the  body,  (2)  the  kinetic  properties  of  the  body,  and  (3)  the  kinematic 
properties  of  the  motion  of  the  body  (linear  and  angular  velocity  or 
acceleration,  etc.). 

Now  these  three  factors  are  involved  in  the  principles  of  impulse  and 
momentum.  And,  as  noted  in  Art.  100,  in  the  analysis  of  the  motion 
of  a  body  that  has  a  plane  motion,  three  equations  are  needed.  Two  of 
these  equations  are  obtained  by  expressing  the  principle  of  Imear 
impulse  and  linear  momentum  with  reference  to  any  two  rectangular 
axes  in  the  plane  of  motion,  and  the  third  equation  is  obtamed  by 
expressing  the  principle  of  angular  impulse  and  angular  momentum 
with  reference  to  an  axis  perpendicular  to  the  plane  of  motion.  Thus, 
the  three  equations  may  be  written  as  follows : 

{Imp.)x  =  A(Mom.)x, 

{Imp.)y  =  A{Mom.)y, 

{Ang.  Imp.)o  =  A{Ang.  Mom.)o. 
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c^ 


stream  of  water 

— ^  _ 
v 
Fixed  blade^ 

Fig.  482 


The  particular  forms  of  the  expressions  for  the  above  quantities  depend 
upon  the  type  of  forces  (whether  constant  or  variable,  etc.),  the  kind 
of  body  (whether  rigid,  etc.),  and  the  type  of  motion  (whether  transla- 
tion, rotation  or  plane  motion). 

ILLUSTRATIVE   PROBLEMS 

Problem  814.— A  cylindrical  jet  of  water  1J^2  >n.  in  diameter  impinges  on  a  fixed 

,,  blade  which  is  inclined  at  an  angle  of  30° 

with  the  direction  of  the  jet  as  shown 
in  Fig.  482.  The  velocity  of  the  jet  is 
25  ft. /sec.  Find  the  horizontal  and  ver- 
tical components  of  the  pressure  of  the 
water  on  the  blade  (or  blade  on  the  water). 
Assume  that  the  magnitude  of  the  velocity 
of  the  jet  is  not  changed  bj'  the  action  of 
the  blade.  Also  assume  that  the  only 
force  acting  on  the  water  while  it  is  in  contact  with  the  blade  is  the  pressiu-e  of  the 
blade. 

Solution. — Let  Px  and  Py  be  the  unknown  horizontal  and  vertical  pressures 
exerted  by  the  blade  on  the  water,  these  pressures  being  the  cause  of  the  change  in 
the  momentum  of  the  water. 

The  principle  of  impulse  and  momentum  states  that 

XFx-At  =  M{v"x  -  v'r) (1) 

llFyAt  =  Miv"y  -  V'y) (2) 

Let  At  be  taken  as  any  convenient  time  interval  (1  sec,  say).     Then  M  is  the  mass 

of  the  water  upon  which  the  blade  acts  in  the  same  time  interval. 

Taking  the  direction  of  the  velocity  of  the  impinging  water  as  positive,  and  the 

weight  of  water  as  62.5  Ib./cu.  ft.,  we  have, 

From  (1), 

,r(1.5)2  X  25  X  62.5 

(25  —  25  cos  30  ). 


Whence 


From  (2), 


P    1  = 

4  X  144  X  32.2 

Px  =  0.594(25  -  21.65)  =  1.99  11). 


Pyl  =  0.594(25  sin  30°  -  0)  =  7.43  lb. 


Problem  815. — A  cylinder  weighing  W  lb.  and 
having  a  radius  of  r  ft.  rolls,  without  slipping,  up  a 
plane  making  an  angle  of  30°  with  the  horizontal.  .\ 
force  of  <i  W  11).  perpendicular  to  the  axis  of  the  cylinder 
is  exerted  on  the  cylinder  by  means  of  cords  wrappni 
around  short  cylindrical  jmijections  on  the  end.s  of  the 
cyUndcr  as  shown  in  Fig.  483.  The  radius  of  the  projec- 
tions is  J^ar.  What  is  the  velocity,  {),  of  the  center  of  the 
cylinder  4  sec.  after  starting  from  rest? 

Solution. — The  free-body  diagram  of  the  cylinder  is 
shown  in  Fig.  483.  From  the  i)riii(iples  of  imi)ulsc  and 
riKinn'ritiim  we  have; 
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I,F:,-At  =  M{v"x  -  v\)     or 


Tf 


(|]r  -\-w  ^F)\  =  —-v 


XFyAt  =  M{v"y  -  v'y)     or  {N  -  0.866TF)4  =  0 


ST-A<  =/  (w2  -  wi)  or 


W 


{^W-\r  -  Ft)\  =  -^  — r2w2 
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(1) 
(2) 
(3) 


From  (3), 


F  =  W  - 


W 

—  V, 
9 


since  rw2  =  v. 


Substituting  this  value  of  F  in  (1)  and  solving,  we  find 
V  =  -f-fg  =  60.1  ft. /sec. 
Problem  816.— The  wheel  in  Fig.  484  is  rotating  with  an  angular  velocity  of 
120  r  p.m.  when  the  brake  shoe  A  is  applied.  The  force  P  is  increased  graduaUy 
from  0  to  20  lb.  in  5  sec.  and  then  gradually  decreased  to  0  again  as  mdicated  m  the 
force-time  diagram  in  Fig.  484(6).  Find  the  angular  velocity  of  the  wheel  at  the  end 
of  10  sec.  The  weight  of  the  wheel  is  322  lb.,  its  radius  of  gyration  is  1.5  ft.,  and  the 
coefficient  of  friction  m  between  the  wheel  and  brake  shoe  is  0.3. 

IP  |N=4P 

F=1.2P 


Time,  sec. 

(6) 
Fig.  484. 

Solution.— From  the  principle  of  angular  impulse  and  momentum  we  have 

Tdt  =  AC/w) 


/■ 


where  T  is  the  torque  acting  on  the  wheel  at  any  time  t.  From  the  free-body  diagram 
of  the  wheel  (Fig.  484c)  we  see  that  the  frictional  force  F  =  ^N  at  any  mstant  is 
1.2P,  the  value  of  the  normal  pressure  N  being  found  by  considering  the  equilibrium 
of  the  bar  on  which  P  is  acting.  Hence  the  torque  T  =  Fr  =  2AP.  But  P  =  4<. 
Therefore, 


if  T  dt  =  2  f  2AX^tdt 


322   /3Y 

I  -  I  (47r  —  Cu2) 

32.2  V2/ 


Hence, 


19.2     -        =  —  (47r  -  W2) 
12  Jo        4 

19.2X25       90 

. ■     =    (-iTT    —   032) 

2  4 

C02  =  1.90  rad. /sec.  =  18.15  r.p.m. 


PROBLEMS 
/     817.  A  jet  of  water  2  in.  in  diameter  has  a  velocity  of  30  ft./sec.  in  a  horizontal 
^ilfection.     If  the  jet  impinges  normally  against  a  fixed  vertical  plane,  what  is  the 
pressure  of  the  water  on  the  plane? 
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]/  818.  A  53''2-oz.  baseball  moving  horizontally  with  a  velocity  of  150  ft. /sec.  is 
struck  by  a  bat  and  is  deflected  135°  from  its  original  direction  as  indicated  in  Fig. 
485.  If  the  speed  of  the  ball  as  it  leaves  the  bat  is  130  ft./sec,  compute  the  hori- 
zontal and  vertical  components  of  the  impulse  of  the  bat  on  the  ball.  Assuming 
that  the  time  of  contact  is  ^^o  sec,  determine  the  average  value  of  the  force  during 
the  impact. 

Am.     (Imp.);,  =  2.58  Ib.-sec;   ilmp.)^  =  0.98  Ib.-sec;   ^average  =  138  lb. 


V  =  130  ft./sec. 


(fc>---- 

^O'    v'=l50  ft./sec. 


Fig.  485, 


Fig.  487. 


819.  A  horizontd  stream  of  water  having  a  velocity  of  20  ft./sec.  strikes  a  fixed 
blade  as  shown  in  Fig.  486.  Assuming  that  the  friction  of  the  water  on  the  blade  "3 
negligible  find  the  horizontal  force  exerted  on  the  blade.  The  cross-section  of  the 
stream  is  2  sq.  in. 

820.  A  horizontal  stream  of  water  having  a  velocity  of  40  ft. /.sec.  strikes  a  mov- 
ing blade  as  shown  in  Fig.  487.  The  velocity  w  of  the  blade  is  10  ft./sec.  in  the  direc- 
tion of  the  velocity  of  the  water.  The  diameter  of  the  stream  is  f  in.  Find  the 
horizontal  force  exerted  by  the  water  on  the  blade.  Ans.     P  =  5.36  lb. 

821.  A  body  slides  down  a  plane  inclined  45°  with  the  horizontal.  If  the  coeffi- 
cient of  kinetic  friction  is  0.2,  how  many  seconds  will  it  take  for  the  velocity  of  the 
body  to  change  from  10  ft./sec.  to  30  ft./sec? 

822.  A  certain  machine  gun  fires  350  bullets  per  minute.  If  each  bullet  weighs 
1  oz.  and  the  muzzl"  velocity  of  the  bullets  is  2200  ft./sec,  what  is  the  average 
reaction  of  the  gun  against  its  support?  Neglect  the  reaction  due  to  the  discharged 
gases.  Am.     R&verage  =  24.9  1b. 

823.  In  the  relief  valve  shown  in  Fig.  488 
the  discharge  area  is  assumed  to  be  equal  to 
the  circumference  of  the  pipe  times  the  lift  of 
the  valve  times  cos  45°.  The  rate  of  dis- 
charge of  the  water  is  2  cu.  ft./sec.  The 
diameter,  d,  of  the  pipe  is  6  in.  The  "  lift  "  is 
0.25  in.  The  pressure  p  in  the  pipe  is 
30  Ib./sq.  in.  Find  the  force  exerted  by  the 
spring  on  the  valve.  Hint:  The  force  caus- 
ing the  change  in  the  horizontal  component 
of  the  momentum  of  the  water  from  .Urj  to 
Mfi  cos  45°  is  the  difference  between  the 
pres-surc  on  a  cross-section  of  the  water  in 

the  pipe  and  the  force  exerted  by  the  spring.  Ans.     P  «■  650  lb. 

824.  The  table  of  a  planing  machine  together  witli  the  material  boltotl  on  it 

weighs  5  tons,      l-'iiid   tlie  time   rcfiuircd   to  clumgc   its   velocity  frotn   20  ft.   ruin. 


Fig.  488. 
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(cutting  stroke)  to  40  h./min.  in  the  opposite  direction  (return  stroke)  if  the  average 
force  of  the  pinion  on  the  rack  while  the  velocity  is  being  changed  is  200  lb. 

Ans.  t  =  1.55  sec. 
825.  Water  flows  in  a  straight  pipe  with  a  velocity  of  10  ft. /sec.  The  pipe  is 
4  ft.  in  diameter  and  2  mi.  long.  Calculate  the  linear  momentum  of  the  water. 
What  would  be  the  effect  of  closing  a  valve  quickly  if  the  valve  is  near  the  discharge 
end  of  the  pipe?  ^^■hat  is  the  time  of  closing  the  valve  if  the  average  additional 
pressure  due  to  closing  is  20  Ib./sq.  in.? 

/^ 826.  An  800-lb.  shell  is  fired  from  a  gun  weighing  160,000  lb.  with  an  initial 

velocity  of  1400  ft. /sec.  What  will  be  the  maximum  velocity  of  recoil  of  the  gun? 
How  far  will  the  gun  recoil  if  a  constant  resistance  of  18,000  lb.  begins  to  act  immedi- 
ately after  the  explosion?  Ans.     v  =  ^7  ft./sec;  s  =  6.76  ft. 

827.  A  flywheel  weighing  1288  lb.  is  keyed  to  a  shaft  4  in.  in  diameter.  The 
shaft  transmits  a  turning  moment  of  1200  in.-lb.  to  the  flywheel,  thereby  increasing 
its  angular  velocity  from  600  rad./min.  to  50  rad./sec.  in  10  sec.  Find  the  radius 
of  gyration  of  the  flywheel. 

828.  The  rotating  parts  of  a  horizontal-shaft  turbine  weigh  20  tons  and  have  a 
radius  of  gyration  of  2  ft.  It  takes  10  min.  for  the  turbine  to  come  to  rest  from  a 
speed  of  55  r.p.m.  under  the  influence  of  journal  friction  alone.  The  shaft  is  12  in. 
in  diameter.     What  is  the  average  coefficient  of  friction?  Ans.     fi  =  0.00238. 

829.  A  sphere  having  a  weight  of  64.4  lb.  and  a  diameter  of  30  in.  rolls,  without 
slipping,  down  a  plane  inclined  30°  with  the  horizontal.  What  will  be  the  velocity 
of  its  center  at  the  end  of  5  sec.  if  the  initial  velocity  of  its  center  is  30  ft./sec? 

830.  A  homogeneous  cylindrical  disk  (Fig.  489)  weighs  128.8  lb.  and  has  a 
radius  of  1  ft.  It  is  mounted  so  that  it  rotates  in  a  horizontal  plane  about  a  smooth 
vertical  axis  at  0.  A  couple  of  variable  moment  T  =  8t^  is  applied  to  the  disk, 
T  being  expressed  in  Ib.-ft.  and  t  in  sec.  If  the  initial  value  of  w  is  54  rad./sec,  how 
long  will  it  take  the  disk  to  come  to  rest?  Ans.     i  =  3  sec. 


Fig.  489. 


Fig.  490. 


m 


Fig.  491. 


831.  The  weight  of  A  in  Fig.  490  is  20  lb.  The  string  attached  to  A  passes  over 
a  smooth  peg  and  wraps  around  a  drum  of  radius  ri  =  5  in.  attached  to  a  wheel 
having  a  radius  r^  =  18  in.  The  radius  of  gjTation  of  wheel  and  drum  is  15  in.  The 
wheel  rolls  without  slipping.  How  many  seconds  are  required  for  A  to  acquire  a 
velocity  of  10  ft./sec,  starting  from  rest?  The  weight  of  the  wheel  and  drum  is 
64.4  lb.  Ans.     t  =  3.56  sec 

832.  A  body  rests  on  a  smooth  horizontal  surface  and  is  acted  on  by  a  horizontal 
force  that  passes  through  the  mass-center  of  the  body.  The  weight  of  the  body  is 
64.4  lb.  The  force  is  constant  in  direction  and  its  magnitude  varies  as  the  ordinate 
to  a  circle  as  shown  in  Fig.  491.  Find  the  linear  velocity  of  the  bodj'  at  the  end 
of  3  sec.  Ans.     v  =  25.3  ft./sec. 
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833.  A  homogeneous  cylinder  rolls,  without  slipping,  down  a  plane  inclined  30° 
to  the  horizontal.  Find  the  velocity  of  the  center  of  the  cylinder  3  sec.  after  starting 
from  rest. 

834.  How  long  will  it  take  the  cylinder  described  in  Prob.  670  to  acquire  an 
angular  velocity  of  10  rad./sec,  starting  from  rest?  Am.     t  =  0.233  sec. 

835.  A  homogeneous  circular  cylinder  having  a  radius  of  1  ft.  and  a  weight  of 
32.2  lb.  rests  on  a  horizontal  plane,  the  axis  of  the  cylinder  being  parallel  to  the 
plane.  In  the  plane  of  SN-mmetry  perpendicular  to  the  axis  is  turned  a  narrow  groove 
6  in.  deep.  A  con.stant  horizontal  force  of  32  lb.  is  applied  through  a  cord  wrapped 
around  the  groove,  the  horizontal  portion  of  the  cord  being  tangent  to  the  groove  at 
its  lowest  point.  If  the  cylinder  rolls  without  slipping  find  the  velocity  of  the 
horizontal  portion  of  the  cord  at  the  end  of  1.5  sec. 

836.  A  cylinder  weighing  96.6  lb.  and  having  a  radius  of  6  in.  is  moimted  on  a 
horizontal  axle  whose  axis  coincides  with  the  axis  of  the  cylinder.  A  body  weighing 
32.2  lb.  is  suspended  from  a  cord  wrapped  around  the  cylinder.  If  the  body  is 
allowed  to  descend  from  rest,  what  will  its  velocity  be  at  the  end  of  2  sec?  Neglect 
bearing  friction.  Am.     v  =  25.8  ft. 

149.  Conservation  of  Momentum. — /.  Linear  Momentum. — As 
already  noted,  the  principle  of  linear  impulse  and  linear  momentum  for 
the  motion  of  any  mass-system  under  the  action  of  an  unbalanced  exter- 
nal force  system  is  expressed  by  the  equation 

(7mp.)x  =  A(Mtg, 

in  which  x  represents  any  direction.  Now  if  the  resultant  of  the  forces 
which  act  on  the  body  has  no  component  in  the  j-direction,  the  impub^e 
of  the  force  system  in  the  rr-direction  will  be  zero,  and  hence  A(3/t'x) 
will  be  ecjual  to  zero.     Thus 

MVx  =  a  constant. 

That  is,  if  the  resultant  of  the  external  forces  irhich  act  on  a  body  has  no 
component  in  a  given  direction,  the  component  of  the  linear  momentum  of 
the  body  in  the  given  direction  remains  constant.  This  statement  expresses 
the  principle  of  conservation  of  linear  momentum. 

II.  Angular  Momentum. — As  already  noted,  the  principle  of  anjj;ulur 
impulse  and  angular  momentum  for  the  motion  of  any  body  under  the 
action  of  an  unbalanced  external  force  system  is  expressed  by  tlie 
equation 

{Ang.  Imp.)o  =  A(Ang.  Mom.)o. 

Now  if  the  external  forces  which  act  on  the  body  have  no  resultant 
moment  about  a  given  axis,  O,  the  angular  impulse  of  (he  forces  about 
the  same  axis  will  be  zero,  and  hence  ^{Ang.  Mom.)o  will  be  equal  to  zero. 
Thus 

{Ang.  Mom.)o  =  a  constant. 
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That  is,  if  the  external  forces  which  act  on  a  body  have  no  resultant  moment 
about  an  axis,  the  angular  momentum  of  the  body  with  respect  to  that  axis 
remains  constant.  This  statement  expresses  the  principle  of  the  con- 
servation of  angular  momentum. 

It  was  shown  in  Arts.  143  and  144  that  the  angular  momentum 
of  a  body  about  an  axis,  0,  is  expressed  by  /oco  if  one  of  the  following 
conditions  is  satisfied:  (1)  The  body  is  rigid  and  rotates  about  a  fixed 
axis,  the  0-axis  being  taken  as  the  axis  of  rotation;  (2)  the  body  is  rigid 
and  has  a  plane  motion  and  the  point  0  is  (a)  the  mass-center  of  the 
body,  or  (6)  the  instantaneous  center  of  zero  velocity,  or  (c)  a  point 
whose  velocity  is  toward  (or  away  from)  the  mass-center.  Furthermore, 
Io03  also  expresses  the  angular  momentum  of  a  non-rigid  mass-system 
that  rotates  about  a  fixed  axis  provided  that  all  parts  of  the  mass-system 
have  the  same  angular  velocity.  Thus,  if  a  rod  rotates  about  a  fixed 
axis  as  bodies  slide  radially  outwards  (or  inwards)  along  the  rod,  the 
mass-system  is  not  rigid  but  the  angular  momentum  of  the  system 
about  the  axis,  0,  of  rotation  is  /ow. 

Therefore,  the  principle  of  conservation  of  angular  momentum  when 
the  above  conditions  are  satisfied,  may  be  expressed  as  follows: 

/oO)  =  a  constant. 

Thus  if  lo  decreases,  co  must  increase,  and  vice  versa.  For  example  a 
gymnast  who  leaves  the  swinging  trapeze  at  the  top  of  a  circus  tent  with 
a  relatively  small  angular  velocity  co  (his  body  being  extended)  may 
increase  his  angular  velocity  and  make  several  complete  turns  in  mid- 
air as  he  descends  in  a  vertical  plane  by  "doublmg  up."  His  m^oment 
of  inertia  is  thereby  decreased  and  his  angular  velocity  is  increased  a 
sufficient  amount  to  keep  7oco  constant  since  no  external  torque  acts  on 
him  while  he  is  descending. 

ILLUSTRATIVE  PROBLEMS 

Problem  837. — The  weight  of  the  parts  of  a  3-in.  field  gun  (Fig.  492)  which  move 
dm-ing  recoil  is  950  lb.  The  weight  of  the  projectile  is  15  lb.  and  that  of  the  powder 
charge  is  1.5  lb.  The  muzzle  velocity  is  1700  ft. /sec.  Determine  the  velocity  of 
free  recoil  at  the  time  the  projectile  reaches  the  end  of  barrel,  assuming  that  the 
projectile  leaves  the  gun  with  a  horizontal  velocity. 

Solution. — Three  bodies  are  to  be  considered;  the  projectile,  the  powder  charge, 
and  the  recoiling  parts  of  the  gun.  Since  the  recoil  is  free,  no  horizontal  external 
forces  are  acting  on  these  three  bodies  while  the  projectile  is  reaching  the  muzzle  of 
the  gun,  and  hence  the  linear  momentum  of  the  system  remains  constant.  That  is, 
the  momentum  of  the  projectile  plus  the  momentum  of  the  gases  is  equal  to  the 
momentum  of  the  recoiling  parts.     Thus 

MpVp  +  MgVg   =  Mr 


'r'  r- 
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The  gases  (and  unburned  powder)  form  a  non-rigid  body,  and  hence  the  velocity 
Vg,  of  the  mass-center  must  be  used.     It  is  usually  assumed  that  Vg  is  one-half  of  the 


-^ 


Fig.  492. 


velocity  of  the  projectile.     Thus,  using  weights  instead  of  masses  since  they  are 
proportional,  we  have 


Hence 


1700 
15  X  1700  +  1.5  X =  950  Vr. 


25,500  +  1275 
Vr  = rrr =  28.1  ft./sec. 


950 
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The  velocity  of  free  recoil  as  the  projectile  reaches  the  muzzle  of  the  gun  is  about 
0.7  of  the  maximum  velocity  of  free  recoil.  The  bore  is  filled  with  gases  for  a  short 
interval  after  the  projectile  leaves  the  gun  and  these  gases  continue  to  exert  pressure 
on  the  breech  and  thus  to  increase  the  velocity  of  recoil. 

Problem  838. — Two  spheres  (Fig.  493)  are  mounted  on  a  light  rod  on  which  the 

spheres  may  slide  without  friction.  The  rod 
and  spheres  rotate  about  the  vertical  central 
axis.  A  string  is  attached  to  each  sphere 
and  runs  over  pulleys  so  that  the  pull  of 
each  string  is  directed  along  the  rod.  Each 
sphere  weighs  8  11).  and  is  2' 2  ^^-  in  diameter. 
When  the  distance  of  the  center  of  each 
sphere  from  the  axis  of  rotation  is  2  ft.,  the 
angular  velocity  of  the  rod  is  GO  r.p.m.  If 
the  spheres  are  pulled  a  distance  of  G  in. 
along  the  rod  toward  the  axis  o(  rotation 
what  will  be  the  angular  velocity  of  the  rod? 

Solution. — Since  the  external  forces  acting  on  the  .<;pheres  have  no  moment  about 
the  axis  of  rotation,  the  angular  momentum  with  respect  to  the  axis  of  rotation 
remains  constant.  That  is,  the  anj-'iilar  momentum  of  the  splieres  before  they  are 
pulled  in  is  equal  to  their  angular  momentum  after  they  are  pulled  in.     Whence 

/lUJi   =   /2'i>2- 

Little  error  will  Ix-  intrixlured  by  considering  the  spheres  to  be  particles  and  by 
neglecting  the  mas.s  of  the  rod.     Thus 
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Hence 


2M  X  (2)2  X  ^^^^  =  2.1/  X  (1.5)2co2. 


4  X  2x 
«2  =  ~;r;;7~  =  11.15  rad./sec.  =  10G.6  r.p.m. 


2.25 


Thus  it  will  be  noted  that,  as  the  moment  of  inertia  of  the  spheres  decreases,  their 
angular  velocity  must  increase.     And  since  the  moment  of  inertia  decreases  as  the 
square  of  the  distance  from  the  axis  of  rotation, 
a  relatively  small   inward  movement  of   the 
spheres  causes  a  relatively  large  increase  in  the 
angular  velocity. 

If  the  pulls  of  the  strings  are  released 
when  the  spheres  are  at  any  distance,  x  (Fig. 
494),  from  the  axis  of  rotation,  then  no  force 
in  the  horizontal  plane  will  be  acting  on  either 
sphere,  and  hence  each  sphere  will  continue 
with  constant  speed  in  a  straight  line  imtil 
it  strikes  the  stop  at  the  end  of  the  rod  as 
indicated  in  Fig.  494.  That  is,  the  linear  mo- 
mentum of  each  sphere  remains  constant  until 
the  stop  is  hit  and  then  changes  from  mv  to 
mvi.  The  angular  momentimi  of  the  sphere, 
however,  is  the  same  after  the  sphere  strikes 
the  stop  as  it  was  before  the  sphere  struck  the 
stop  since  no  moment  is  introduced  by  the  pressure  of  the  stop.   Thus  mv-z  =  rnvt-r. 


Fig.  494. 


PROBLEMS 

839.  A  2-oz.  bullet  moving  with  a  velocity  of  2000  ft. /sec.  strikes,  centrally,  a 
block  of  wood  which  is  moving  on  a  smooth  horizontal  plane  in  the  same  direction 
as  the  bullet  with  a  velocity  of  20  ft. /sec.  If  the  block  of  wood  in  which  the  bullet 
embeds  itself  weighs  16.8  lb.,  what  is  the  resulting  velocity  of  the  block  and  bullet? 

Ans.     V  =  34.6  ft./sec. 

840.  Two  similar  puUej's  are  running  loose  on  a  shaft.  One  has  an  angular 
velocity  of  10  r.p.m.  and  the  other  a  velocity  of  30  r.p.m.  in  the  opposite  direction. 
They  are  suddenly  coupled  together  by  means  of  a  friction  clutch.  WTiat  will  be 
the  angular  velocity  of  the  pulleys  after  the  clutch  has  ceased  to  slip?  What  pro- 
portion of  the  kinetic  energy  is  lost? 

841.  A  disk  D  and  a  small  body  A  (Fig.  495)  are  rotating  at  90  r.p.m.  about  the 


I 
!Y 

Fig.  495. 


Fig.  496. 


axis  YY.     The  bodj'  ^4  is  attached  to  a  string  that  passes  through  a  small  hole  at 
the  center  of  the  disk.   The  distance,  r,  of  -4  from  the  axis  of  rotation  is  24  in.  and 
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the  weight  of  ^  is  8  lb.     The  top  surface  of  the  disk  is  smooth.     If  by  pulling  on  the 
string  r  is  decreased  to  8  in.,  what  will  be  the  angular  velocity  of  A1 

Ans.     0)  =  84.8  rad./scc.  =  810  r.p.m. 

842.  Three  bodies  A,  B,  and  C  (Fig.  496)  whose  weights  are  40  lb.,  10  lb.,  and 
20  lb.,  respectively  rest  on  a  smooth  horizontal  surface.  If  A  is  given  a  velocity  of 
20  ft. /sec.  to  the  right  and  B  a  velocitj'  of  10  ft. /sec.  to  the  left  and  C  remains  at 
rest  until  A  and  B  come  into  contact  with  it,  what  will  be  the  final  velocity  of  the 
three  bodies  assuming  that  after  coming  into  contact  they  remain  in  contact? 

843.  A  4.7-in.  howitzer  field  gim  rests  on  a  wooden  platform.  Recoil  is  checked 
by  heavy  ropes  attached  to  stakes  driven  into  the  ground  in  front  of  the  gun.  Assum- 
ing that  the  slack  in  the  ropes  allows  the  velocity  of  free  recoil  to  be  developed,  find 
the  velocity  of  recoil  from  the  following  data:  Weight  of  gun,  7000  lb.;  weight  of 
projectile,  63  lb.;  weight  of  powder  charge,  6  lb.;   muzzle  velocity,  1500  ft. /sec. 

Ans.    t>  =  14.1  ft. /sec. 

844.  A  bullet  weighing  1  oz.  and  moving  horizontally  with  a  velocity  of 
1500  ft. /sec.  strikes  centrally  a  wooden  sphere  weighing  99  oz.  that  is  suspended 
vertically  by  a  cord,  the  distance  from  the  point  of  suspension  to  the  center  of  the 
sphere  being  4  ft.  With  what  velocity  will  the  sphere  (and  embedded  bullet)  start 
moving  after  the  impact?  How  far  will  the  sphere  rise  vertically  above  its  initial 
position? 

845.  A  man  weighing  150  lb.  jumps  into  the  center  of  a  boat  that  weighs  180  lb. 
He  lands  in  the  boat  with  a  velocity  having  a  horizontal  component  of  10  ft.  sec. 
The  boat  is  drifting  with  a  velocity  of  5  ft. /sec.  in  the  same  direction.  Neglecting 
the  resistance  of  the  water,  find  the  resulting  velocity  of  the  boat  and  man.  If  it 
takes  H  sec.  for  the  boat  to  acquire  this  resulting  velocity,  what  is  the  average  value 
of  the  horizontal  force  e.xerted  by  the  man  on  the  boat? 

Ans.v  =  7.27  ft./sec;  P  =  25.4  lb. 

846.  A  tank  partly  filled  with  water  rests  on  a  flat-topped  car.  The  car  and 
tank  are  moving  along  a  straight  track  at  10  mi./hr.  when  a  stone  weighing  200  lb. 
is  dropped  verticalh-  into  the  water.  The  weight  of  the  car  is  400  lb.  and  that  of 
the  tank  and  water  is  300  lb.  Neglecting  the  friction  of  the  car  on  the  track,  what  is 
the  velocit\'  of  the  car  after  the  stone  has  been  dropped  in  the  water?  If  the  tank 
slides  on  the  car  for  3^2  sec.  before  coming  to  rest  relative  to  the  car,  what  is  the 
average  value  of  the  horizontal  force  that  is  exerted  by  the  car  on  the  tank  while  the 
velocity  of  the  tank  (and  car)  is  being  changed? 
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Fig.  498. 


847.  In  Fig.  497,  .1  and  B  are  two  sprocket  wheels  mounted  on  horizontal  axles 
which  rc8t  in  smootli  Iwarings.  Each  whci'l  weighs  20  lb.  and  hiw  a  dituneter  of 
4  ft.  and  a  radias  of  gyration  of  1.75  ft.  A  botiy  T  weighing  10  lb.  hangs  from  a  light 
inextensiblc  chain  whicli  pa.s.ses  over  the  two  wheels  a.s  shown.  ('  di-sei'nds  from 
rest  and  2  sec.  elapse  before  the  slack  in  the  chain  is  token  up.     If  tiic  weight  of  the 
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chain  is  neglected  what  will  be  the  angular  velocity  of  the  two  wheels  immediately 
after  the  2-sec.  period,  assuming  that  the  weight  C  is  detached  from  the  chain  just  as 
the  chain  between  the  pulleys  becomes  taut?  Ans.     w  =  6.37  rad./scc. 

848.  Two  spherical  balls  (Fig.  498)  connected  by  a  rod  rotate  about  a  vertical 
axis  with  an  angular  velocity  co  of  30  r.p.m.  Each  ball  weighs  200  lb.  and  is  1  ft.  in 
diameter.  The  rod  also  weighs  200  lb.  A  man  weighing  101  lb.  jumps  vertically 
and  catches  hold  of  the  bar  at  A.  WTiat  is  the  angular  velocity  of  the  system  after 
the  man  catches  hold  of  the  bar? 

849,  A  block  of  wood  weighing  20  lb.  is  suspended  by  a  long  string.  The  block 
is  swinging  with  a  velocity  of  40  ft. /sec.  through  its  lowest  position  when  a  bullet 
weighing  2  oz.  and  moving  with  a  horizontal  velocity  of  2000  ft. /sec.  strikes  the  block 
and  is  imbedded  in  it.  What  will  be  the  velocity  of  the  block  and  bullet  (a)  if  the 
velocities  of  the  block  and  bullet  before  impact  are  parallel  but  opposite  in  sense? 
(6)  if  the  velocities  are  parallel  and  have  the  same  sense?  (c)  if  the  velocities  are  at 
right  angles? 

Ans.  (a)  V  =  27 A  ft./sec;   (6)  v  =  52.2  ft./sec;   (c)  v  =  41.6  ft./sec. 

150.  Impact. — The  equations  of  Art.  148  which  express  the  principles 
of  impulse  and  momentum  apply  to  the  motion  of  bodies  whether  the 
bodies  move  under  the  action  of  impulsive  forces  or  of  forces  which  act 
during  a  finite  time  interval.  In  fact,  as  stated  in  Art.  136,  the  prin- 
ciples of  impulse  and  momentum  are  particularly  well  adapted  to  the 
solution  of  kinetics  problems  which  involve  sudden  impulses. 

The  effect  of  impulsive  forces  on  the  motion  of  a  bod}^,  in  most 
problems,  is  so  large  in  comparison  with  the  effect  of  the  other  forces 
which  act  on  the  body  that  the  effect  of  the  other  forces  on  the  motion 
of  the  body,  while  the  impact  lasts,  may  be  neglected.  The  only  details 
of  the  change  in  the  motion  of  a  body  that  can  be  determined,  when 
the  change  in  the  motion  is  caused  by  impulsive  forces,  are  the  initial 
and  final  velocities  of  the  body.  For,  the  distance  traveled  during  the 
impact  is  indefinitely  small;  the  time  interval  is  also  indefinitely  small, 
and  hence  the  acceleration  produced  is  indefinitely  large  since  the  change 
in  velocity  is  a  finite  quantity.  Thus  the  distance,  time,  and  accelera- 
tion are  indeterminate.  There  is,  however,  a  definite  (appreciable) 
change  in  the  velocity,  although,  as  just  noted,  the  manner  in  which  the 
velocity  changes  during  the  period  of  the  impact  is  unknown  and  only 
the  initial  and  final  values  of  the  velocity  can  be  determined.  There- 
fore, the  momentum  of  the  body  at  the  beginning  and  at  the  end  of  the 
impact  period  are  definite  quantities,  and,  since  these  quantities  are 
involved  in  the  principles  of  impulse  and  momentum,  problems  which 
involve  impulsive  forces  yield  to  this  method  of  solution  although  the 
impulse  of  the  impulsive  forces  is  used  and  not  the  forces  themselves. 

Direct  Central  Impact. — If  two  bodies  collide  and  the  velocitj'  of 
each  is  directed  normal  to  the  striking  surfaces,  the  impact  is  said  to  be 
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direct.  If  two  bodies  collide  in  such  a  way  that  the  action  hne  of  the 
pressures  exerted  by  the  bodies  on  each  other  is  directed  along  the  line 
connecting  the  mass-centers  of  the  two  bodies,  the  impact  is  said  to  be 
central. 

The  period  of  impact  may  be  divided  into  two  parts:  (1)  the  time 
of  deformation  during  which  the  impulsive  force  is  increasing  to  its 
maximum  value  as  the  two  bodies  deform,  and  (2)  the  time  of  restitution 
during  which  the  bodies  are  separating  and  partially  recovering  from 
the  deformation.  If  the  two  bodies  were  perfectly  ela.stic,  the  period  of 
deformation  would  be  equal  to  the  period  of  restitution,  and  the  velocity 
of  separation  would  be  equal  to  the  velocity  of  approach.  But,  all 
bodies  are  more  or  less  inelastic,  and  hence  the  velocity  of  separation  is 
always  somewhat  less  than  the  velocity  of  approach. 

Coefficient  of  Restitution. — For  direct  central  impact  of  two  bodies, 
the  ratio  of  the  relative  velocity  of  separation  to  the  relative  velocity 
of  approach  is  defined  as  the  coefficient  of  restitution.  Thus,  if  the  veloci- 
ties before  impact  are  denoted  by  Vi  and  t'2  and  after  impact  by  r'l  and  f'2 
and  if  e  denotes  the  coefficient  of  restitution,  the  value  of  e  is  defined  by 
the  following  equation : 

/    .,/ 

e  = or    v'2  —  v'l  =  —  e{v2  —  I'l)    ...     (1) 

Vo   —  I'l 

Experiments  show  that  the  value  of  the  coefficient  of  restitution  for  two 
spheres  in  central  direct  impact  depends  only  on  the  materials  of  the 
two  spheres.  It  is  generally  assumed  that  the  value  of  e  as  found  for  two 
spheres  of  any  two  materials  is  the  same  for  other  bodies  of  the  same 
materials  whether  the  impact  is  central  and  direct  or  not.  But  if  the 
impact  is  not  central  and  direct,  the  components  of  the  velocities  normal 

to  the  impact  surfaces  must  be  used  in 
->-  >"         equation  (1)  instead  of  the  total  velocities. 

151.     Impact    of     Two     Translating 
"^     Bodies. — Direct  Central  Impact. — In  Fig. 
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Fig  499 

499     are     reprc^^ented     two     translating 

bodies  which  collide  with  direct  central  impact.     It  is  assumed  that 

the  values  of 

Ml,  Mo,  ''1,  Vo,  and  e 

are  knowTi,  and  it  is  required  to  find  the  values  of 

Pddt     or     {Pd)av-t,i,      and       /    /V//     or     (/V).„-/r, 
where  i;  is  the  velocity  of  the  bodies  at  the  end  of  the  deformation  period 
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td,  v'l  and  v'2  are  the  velocities  of  the  bodies  after  the  impact,  and  tr  is 
the  restitution  period. 

Evidently  five  equations  must  be  found  fiom  which  the  five  unknown 
quantities  may  be  determined.  The  five  eciuations  may  be  found  as 
follows:  From  the  principle  of  conservation  of  linear  momentum  Eq. 
(1)  and  (2)  below  are  obtained.     Thus 

MiVy  +  M2V2  =  (Ml  +  M2)v  for  the  period  td  .     .     .     (1) 

(Ml  +  M2)v  =  Miv'i  +  M2v'2  for  the  period  U    .     .     (2) 

And,  from  Ai-t  150, 

v'l  -  v'2  =-  e(vi  -  V2) (3) 

From  these  three  equations  the  values  of  v,  v'l,  and  v'2  may  be  found. 
The  impulses  for  the  periods  td  and  ^  may  now  be  found  by  applying 
the  principle  of  linear  impulse  and  momentum  for  the  periods  td  and  tr, 
which  leads  to  the  following  equations : 

/td 
Pddt  =  Mi(v  -  vi)  =  M2(v  -  V2),    ....     (4) 

/    Prdt  =  Mi(v'i  -  v)  =  M2(v'2  -  y)    ....     (5) 

PROBLEMS 

850.  A  freight  car  weighing  40  tons  and  traveling  at  a  speed  of  20  mi./hr.  on  a 
straight  track  overtakes  another  car  weighing  30  tons  and  travehng  on  the  same 
track  in  the  same  direction  at  a  speed  of  15  mi./hr.  If  the  value  of  e  is  0.2,  find  the 
velocity  of  each  car  after  impact  and  the  impulse  of  each  car  on  the  other  both  for 
the  time  of  deformation  and  for  the  time  of  restitution. 

851.  A  body  weighing  50  lb.  moving  to  the  right  collides  with  a  30-lb.  body 
moving  to  the  left.  The  speed  of  each  body  is  15  ft. /sec.  The  impact  of  the  two 
bodies  is  direct  and  central.  If  the  coefficient  of  restitution  is  0.6,  find  (a)  the  velocity 
of  each  body  after  impact,  (6)  the  velocitj'  of  each  body  at  the  end  of  the  deformation 
period.  Ans.     vi'  =  —  3  ft. /sec,  v^'  =  15  ft. /sec;   v  =  3.75  ft. /sec. 

852.  A  sphere  which  is  at  rest  is  struck  directly  bj'  another  sphere  having  the 
same  mass  and  diameter.  The  velocity  of  the  center  of  the  latter  is  20  ft. /sec.  If 
the  coefficient  of  restitution  is  0.5,  find  the  velocities  of  the  centers  of  the  spheres 
after  impact. 

853.  A  ball  drops  from  rest  16  ft.  and  strikes  a  horizontal  rigid  steel  plate.  If 
the  ball  rebounds  9  ft.,  what  is  the  coefficient  of  restitution?         Ans.     e  =  0.75. 

854.  A  falling  weight  of  1000  lb.  is  used  to  drive  a  pile  into  the  groimd.  If  the 
weight  of  the  pile  is  800  lb.  and  the  weight  is  dropped  20  ft.,  what  will  be  the  depth 
of  penetration  of  the  pile,  assuming  an  average  resistance  to  penetration  of  30,000  lb.? 
Assume  the  impact  between  the  weight  and  pile  to  be  perfectly  inelastic  (e  =  0). 

Ans.     s  =  4.73  in- 
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REVIEW    QUESTIONS   AND    PROBLEMS 
856.  Define  linear  impulse  of  a  force  (a)  in  words;   (6)  as  a  mathematical  expres- 
sion.    Is  impulse  a  vector  quantity? 

856.  What  is  another  name  for  angular  impulse  of  a  force?  \Miat  are  the  iinits 
of  angular  impulse? 

857.  Is  the  linear  momentum  of  a  particle  a  vector  quantity?  State  in  words 
the  meaning  of  {mv)x.     ^^^lat  are  the  units  of  linear  momentum? 

858.  What  is  another  name  for  moment  of  momentum  of  a  particle?  ^Tiat  are 
the  units  of  moment  of  momentum? 

859.  Prove  that  'Z(mv)x  =  ^fvx,  and  state  in  words  the  meaning  of  the  equation. 

860.  \Miere  in  the  body  is  the  position  line  of  the  linear  momentum  vector  Mv: 
(a)  for  a  translating  rigid  body,  (6)  for  a  rotating  ri^id  body? 

861.  Point  out,  and  correct,  the  errors  in  the  following  demonstration  that  the 
angular  momentum  of  a  rotating  ri^id  body  is  /ow:  The  linear  momentum  of  the 
body  is  Mv,  and  the  angular  momentum  of  the  body  about  the  axis  of  rotation  O  is 
Mvf.  But  V  =  fw,  and  hence  (Ang.  Mom.)o  =  Mf-w.  Thus  (Ang.  Mom.)o  =  /ow, 
since  Mf-  =  /<>. 

862.  Starting  with  the  equation  2Fx  =  Mdx,  derive  the  equation  expressing  the 
principle  of  linear  impulse  and  linear  momentum  for  any  mass-system  acted  on  by 
constant  forces. 

863.  Point  out,  and  correct,  the  error  in  the  following  statement  of  the  principle 
of  conservation  of  angular  momentum:  If  the  forces  acting  on  any  body  have  no 
resultant  moment  about  a  given  axis  0,  then  /<,«  of  the  body  will  remain  constant. 

864.  A  projectile  weighing  2  lb.  and  moving  in  a  horizontal  direction  with  a 
velocity  of  80  ft.  sec.  strikes  centrally  a  small  box  of  sand  and  remains  embedded  in 

the  sand.  The  box  of  sand  weighs  18  lb.  and  is  resting 
on  a  horizontal  plane  when  the  projectile  strikes  it.  The 
coefficient  of  friction  for  the  box  and  plane  is  0.20.  With 
what  velocity  does  the  box  (and  projectile)  .start  to  move, 
and  how  long  will  it  take  to  come  to  rest? 

Ans.     t  =  L24  sec. 

865.  Solve  Prob.  815,  using  O'  as  the  moment-center  in 
applying  the  principle  of  angular  impiJse  and  momentum. 

866.  In  I'ig.  500,  A   is  a  disk  keyed  to  the  verticjd 
shaft  and  rotating  with  it  at  30  r.p.m.     The  disk  li  is  not 

keyed  to  the  shaft  and  is  not  rotating.  If  the  di.sk  li  is  allowed  to  slide  down  the 
shaft  until  it  comes  in  contact  with  the  di.sk  A,  what  will  be  the  angular  velocity  of 
the  two  disks  after  slipping  between  the  disks  has  ceased?  Each  disk  is  4  ft.  in 
diameter  and  weighs  IGl  lb.  Neglect  the  miuss  of  the  axle.  Wh;it  frirti<>n:il 
moment  is  exerted  on  B  by  i4  if  slipping  between  the  disks 
occurs  for  2  sec?  What  percentage  of  the  energy  of  the 
system  is  lost? 

Ana.  w  =  1.57  rad./sec;  T  =  7.85  Ib.-ft.;  loss  =  50 
per  cent. 

867.  A  cylinder  is  made  to  roll,  without  slipping,  on  a 
horizontal  plane  by  the  pull,  F,  on  a  string  that  i.s  wound 
around  a  groove  in  the  central  plane  of  the  cylinder  as  shown 
in  Fig.  601.  The  cylinder  weighs  64.4  lb.  Find  the  velocity 
of  the  center  of  the  cylinder  4  sec.  after  starting  from  rest  if 
P  »  10  lb.  Ans.  V  =  22.2  ft.  'sec. 


PART  IV.    SPECIAL    TOPICS^ 

CHAPTER  XI 
MECHANICAL   VIBRATIONS 

152.  Introduction. — A  mechanical  vibration  as  met  in  most  engi- 
neering problems  is  a  periodic  motion,  usually  of  small  amplitude,  which 
repeats  itself  in  a  definite  time  interval  called  the  period  of  the  \'ibration; 
each  repetition  of  the  motion  is  called  a  cycle,  and  the  number  of  cycles 
per  unit  of  time  is  called  the  frequency  of  vibration. 

The  prevention  of  vibration  in  machine  parts  and  structural  members 
is  important  in  eliminating  excessive  wear,  in  reducing  repeated  stresses 
that  are  likely  to  cause  the  failure  of  a  member  by  a  progressive  fracture 
called  a  fatigue  failure,  and  in  reducing  objectionable  noise. 

In  the  analysis  of  the  essential  dynamics  features  of  the  vibratory 
motion  of  a  machine  member,  the  member  may  usually  be  replaced  by  a 
concentrated  mass  (particle)  connected  to  its  supports  by  one  or  more 
weightless  springs.  The  simplest  and  also  the  most  conmion  t3'pe  of 
vibration  is  a  simple  harmonic  motion.  This  motion  was  discussed  in 
Arts.  86  and  107  and  the  student  is  advised  to  read  these  articles  again 
before  proceeding  with  the  next  article  in  which  a  simple  harmonic 
motion  will  be  analj^zed  in  somewhat  greater  detail. 

A  motion,  such  as  a  simple  harmonic  motion,  that  can  be  described 
in  terms  of  a  single  coordinate  is  said  to  have  one  degree  of  freedom. 
The  vibrations  considered  here  are  restricted  to  this  class  of  motions. 

153.  Free  Vibrations. — Consider  the  motion  of  a  small  rigid  body  of 
mass  m  and  weight  W  (Fig.  502)  suspended  by  an  elastic  weightless 
spring  from  a  rigid  support.  The  spring  constant  or  modulus  of  the  spring 
(that  is,  the  force  required  to  deflect  the  end  of  the  spring  a  unit  distance) 
will  be  denoted  by  k,  and  the  static  deflection  of  the  end  of  the  spring 

W 

due  to  the  weight  W  will  be  denoted  by  Sst]    hence  A;  =  —     It  is 

^  Each  topic  or  chapter  is  self  contained  and  may  be  studied  without  reference  to 
the  preceding  topics  in  Part  IV.  The  topics  treated  in  Part  IV  are  somewhat  more 
advanced  than  those  discussed  in  Parts  I,  11,  and  III,  but  no  additional  principles 
are  employed. 
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assumed  that  the  body  is  free  to  move  only  along  a  vertical  line  which 
will  here  be  taken  as  the  x-axis,  x  being  regarded  as  positive  when 

measured  downward  from  the  position  of 
static  equilibrium  of  the  body.  Let  the 
body  be  given  some  initial  displacement  Xo 
and,  as  it  is  released,  let  it  be  given  an 
initial  velocity  Vo-  The  body  will  then 
oscillate  or  vibrate  with  an  amplitude  A ; 
the  forces  acting  on  the  body  when  it  ha.s 
any  displacement  x  are  shown  in  Fig.  502, 
and  by  applying  the  equation  of  motion 
HFx  =  max  to  the  body  we  obtain 


Position 


W+  A-.r 


L  °^  ji  static  eauilib. 


E? 


E3t"-— ^- 


j2  7. 

TT^-  (Tr+  A-x)  =  max  or  — J  = x  .     (1) 

or 


m 


This  equation  is  the  defining  equation  for 

a  simple  harmonic  motion   (Art.  86).     Re- 

k 
placing  the  constant  —  ,  for  convenience,  by 


m 


i____. 


FiQ.  502. 


p^  and  noting  that  W  =  kon,  we  have 
k        kg        g 


v'- 


m 


^Y 


Hence  Eq.  (1)  may  be  written 

de 


y^x 


(2) 


(3) 


The  value  of  x  that  satisfies  Eq.  (3)  must  be  a  function  of  /  whose 
second  derivative  with  respect  to  i  is  equal  to  the  original  function  multi- 
plied by  —  p".  The  functions  a;  =  .B  cos  ipl  and  x  =  C  sin  j)i  (where 
B  and  C  are  constants)  satisfy  the  equation,  as  does  also  their  sum. 
Hence  the  general  solution  to  Eq.  (3)  is 


X  =  B  cos  p<  +  C  sin  yl 


(4) 


where  B  and  C  may  be  regarded  as  constants  of  inte^jration  whose  values 
depend  on  the  initial  conditions  of  the  motion.  The  velocity  of  the  body 
at  any  instant  during  the  oscillation  may  be  found  by  differentiating 
Eq.  (4).    Thus 

V  =  —  =  —  ^p  sin  p/  +  Cp  cos  p/ (5) 

dl 


If  tho  initial  conditions  of  the  motion  ar(^  kiunvn,  the  values  of  B  and  C 
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can  now  be  found.  For  example,  let  it  be  assumed  that  when  /  =  0, 
the  displacement  x  =  Xo  and  that  the  body  has  an  initial  velocity  v  =  Vo 
in  the  positive  (downward)   direction.     Substituting  these  values  in 

Eq.  (4)  and  (5),  we  find  that  jB  =  Xo,  and  C  =  -•  Thus  Eq.  (4) 
becomes  ^ 


X  =  Xo  cos  pt  -\ sin  pt 

V 


(6) 


A  useful  interpretation  of  Eq.  (6)  may  be  made  by  representing  the 
displacement  x  as  the  projection,  on  the  diameter  of  a  circle,  of  a  rotating 

V 

vector.     Thus,  in  Fig.  503,  assume  that  the  vectors  B  =  Xo  and  C  =  — 

V 
rotate,  at  right  angles  to  each  other,  about  0  with  an  angular  velocity  p, 

called  the  natural  circular  frequency  of  vibration,  and  assume  also  that 

the  vector  A  which  is  the  resultant  of  vectors  B  and  C  also  rotates  about 

0  with  angular  velocity  p.     It  will  be  noted  that  the  projection  of  A  on 

the  X-axis  is  x  =  B  cos  pt  -\-  C  sin  yt.     The  angle  which  the  \'ector  A 

makes  with  the  x-axis  'is  pt  —  <{)  where  4>  is  the  angle  between  the  vectors 

Band  A.     Thus 


X  =  B  cos  pt  -{-  C  sin  pt  =  A  cos  (pt  —  </>) 
where 


(7) 


A  =  Vb^  +  C^  = 


+ 


and 


tan  <P  =  —  =  — 
B       pxo 


(  —  )    =  the  amplitude  of  motion     (8) 
(9) 


Fig.  504. 


By  plotting  the  a:-projections  of  the  vectors  B  and  C  as  ordinates  and 
time  as  abscissas  the  curves  shown  as  B  and  C  in  Fig.  504  are  obtained. 
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The  displacement  x  at  any  time  /  is  obtained  by  adding  algebraically 

the  corresponding  ordinates  to  these  two  curves,  and  is  plotted  as  the 

ordinate  to  the  curve  denoted  as  A  in  Fig.  504. 

Because  of  the  difference  in  the  directions  of  the  vectors  in  Fig.  503, 

their  maximum  projections  on  the  x-axis  do  not  occur  at  the  same  time  t. 

Thus  the  maximum  value  of  the  displacement  x,  which  is  represented  by 

<t> 
the  maximum  ordinate  to  the  curve  A ,  occurs  at  a  time  -  after  the  ordi- 

P 
nate  in  curve  B  attains  its  maximum  value.     The  angle  <f)  is  called  the 
phase  angle. 

It  will  be  observed  that  the  simple  harmonic  motion  defined  by 
Eq.  (6)  or  Eq.  (7)  may  be  regarded  as  the  resultant  of  two  simple 

V 

harmonic  motions  x  =  Xo  cos  pt  and  x  =  —  sin  pt  which  have  the  same 

P 
frequency  but  different  amplitudes,  and  which  differ  in  phase  by  90°. 

Equations  (6)  and  (7)  and  Fig.  504  show  that  the  oscillatory  motion 
repeats  itself  whenever  the  angle  pt  changes  through  27r  radians.    There- 

27r 
fore  the  time  interval  T  for  each  cycle  of  motion  (the  period)  is  — 

Thus  P 

r  =  ?-"  =  2.Vf  =  2.V^' (10) 

The  number  of  cycles  per  second,  called  the  frequency,  f,  is  then 

J    -    T   =   —   =   —  SlTr  '^   ST'       •       •       •       ^^^^ 

1  JtT  JtT      '   }}  JtT      '  Oat 

By  substituting  g  =  386  in. /sec. ^  and  expressing  5j<  in  inches  we  have 

/  =  —  \—  =  3.127  \  —  cycles  per  second     (12) 
2t    ^  6^t  ^  dst 

Equations  (10)  and  (11)  show  that  the  period  and  frequency  of  free 
vibration  of  a  body  depend  onl}'  on  the  weight  of  the  body  and  the 
stiffness  of  the  string,  and  are  not  affected  by  the  initial  conditions  of 
the  motion.  These  equations  will  be  found  to  be  applicable  to  periodic 
motions  of  widely  different  arrangements  of  elastic  members.  In  otiier 
words,  Fig.  502  is  a  conventionalized  diagram  that  can  be  used  with 
small  error  to  replace  many  actual  motions  of  bodies  that  vibrate  with 
small  amplitudes. 

The  motion  described  above  is  called  a,  free  vibration;  once  started, 
it  continues  at  constant  frequency  and  ;iin|)li1u(ie  without   the  aid  of 
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externally  api:)liod  driving  or  exciting  forces.  Damped  free  vibrations 
in  which  frictional  forces  cause  the  amplitude  of  the  motion  to  decrease 
with  time  are  discussed  in  Art.  158.  Forced  vibrations  which  are  main- 
tained b}^  an  exciting  force  that  may  vary  with  any  frequency  are  dis- 
cussed in  Art.  159. 

Spring  Constant. — In  a  system  of  vibrating  elastic  bodies,  such  as 
shown  in  Fig.  505,  the  vibration  of  one  of  the  bodies,  body  M  for  example, 
is  frequently  reduced  for  convenience  to  the  simple  case  treated  in  the 
preceding  discussion  by  assuming  that  the  body  is  caused  to  vibrate 
with  equal  frequency  by  an  equivalent  spring  attached  to  the  body  as  in 
Fig.  502.  The  constant  for  the  equivalent  spring  is  obtained  from  the 
spring  constants  of  the  several  elastic 
bodies  of  the  system.  For  this  purpose 
a  somewhat  more  comprehensive  defini- 
tion of  spring  constant  is  needed  than 
that  used  in  connection  with  Fig.  502 


;|    I  ' 

The   constant  of  an  equivalent  spring     "^  \T~^^~^'  

for  any  body  of  a  system  is  the  force  ^^ 

,.  1      ,      ,  ,.  .  Fig.  505. 

actmg  on  the  body  tendmg  to  restore  it 

to  its  equilibrium  position  when  its  displacement  from  the  equilibrium 
position  is  unity. 

To  f.nd  the  equivalent  spring  constant  for  M  in  Fig.  505,  let  the 
vertical  force  that  must  be  applied  to  the  body  M  to  cause  it  to  deflect 
one  inch  be  denoted  by  F.  Since  F  is  equal  (but  opposite)  to  the  restor- 
ing force,  it  is  equal  to  the  equivalent  spring  constant.  It  will  be 
assumed  that  OM  is  a  rigid  weightless  rod.     The  force  in  the  spring  S 

when  F  is  acting  on  M  is  found  from  equilibrium  to  be  -  F.    The  cor- 

0 

responding  deflection  of  the  spring  *S  is  -  ;   and  hence  the  force  in  the 

spring  is  also  expressed  as  A;  -  ,  where  k  is  the  constant  of  the  spring  S. 
Therefore 


I             b 

/hV 

rF  =  k- 

or 

F  = 

7     ^• 

b             I 

\// 

/6V 
Thus  the  equivalent  spring  constant  for  M  is  {-  j  k,  and  hence  from 

1   b     [kg 
Eq.  (11)  the  frequency  of  vibration  is  —  -  "^Tp- 
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ILLUSTRATIVE   PROBLEM 

Problem  868.— A  body  M  weighing  150  lb.  falls  from  a  height  /i  of  1.5  in.  (Fig.  506) 
upon  a  helical  spring,  the  modulus  of  which  is  200  lb. /in.  If  the  body  remains 
attached  to  the  upper  end  of  the  spring;  (a)  determine  the  fre- 
quency of  the  resulting  free  vibration;  (6)  WTite  an  equation  for 
the  displacement  of  the  vibrating  body,  assuming  that  /  =  0  at 
the  instant  the  weight  makes  contact  with  the  spring;  (c)  deter- 
mine the  amplitude  of  motion,  and  the  maximum  shortening  s 
of  the  spring  that  occurs  during  the  vibration. 

Solution. — (a)  From  Eq.  (2)  the  natural  circular  frequency  ia 


P  = 


200  X  386 


150 


=  22.7  rad./sec. 


FiQ.  506. 


and  from  Eq.  (11)  the  frequency  of  vibration  is 


^       2t 


22.7 
6^28 


=  3.61  cycles  per  sec. 


(6)  At  the  instant  the  weight  makes  contact  with  the  spring  the  initial  conditions 
for  the  motion  are 

150 

To   =  —   ^sl   =  — 


200 


-  0.75  in. 


vo  =  V2gh  =  V2  X  386  X  1.5  =  34  in./sec. 

in  which  the  origin  of  coordinates  is  at  the  position  of  static  equilibrium  of  the  body. 
Hence,  from  Eq.  (6),  the  displacement  at  any  time  /  is 

X  =  Xo  cos  pt  +-  sin  pt  =-  0.75  cos  22.7t  +  1.5  sin  22.7t 
P 

(c)  From  Eq.  (8)  the  amplitude  of  motion  is 


=  V-".'  +  (];)'  =  ^^ 


75)-  +  (1.5)-  =  1.67  in. 


Therefore  the  weight  vibrates  with  an  amplitude  of  1.67  in.  al)Out  the  position  of 
equilibrium  and  the  maximum  shortening  s  of  the  spring  is 

8  =  A  +  5,t  =  1.67  +  0.75  =  2.42  in. 
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869.  A  helical  spring  when  .supporting  a  weight  of  400  lb.  deflects  1  in.  If  the 
weight  is  incrciused  to  HiOO  lb.  and  i.s  di.splaced  from  its  equilibrium  position  and  then 
released  so  that  it  can  vibrate  freely,  what  will  l)e  the  ixriod  of  vibration? 

870.  The  motor  in  Fig.  507  w«'ishs  1000  lb.  inul  is  mounted  on  four  spring.s,  each 
having  a  modulus  of  2(KK)  11).  in.  C'alculntf  the  natural  frecjurncy  with  which  the 
motor  will  vil>ratc  if  given  a  vertical  displ.icciiK'nt  from  its  e(|uilibrium  position  and 
then  rchiuscd.  Arm.     f  =  S.S5  cyrlos  i><>r  .sec. 

87L    III  Fig.  508  the  body  .U  wi-ighs  40  Ih.  and  the  weight  of  the  Ull-crank  /;  i.s 
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negligible.     The  modulus  of  the  spring  S  is  20  lb. /in-     Calculate  the  equivalent 
spring  constant  and  determine  the  frequency  of  vibration  of  the  system. 

Ans.     k  =  2.22  lb. /in.;  /  =  0.74  cycles  per  sec. 


Fig.  507. 


Fig.  508. 


872.  A  body  M  weighing  W  lb.  is  suspended  from  two  springs,  <Si  and  52  arranged 
in  series  as  shown  in  Fig.  509(a).  If  the  spring  constants  of  the  two  springs  are 
ki  and  k2,  respectively,  show  that  the  equivalent  spring  constant  for  the  system  is 

If  the  springs  are  arranged  in  parallel  as  shown  in  Fig.  509(6)  show  that 

A:i  +  k2 

the  equivalent  spring  constant  is  fci  +  k2. 

873.  Assume  that  the  body  in  Fig.  502  is  raised  by  a  force  until  the  length  of 
the  spring  is  the  same  as  its  unstretched  length  and  that  the  force  is  then  suddenly 
removed.  Write  an  expression  for  the  displacement  x  in  terms  of  Sgt  and  the  time  t 
after  the  force  is  removed.    Show  that 

the  maximum  elongation  of  the  spring  is 
twice  as  great  as  the  static  elongation 
caused  by  the  weight  of  the  body. 

Note:   Additional    problems    will    be 
found  after  Art.  156. 

154.  Simple  Pendulum. — As  a 

simple  application  of  a  free  \'ibra- 
tion,  let  it  be  required  to  find  the 
period  of  vibration  of  small  ampli- 
tude of  a  simple  pendulum  con- 
sisting of  a  particle  C  (Fig.  510) 
suspended  by  a  weightless  cord  of 
length  I  from  the  point  0,  and 
allowed  to  swing  in  a  vertical  plane 
along  the  path  5'5.  Using  the  equa- 
tion of  motion  2To  =  /<>«>  we  have 


Fig.  510. 


d^d 


-Wlsmd  =  —V-n 


(13) 


W 

9    de 

and  since  sin  0  =  0  approximately,  when  6  is  small,  the  last  equation  may 
be  written  ^2q 


^.=-h 


dt 


I 


(14) 
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This  equation  has  the  same  form  as  Eq.  (3)  when  -  is  replaced  by  p  . 
Hence  the  period  of  vibration,  if  the  amphtude  is  small,  is 

^       27r       „        TZ 


9 


(15) 


If  the  amplitude  0i  is  not  small  enough  to  permit  the  assumption  that 
sin  B  =  6,\i  can  be  shown  that  the  period  is 


r  =  27r  \ 


I 
f7L 


^©■.■*t"T"*(:-ST'-- 


(16) 


where  h  =  sin 


155.  Compound  Pendulum. — A  physical  body  of  finite  dimensions 

(in  contrast  to  a  particle)  which  oscillates 
or  swings  about  a  horizontal  axis  is  called 
a  compound  pendulum.  Fig.  511  repre- 
sents a  section  of  such  a  pendulum  that  is 
free  to  oscillate  about  a  horizontal  axis 
through  0.  Let  it  be  required  to  find  the 
period  of  vibration  for  oscillation.^^  of  small 
amplitude.  U.sing  the  equation  of  motion 
ZTo  =  /o«,  we  have 


—  Wr  sin 


_  E  z  2  ^ 
g  di- 


or,  if  6  is  small 

d-d  _       gf 
de  ~~  k} 


(17) 


(18) 


where  ko  is  the  radius  of  gyration  of  the  pendulum  about  the  axis  of 

rotation.     The  last  equation  is  the  same  in  form  as  Eq.  (3)  if  — ^  is 

replaced  by  p'.    Hence  the  period  of  the  compound  pendulum  for  oscilla- 
tions of  .^rnall  amplitude  is 

T=?^  =  2.V^ (19) 

V  9'' 


By  comparing  Eqs.  (15)  and  (19)  it  is  seen  that  for  small  ampHtudes  the 
period  of  oscillation  of  a  compound  pendulum  will  be  the  .same  as  that 
of  a  simple  pendulum  if  the  length  /  of  tiir  simple  pendulum  is  equal  to 
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-^  of  the  compound  pendulum.     The  point  Oi  in  Fig.  511  is  called  the 
f 

center  of  oscillation.  It  will  be  noted  that  the  center  of  oscillation  is  also 
the  center  of  percussion  (Art.  113).  Furthermore,  it  can  be  shown  that 
the  center  of  oscillation  may  be  made  the  center 
of  rotation  without  changing  the  period  of 
oscillation.  That  is,  in  a  compound  pendulum 
the  centers  of  oscillation  and  suspension  are  inter- 
changeable. 

156.  Free  Torsional  Vibration. — As  another 
application  of  Eq.  (6)  let  it  be  required  to  find 
the  period  of  vibration  (or  of  oscillation  of  small 
amplitude)  of  a  torsional  pendulum.  In  Fig. 
512  a  disk  is  rigidly  attached  to  the  slender 
cylindrical  rod  or  shaft  of  length  I.  If  the  disk  is 
given  an  angular  displacement  6,  and  is  then 
released,  the  disk  will  oscillate  under  the  in- 
fluence of  the  torque  exerted  by  the  rod.  The 
torque  is  proportional  to  the  angular  displace- 
ment, provided  that  the  elastic  strength  of  the 

material  is  not  exceeded,  and  is  opposite  in  sense  to  6.    Thus,  using  the 
equation  of  motion  liTo  =  looc,  we  have 


kd  =   Io     , . 


or 


dt^ 


k 

■ —  I 

lo 


(20) 


where  k  is  the  torsional  spring  constant,  or  the  torque  requii'ed  to 
produce  a  unit  angle  of  twist  of  the  rod  or  shaft  to  which  the  disk  is 
attached.  Eq.  (20)  is  also  the  equation  of  motion  for  free  torsional 
vibrations  of  many  machine  parts  such  as  rotors  or  flywheels  in  cases 
where  the  mass  of  the  shaft  is  relatively  small.  Equation  (20)  has  the 
same  form  as  Eq.  (1).  Thus  the  solution  is  of  the  same  form  as  Eq.  (6) 
and  hence  the  angular  displacement  at  any  time  is  given  by  the  equation 


6  =  do  cos  pt  -\ sin  pt 

V 


(21) 


in  which  p  =  -^y- ,  0,,  is  the  initial  angular  displacement,  and  Wo  is  the 

initial  angular  velocity  of  the  disk  or  the  value  of  co  when  t  =  0. 
The  period  of  oscillation  therefore  is 


-  =  7  =  -Vl: 


(22) 
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The  torsional  spring  constant  for  a  cylindrical  rod  or  shaft,  as  given  in 
books  on  strength  of  materials  is 

-iS^ (-) 

where  d  is  the  diameter  of  the  rod,  G  is  the  shearing  modulus  of  elasticity 

of  the  material  of  the  shaft,  and  I  is  the  length  of  the  rod.     For  a  cyhn- 

1  W 
drical  disk  !„  =  -  —  r^  where  /•  is  the  radius  of  the  disk,  and  hence 


^' (24) 

Two  Bodies  Connected  by  Shaft.     Nodal  Point. — When  two  heavy 

masses  such  as  the  rotors  of  a  large  motor  and  generator  are  connected 

^.^^^  /~7^       ^y  ^  relatively  small  shaft  as  shown  in  Fig. 

/y  lA  N  I    I  ^-\      ^^^'  torsional  vibrations  of  the  system  will 

c  ~«H        I         result  if  the  shaft  is  given  a  twist  by  turning 

\V  I  y  '    V    \  1  /      t^^^  rotors  in  opposite  directions    and  then 

^■''^       .        I    N-N-^       releasing  them.     Since,  after  release,    there 

k b >\<—l-b-*^  ,  .  , 

[-f i-i — ■ H  are  no  external  torques  actmg  on  the  system, 

Pjq  gj3  the  principle  of  conservation  of  angular  mo- 

mentum (Art.  149)  may  be  apphed.  Thus,  if 
/i  and  I2  are  the  moments  of  inertia  of  the  two  rotors  and  wi  and  W2 
are  their  angular  velocities  at  any  time,  we  have 

h 

Iiui  -\-  I20J2  =  0,     or    ui  =  —  0:2  Y   '     '     '     '     (^^) 

■'1 

Hence  the  two  bodies  rotate  in  opposite  directions  during  the  vibration 
since  their  angular  velocities  are  of  opposite  sign,  and  there  must  be  a 
section,  A'^  (called  the  nodal  section),  of  the  shaft  that  remains  stationary. 
Thus,  the  motion  of  each  body  may  be  considered  as  that  of  a  torsional 
pendulum  on  a  shaft  which  is  fixed  at  A'^,  and  the  position  of  this  nodal 
section  can  be  determined  since  the  period  of  oscillation  for  each  part  of 
the  system  is  the  same.     From  Eq.  (22)  the  period  is 


T  =2ir\^y    =  2iryJ-^ (26) 

where  ki  and  A^  are  the  torsional  spring  constants  of  the  two  parts  of 

no  1 2 

the  sliaft  as  diviiUil  by  the  point  A^.     Therefore  7^  =  y  >  "ihI  by  sub- 

A'l       /i 
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stituting  the  values  of  k  from  Eq.  (23)  this  equation  becomes 
h  I2  ,  ,  hi 


l-b 


,     whence     &  =  ,     .    j 
Ii  Ji  +  ■'2 


(27) 


By  using  this  value  of  b  for  the  length  of  the  shaft  in  Eq.  (23)  and  sub- 
stituting the  resulting  value  of  ki  in  Eq.  (26),  the  period  of  free  torsional 
vibration  for  the  system  in  Fig.  513  is  found  to  be 


T  =  2i 


32II1I2 


=  2i 


IM 


(28) 


where  J  is  the  polar  moment  of  inertia  of  the  area  of  the  cross-section  of 
the  shaft  about  the  axis  of  the  shaft. 
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874.  The  disk  in  Fig.  512  has  a  weight  of  32.2  lb.  and  a  radius  of  6  in.  A  torque 
of  4000  in.-lb.  gives  the  steel  rod  to  which  the  disk  is  attached  an  angle  of  twist  of 
0.04  radian  which  is  the  maximum  angle  of  twist  the  rod  can  sustain  without  having 
its  elastic  limit  exceeded.  "WTiat  will  be  the  frequency  of  oscillation  of  the  disk 
assuming  the  motion  of  the  disk  is  started  by  twisting  it  through  an  angle  less  than 
0.04  radian  and  then  releasing  it  without  initial  velocity?  Neglect  the  mass  of 
the  rod.  -^^^    /  =  ^^-^  cycles  per  sec. 


♦— -rX 


/ 


Fig.  514. 


Fig.  516. 


Fig.  517. 


875.  A  small  body  of  mass  m  and  weight  TT^  is  attached  to  the  center  of  a  tightly 
stretched  weightless  elastic  wire  of  length  21  (Fig.  514)  in  which  there  is  a  stress  S. 
If  the  mass  is  displaced  laterally  a  small  distance  and  then  released,  show  by  use  of 
the  equation  of  motion  I,Fx  =  max  that  the  body  has  a  simple  harmonic  motion  and 
determine  the  period  of  vibration.  Assume  that  the  increase  in  stress  in  the  wire 
due  to  a  small  lateral  displacement  is  small  in  comparison  with  S  and  may  therefore 
be  neglected.  jwi 

876.  The  body  M  in  Fig.  515  weighs  8  lb.  It  is  given  a  small  vertical  displace- 
ment from  its  equilibrium  position  and  then  released.    The  constant  for  each  of  the 
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springs  is  30  lb. /in.     Calculate  the  frequency  of  the  vibration  of  M,  neglecting  the 
mass  of  the  springs.  Ans.    /  =  8.56  cycles  per  sec. 

877.  A  steel  pendulum  consists  of  a  circular  disk  10  in.  in  diameter  and  1  in. 
thick,  and  a  rectangular  bar  30  in.  long,  3  in.  wide,  and  1  in.  thick,  as  shown  in 
Fig.  516.  If  the  pendulum  oscillates  about  a  horizontal  axis  through  0,  what  is  the 
period  of  oscillation?  Ans.     T  =  1.75  sec. 

878.  In  Fig.  517  a  weightless  wire  M  has  attached  to  its  lower  end  a  slender  rod 
B  of  weight  W  and  length  c.  When  B  is  given  a  small  angular  displacement  in  the 
horizontal  plane  and  then  released,  it  is  observed  to  oscillate  with  3  complete  oscilla- 
tions per  sec.  If  ir  =  8  lb.  and  c  =  1.5  ft.,  what  is  the  torsional  spring  constant  of 
the  wire?  Ans.     k  =  199  in.-lb.,  rad. 

879.  An  elevator  weighing  10  tons  is  slowly  lowered  by  a  cable  whose  cross- 
sectional  area  is  1.5  sq.  in.  and  whose  modulus  of  elasticity  is  20  X  10*  lb.  in.^. 
When  the  length  of  the  cable  is  112  ft.,  the  hoisting  drum  is  suddenly  stopped. 
If  the  mass  of  the  cable  is  neglected,  find  the  frequency  of  vibration.  Note:  The 
stretch  of  a  bar  or  cable  caused  by  a  static  a.\ial  force  W,  as  found  in  texts  on  strength 

Wl 
of  materials  is  e  =  —  ,  in  which  a  is  the  cross-sectional  area  of  the  cable,  I  is  the  length 

aE 

of  the  cable,  and  E  is  the  modulus  of  elasticity  of  the  cable. 

Ans.    f  =  3.3  cycles  per  sec. 

880.  A  rectangular  block  floats  in  water  with  a  depth  of  immersion  d.  The  cross- 
sectional  area  of  the  block  parallel  to  the  water  siu-face  is  .4  and  the  weight  of  water 
per  unit  volume  is  iv.  If  the  block  is  given  a  small  vertical  displacement  y  f rom  its 
equilibrium  position  and  then  released  it  will  oscillate.  If  the  inertia  and  friction  of 
the  water  are  neglected,  show  by  applying  the  equation  of  motion  2Fy  =  7nay  that 

— -  = y  and  hence  that  the  frequency  of  the  oscillation  is /  =  —  .^j-.    In  this 

dr  d  2ir  \  d 

problem  the  water  is  the  spring;  what  is  the  spring  constant? 

881.  The  motor  in  Fig.  507  is  supported  by  coil  springs  placed  under  the  four 
corners  of  the  motor  frame.  The  variable  torque  on  the  motor  produces  a  small 
rocking  (angular)  vibration  of  the  motor  in  its  supports;  the  axis  of  vibration  may 
be  assumed  for  small  vibrations  to  be  the  same  as  the  axis  of  rotation,  O,  of  the  motor. 
If  the  spring  constant  for  each  of  the  four  spring's  is  k  and  the  moment  of  inertia  of 
the  motor  and  frame  about  0  is  !„,  show  that  the  natural  fn-quency  of  the  anguhu* 

.....       1     /^' 
vibration  is  /  =  -  \  ~r-' 

882.  A  simple  pendulum  4  ft.  long  swings  through  an  angle  of  60"  (that  is, 
01  =  30°).  Find  the  period  of  oscillation;  (a)  by  the  approximate  method  and 
(b)  by  the  exact  method.  Ans.     (a)  T  =  2.21  sec;  (6)  T  =  2.25  sec. 

883.  Find  the  length  of  a  imiform  slender  bar  having  a  period  of  oscillation  of 
1  sec.  when  allowed  to  swing  as  a  compound  pendulum  about  an  axis  through  one 
end  of  the  bar.  Ans.     I  =  1.22  ft. 

884.  Liquid  is  placed  in  a  U-shaped  plass  tube  (Fig.  518),  the  total  length  of  the 
liciuid  rolunui  l)eing  I.  Pressure  is  a|)|)li(>d  to  one  side  of  the  column  depressing  it  as 
shown  and  the  pressure  is  then  suddenly  released  allowing  the  column  of  liquid  to 
oscillate.     Assuming  friction  to  be  negligible,  show  by  applying  the  equation  of 
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(Px           2g 
motion  2Fx  =  max  to  the  liquid  that  —  = x  and  that,  therefore,  the  period 


di 


of  vibration  is  T  =  2r  \j — 
2ff 


Fig.  518. 


Fig.  519. 


885.  A  cantilever  beam  of  constant  cross-section  (Fig.  519)  when  supporting  a 

1  TT7' 

body  M  of  weight  W  at  its  free  end  deflects  elastically  an  amount  5^  — 

3  EI 

(see  any  text  on  strength  of  materials)  in  which  E  is  the  tensile  modulus  of  elasticity 

of  the  material  of  the  beam  and  /  is  the  moment  of  inertia  of  the  cross-section  of  the 

beam  with  respect  to  its  horizontal  centroidal  axis.    Show  that  the  period  of  vibration 


of  M,  neglecting  the  mass  of  the  beam,  is  T"  =  2w- 


3EIg' 


If  the  mass  of  the  beam 


is  not  negligible,  it  can  be  shown  that  only  a  very  small  error  is  introduced  in  obtain- 
ing the  period  of  vibration  by  neglecting  the  mass  of  the  beam  and  assuming  that 
}i  of  the  mass  (and  weight)  of  the  beam  is  added  to  that  of  the  body  .1/.  If  the 
weight  of  the  beam  is  J^TF,  what  error  (in  per  cent)  is  introduced  by  neglecting 
the  weight  of  the  beam? 

886.  A  simple  beam  of  constant  cross-section  (Fig.  520)  when  supporting  a  body 

1  Wl^ 
M  of  weight  W  at  the  center  of  the  span  deflects  elastically  an  amount  8st  = 

(See  Prob.  885  for  meaning  of  E  and  /.)  Assuming  that  the  mass  of  the  beam  is 
negligible  compared  to  that  of  M,  show  that  the  frequency  of  vibration  of  .1/  is 


Ztt 


If  the  mass  of  the  beam  is  not  negligible,  it  can  be  shown  that 


iSEIg 

~w¥" 

only  a  very  small  error  is  introduced  in  obtaining  the  period  (or  frequency)  of  \ibra- 
tion  by  neglecting  the  mass  of  the  beam  and  assuming  thr.t  ^  of  the  mass  (and 
weight)  of  the  beam  is  added  to  that  of  the  body  M.  If  the  weight  of  the  beam  is 
34ir,  what  error  (in  per  cent)  is  introduced  by  neglecting  the  weight  of  the  beam? 

887.  In  Fig.  519  let  the  body  M  be  suspended  from  the  end  of  the  beam  by  means 
of  a  coiled  spring  whose  constant  is  k.  Find  the  equivalent  spring  constant  for  the 
system;   the  spring  constant  for  the  beam  may  be  obtained  by  using  the  expression 

for  8st  in  Prob.  885.     Neglect  the  weight  of  the  beam.        Am.     k'  = ;• 

SEI  +  kP 

888.  The  moment  of  inertia  of  a  body  may  be  found  experimentally  by  allo^Nang 
the  body  to  oscillate  as  a  compound  pendulum  and  observing  the  period  of  oscillation. 
Show  from  Eq.  (19)  that 

wr-r 
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in  which  /©  is  the  moment  of  inertia  of  the  body  about  the  center  of  oscillation, 
T  is  the  period  of  a  complete  oscillation  of  the  body  and  f  is  the  distance  from  the 
center  of  oscillation  to  the  mass-center  of  the  body. 

889.  The  connecting  rod  of  a  steam  engine  weighs  300  lb.  and 
the  distance  of  the  center  of  gravity  from  the  crank-pin  is  found  (by 
balancing)  to  be  50  in.  When  suspended  from  the  crank-pin  end  and 
allowed  to  vibrate  as  a  compound  pendulum,  it  is  found  to  make  30 
complete  oscillations  .in  75  sec.  Determine  the  moment  of  inertia  of 
the  rod  with  respect  to  the  axis  of  the  crank-pin  and  also  with  resp>ect 
to  a  parallel  a.xis  through  the  center  of  gravity. 

Am.    I  =  198  slug-ft.';  I  =  36.5  slug-ft.^ 

890.  The  pendulum  (Fig.  521)  of  a  Charpy  impact  machine, 
which  is  used  to  determine  the  resistance  of  materials  to  impact, 
weighs  50.5  lb.,  and  the  distance  of  the  center  of  gravity  from  the  axis 
of  rotation,  a.s  determined  by  balancing,  is  found  to  be  27.33  in. 
When  allowed  to  vibrate  about  the  axis  of  rotation,  the  pendulum  is 
observed  to  make  35  complete  oscillations  in  61  sec.  Find  the  mo- 
ment of  inertia  of  the  pendulum  with  respect  to  the  axis  of  rotation. 

Ans.     1=  8.85  slug-ft.- 
891.  A  body  M  whose  weight  is  W  (Fig.  522)  is  suspended  from  a  cylindrical 
rotor  by  means  of  an  inextensible  cable.     The  rotor  has  a  moment  of  inertia  /  alx>ut 
its  axis  of  rotation  O.     The  motion  of  the  rotor  is  restrained  by  the  spring  ^  whose 


Fig.  521. 


1^=4" 


Fig.  522. 


Fig.  523. 


modulus  is  k.     If  M  is  given  a  small  downward  displacement  and  then  is  released 
determine,  by  use  of  the  equation  of  motion  TlTo  =  I  of,  the  period  of  vibration. 


Aiw.      T  =  2r 


892.  A  Diesel  engine  whose  fl^-wheol  and  other  rotating  parts,  represented  by  .1 
in  Fig.  523,  have  a  combined  moment  of  inertia  of  600  slug-ft.-,  drives  a  generator 
whose  rotor,  represented  by  B,  has  a  moment  of  inertia  of  100  slug-ft.-  The  steel 
shaft  connecting  the  engine  to  the  generator  is  4  in.  in  diameter  and  5  ft.  long.  The 
shearing  modulus  of  elasticity  of  steel  is  G  =  12  X  10*  Ib./in.^  Neglecting  the  mass 
of  the  shaft  calculate  the  natural  frequency  of  torsional  vibration  of  the  system. 

Ans.    /  =  11.1  cycles  j)er  sec. 

157,  Analysis  of  Free  Vibrations  by  Principle  of  Work  and  Energy. — 
The  principle  of  work  and  energy  (Art.  131)  is  frecjuentl}'  useful  in  deter- 
mining the  nalur.tl  frequency  of  free  vibration  of  an  ela^stic  .system. 
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As  an  example,  this  principle  will  be  applied  to  the  motion  of  the  system 

shown  in  Fig.  502.     The  principle  states  that  during  any  displacement,  z, 

of  the  body,  the  work  done  on  the  body  is  wiual  to  the  change  in  kinetic 

energy  of  the  body  {w  =  AEk).     Thus,  referring  to  Fig.  502,  we  may 

write 

/  kx^\       1  W 

Wx-[}Vx  +  ~)  =  --{v,'-v,')       .     .     .     (29) 

where  ^i  is  the  velocity  at  the  start  and  V2  at  the  end  of  the  displacement. 
It  will  be  noted  that  in  considering  the  displacement  of  the  body  from 
position  X  =  0  to  position  x  =  x„i  =  A,  where  x^  or  A  denotes  the 
maximum  displacement  (amplitude)  of  the  body  from  its  equilibrium 
position,  that  V2  is  zero  when  x  =  A  and  that  when  a:  =  0  the  velocity 
t'l  is  the  maximum  velocity  of  the  body  during  the  vibration  which  will 
be  denoted  by  Vm-     Hence,  Eq.  (29)  becomes 

W 

kA^  =  —vj (30) 

9 

If  the  elastic  properties  of  the  spring  are  not  exceeded,  the  restoring 

force  kx  is  always  directed  toward  the  origin  and  is  proportional  to  the 

displacement  x,  and  hence  the  motion  is  a  simple  harmonic  motion. 

Therefore,  the  displacement  may  be  represented  as  the  ordinate  to  a  sine 

curve  (Art.  86).     Hence 

dx 
X  =  A  sin.  pt    and    Vx  =  —  =  ^P  cos  pt      .     .     .     (31) 

at 

where  p  has  the  same  meaning  as  in  Ai't.  153. 

From  Eq.  (31)  it  is  evident  that  the  maximum  value  of  v  Is  Vm  =  Ap, 
and  hence  Eq.  (30)  becomes 

kA'  =  ^  (Apr^    or    p2  =  I (32) 

g  W 

which  agrees  with  the  expression  for  p  m  Eq.  (2).  The  method  of  work 
and  energy  is  useful  m  many  simple  types  of  problems,  and  has  particular 
advantages  in  problems  in  which  the  mass  of  the  spring  is  considered  as 
part  of  the  vibrating  system;  the  method  then  leads  to  Rayleigh's 
method  which  is  discussed  m  books  on  vibrations. 

ILLUSTRATIVE   PROBLEM 

Problem  893. — In  Fig.  524  is  shown  a  device  for  measuring  the  vibrations  of 
ships.  The  body  D  is  a  stiff  bar  connected  to  a  smooth  pin  at  0,  S  is  a  spring  whose 
constant  is  k,  and  B  is  a  small  body  attached  to  the  end  of  D.  The  weight  of  D 
and  B  is  TT'  and  the  distance  of  their  center  of  g^a^^t^•,  G,  from  O  is  I.     The  moment 
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Fia.  524. 


of  inertia  of  D  and  B  about  0  is  lo-  The  initial  spring  tension  is  such  that  the  bar  D 
is  in  equilibrium  when  in  a  horizontal  position.     If  D  is  displaced  from  its  equilibrium 

position  and  then  released,  find  the  period  of 

vibration. 

Solulion. — WTien  the  system  is  in  its  equi- 
librium position  the  stress  in  the  spring  is 
found  from  one  equation  of  equilibrium,  by 

I 
taking  moments  about  0,  to  be  ir--    If  Z)is 

0 

given  a  small  angular  displacement  6^  down- 
ward from  its  equilibrium  position,  the   in- 

crease  in  length  of  the  spring  is  hdm  and  the  stress  is  increased  to  U  -  +  khdm. 
Hence  the  work  done  by  the  spring  is 

-  \  l^v  ^  +  W-^  +  khe,A  hdm  =  -  (wio„  +  ^  kb^e^mj. 

And  since  the  work  done  by  the  weight  of  D  and  B  i.s  WIdm,  the  total  work  done  on 
D  and  B  is  —lkb~6^m-  Hence  applying  the  princij^le  of  work  and  energy  for  the 
displacement  0  =  0  to  9  =  dm  we  have 

w  =  AEk  =  hh  ("2^  -  wi^) 
or 

where  wm  is  the  maximum  angular  velocity  of  D. 

de 

Since  the  motion  is  harmonic  d  =  dm  sin  pt,   and  hence  w  =  —  =  6mP  cos  pt. 


dl 


Thus  wm  =  OmP  and  the  last  equation  becomes 


Ikh'^e'^m  =  hhe'^mp'^.    ^^'hcnce   p^  =  -iz. 


2t  // 

The  period  of  vibration  then  is  T  =  —  =  2r  ^    —1. 

P  \  kb^ 


k^ 

lo 
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894.  In  Prob.  893  assume  the  weight  of  D  to  be  nogligible  and  the  weight  of  B 
to  be  II'.  Find  the  period  of  vibration  l)y  the  method  u.>«'d  in  Prob.  893.  Check 
the  result  by  u.sing  the  eciuation  of  motion  2)7'o  =  I,fit  and  by  solving  the  resulting 
differential  equation.     In  this  problem  assume  /  to  be  the  length  of  D. 


A  ns. 


I 

T  =  2x- 

b 


895,  If,  in  Prob.  894,  IF  =  32  lb.,  I  =  30  in.,  and  6  =  3  in.,  what  must  be  the 
value  of  the  spring  constant  k  to  make  the  period  of  vibration  one  second? 

896.  Determine  the  frequency  of  vibration  of  the  pendulum  in  Fig.  525  which 
oonsi.sts  of  a  stiff  weightless  bar  of  length  /  and  a  sm;ill  botly  M  whose  weight  in  W. 
The  spring  constant  for  each  of  the  two  springs  »S',  .S,  is  A-. 


A  fw.    / 


h\'i 


'2b-kg 
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897.  Assume  tlie  mass  of  the  rigid  bar  AB  in  Fig.  526  to  be  negligible  and  the 
spring  constant  for  the  spring  S  to  be  k.     Calculate  (a)  the  natural  frequency  of 


9r 


! 


aD 


WW 


Fig.  525. 


Fig.  526. 


vibration  of  the  system  and  (6)  the  equivalent  spring  constant  K  for  the  system. 


Am.     {a)  f  =  — 


27r  I 


ib)K 


-(r^.y- 


158.  Free  Vibration  with  Viscous  Damping. — Free  vibrations,  that 
is,  vibrations  that  are  not  maintained  by  driving  or  exciting  forces, 
gradually  die  out  because  of  the  damping  due  to  frictional  resistance 
encountered  during  motion.  In  the  analysis  of  vibration  problems  the 
damping  force  developed  is  usually  assumed  to  be  proportional  to  the 

dx 

velocity  of  the  body  and  is  expressed  as  —  c  —  ,  where  c  is  called  the 

damping  constant.     Thus  the  frictional  forces  are  assumed  to  be  of  the 

type  developed  by  the  viscosity  of  the  oil  in  a  dashpot;         lyi+kx 

by  assuming  a  proper  damping  constant  this  assump-         |     0| 

tion    usually    yields    satisfactory   results  even  though 

other  types  of  friction  may  be  damping  the  motion. 

dx 
If  a  frictional  force  equal  to  —c-r  is  added  to  the 


dt 


TTw 


\x 


force  system  shown  in  Fig.  502,  the  force  system  will  be 
as  shown  in  Fig.  527  and  the  equation  of  motion  for  the 
resulting  damped  free  vibration  may  be  written  as  follows: 

'ZFx  =  max 


Fig.  527. 


which  may  be  written  ,2 


where 


dx       W  d^x 
dt        g   dt 

dx         2 

«^  =  -—    and     2n  =  —1  =  — 
^        W  W      m 


_^^+2„-+p=x  =  0 


(33) 
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An  inspection  of  tliis  eciiuition  indicates  (as  is  shown  below)  that  x  must 
be  such  a  function  of  t  that  each  successive  derivative  of  x  with  respect 
to  t  is  equal  to  the  original  function  times  a  constant.  In  a  study  of 
differential  equations  it  is  found  that  the  function  x  =  Ce^'  satisfies  this 
condition,  where  C  and  s  are  unknown  constants  to  be  determined  from 
the  initial  conditions  of  the  motion  and  e  is  the  base  of  natural  logarithms. 
The  truth  of  this  statement  is  easily  shown.     Thus,  if  x  =  Ce*', 

^  =  056"'     and    ^|  =  Cs2e^' 

dx  d^x 

Hence,  if  these  values  of  a-,  -—  ,  and  --^  are  substituted  in  Eq.  (33) 

dt  dt 

the  equation  becomes 

(s2  +  2ns  +  p^)Ce''  =  0        (34) 

and  hence  the  function  x  =  Ce"'  satisfies  equation  (33)  if  the  conditions 
of  the  motion  are  such  that 

s-  +  2ns  +  ?r  =  0 (35) 

Thus  there  are  two  values  of  s  that  yield  a  solution  of  Eq.  (33),  namely, 

Si  =  —  7}  +  "V  ir  —  p"     and     S2  =  —  n  —  V /j"  —  p^ 

The  general  solution  of  Eq.  (33)  then  Is 

a-  =  Cie^^'  +  Cae'^' (36) 

The  damping  of  the  motion,  in  accordance  with  this  equation  re.-<ults  in 
two  different  types  of  motion  depending  on  whether  n  is  greater  than  p 
or  le.ss  than  p. 

For  n  greater  than  p. — If  n  >  p  the  solution  (Eq.  36)  does  not  contain 
any  terms  that  vary  periodically  with  time.  Hence  the  frictional  resis- 
tance is  so  large  that  the  body  when  displaced  does  not  vibrate,  but 
gradually  creeps  back  to  the  equilibrium  position.  When  this  condition 
exists  the  motion  is  said  to  be  overdampcd. 

For  n  less  than  p. — If  n  <  p  the  expressions  for  Si  and  ^^  become 
complex  numbers  and  may  be  written 

Si  =  —  /i  +  /  V  p"  —  n^  =  —  n  -\-  iq 
and  ....     (37) 

S2  =  —  n  —  i  V  p^  —  71^  =  —  n  —  iq 

where  

i  =  V— 1     and     q  =   v  p^  —  n^. 

Thus 2-  =  ric'-"  -^  "'^'  +  Coe^-"  -  '«^'  =  e-^'ide'"'  +  Csf-")  .     (38) 
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30? 


By  substituting  in  Eq.  (38)  the  following  mathematical  relations,  given 
in  texts  on  calculus  and  trigonometry, 

e»9'  =  cos  qt  +  i  sin  qt,     and     e~*''  =  cos  qt  —  i  sin  qt 

and  simplifying,  the  equation  becomes 

X  =  e-'^'iB  cos  qt-\-  D  sin  qt) (39) 


in  which  B  and  D  are  constants  such  that  B  =  Ci  -\-  C2  and  D  = 
i{Ci  —  C2),  and  they  are  determined  from  the  initial  conditions  of 
motion.  The  expression  in  parentheses  is  a  periodic  function  of  the 
same  form  as  Eq.  (4)  for  a  free  vibration  without  damping.  Hence  it 
represents  a  vibratory  motion  with  a  period 


T  = 


V] 


2t 
V 


1 


\ 


1  - 


(;)■ 


(40) 


For  the  majority  of  cases  of  vibratory  motion  the  ratio  -  is  less 

V 
than  0.2,  and  it  will  be  observed  that  for  these  cases  the  period  of  the 
damped  free  vibration  is  practically  the  same  as  the  period  of  undamped 
free  vibrations.  If  the  initial  conditions  of  the  motion  are  such  that 
X  =  Xq  and  v  —  0  when  ^  =  0,  Eq.  (39)  is  found,  by  evaluating  the 
constants  B  and  D,  to  reduce  to 

X  =  e~'^\xo  cos  qt) (41) 


XqB        cos  qt 


Fig.  528. 

The  relation  between  x  and  t  in  Eq.  (41)  is  represented  graphically  by 
the  curve  in  Fig.  528. 

The  value  of  the  factor  e~"'  in  Eq.  (41)  gradually  decreases  with 
time  and  hence  the  amplitude  of  each  successive  oscillation  is  decreased 
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in  the  ratio  e"^  to  1  where  T  =  —  is  the  period  of  oscillation.     This  may 

9 
be  shown  as  follows:  If  Xr  denotes  the  amplitude  and  /  the  time  at  the 
end  of  r  complete  cycles  and  Xr+i  the  amplitude  at  the  end  of  r  +  1 
cycles  we  have 


Hence 


x,^^  =  e-"('+^) 


Xr+1 


Xn  COS 


g  n  +  —  j  =  e-"('+^)(x,  cos  qt) 


,-n{l  +  T) 


=  e"^ 


The  logarithm,  to  base  e,  of  this  ratio  is  riT  =  -—  •  —  =  —  and  Is 

211       q         mq 

called  the  logarithmic  decrement.  The  logarithmic  decrement  measures 
the  difference  in  the  logarithms  of  two  consecutive  ampli- 
tudes of  the  motion. 


ILLUSTRATIVE   PROBLEM 

Problem  898. — In  Fig.  529  is  shown  a  body  M  connected  to  a 
spring  S  whose  constant  is  40  lb. /in.  M  is  also  connected  by  a  rod 
to  a  piston  that  moves  in  a  dashpot  B  that  is  filled  with  a  viscous 
fluid.  The  damping  force  due  to  the  fluid  resistance  varies  directly  as 
the  velocity  of  .1/  and  is  equal  to  50  lb.  when  r  =  2  ft. /sec.  The  combined 
weight,  W,  of  M,  the  rod,  and  the  piston  is  100  lb.  Find:  (a)  the 
damping  constant,  (6)  the  period  of  vibration,  and  (c)  the  logarithmic 
decrement. 

Solutimi. — («)  The  damping  constant  is 

50  lb. 


Fig.  529. 


2  X  12  in./sec. 
(6)  The  natural  circular  frequency  is 


=  2.08  lb.  soc./in. 


\kg         I 


40  Ib./in.  X  386  in./sec.- 
100  lb. 


Hence 


Therefore 


2ir 


2.08  Ib.-sec./in.  X  386  in.  sec.- 
2  X  100  lb. 


=  12.4  rad./sec. 


=  4.02  rad./sec. 


=  V;j2  _  „2    =  \/(12.4)2  -  (4.02)-    =  11.8  rad./i 


And 


„       27r       2  X  3.142       ^  ^^^ 

T  =—  = =  0.532  sec. 

q  11.8 


(r)  The  logarithmic  decrement  is 


iiT  =  4.02  X  0.532  =  2.15. 
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PROBLEMS 

899.  If  the  initial  amplitude  of  the  motion  described  in  Proh.  898  is  4  in.,  what 
is  the  amplitude  at  the  end  of  one  complete  cycle?  Ans.     x  =  0.47  in. 

900.  Using  the  data  of  Prob.  898,  determine  the  least  value  of  the  damping  coef- 
ficient that  will  cause  an  overdamped  condition  in  the  motion  and  hence  will  prevent 
a  periodic  motion.  Find  also  the  corresponding  value  of  the  damping  force  when 
V  =  2  ft./scc.  Ans.     c  =  6.43  Ib.-sec./in.;   F  =  154  lb. 

901.  Assume  in  Prob.  898  that  the  damping  force  is  20  lb.  when  v  =  2  ft. /sec. 
and  that  the  other  data  are  unchanged.  Find  the  period  of  viijration  and  the 
logarithmic  decrement.  Ans.     jT  =  0.507  sec;  nT  =  0.815. 

159.  Forced  Vibrations  without  Damping. — The  ampUtude  of  a  free 
vibration  of  a  body  depends  only  on  tlie  .starting  conditions,  whereas  a 
forced  vibration,  which  is  maintained  by  an  alternating  exciting  force, 
has  a  frequency  and  an  ampHtude  which  are  influenced  by  the  frequency 
and  amplitude  of  the  exciting  force.  A  slight  eccentricity  or  lack  of 
balance  in  rotating  machinery  may  cause  exciting  forces  that  develop 
vibrations  of  large  amplitude. 

Two  ways  in  which  forced  vibrations  may  be  developed  are  shown 
in  the  conventionalized  systems  in  Figs.  530(6)  and  (d);  namely,  (I)  a 


Xs  cos  (lit 


P=P„cos  Ut 


Case  I 


W+/x-(.T-2/) 
or 

W  +kx—kxs  COS  cot 
N4-?-> 


ie) 


Tw 


Case  II 


Fig.  530. 


force  P  that  varies  harmonically  with  time  may  be  applied  directly  to 
the  body  N  of  mass  m  and  weight  W,  as  indicated  in  Fig.  530(6),  or 
(II)  the  upper  end  of  the  spring  may  be  moved  vertically  with  a  recipro- 
cating displacement  y  that  is  assumed  to  vary  harmonically  with  time, 
as  indicated  in  Fig.  530  (rf).  The  resulting  free-body  diagrams  for  the 
body  N  for  the  two  cases  are  also  shown  in  Figs.  530(c)  and  (e). 
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Case  I. — The  conditions  assumed  in  Case  I,  for  example,  could  be 
produced  by  attaching  to  an  elastic  beam  (Fig.  530a),  a  rotor  that 
revolves  with  an  angular  velocity  w  and  that  has  an  unbalanced  mass  M 
at  a  distance  r  from  the  axis  of  rotatipn,  thus  causing  a  rotating  unbal- 
anced (centrifugal)  force  equal  to  Mru)^  =  Po,  the  vertical  component  of 
which  is  Po  cos  ut.  In  this  expression  of  the  alternating  or  exciting 
force,  Po  is  the  amplitude  of  the  exciting  force,  and  w  is  its  circular  fre- 
quency, which  in  this  case  is  the  angular  velocity  of  the  rotor.  The 
equation  of  motion,  ZF^  =  mox,  for  N  (Fig.  5306)  then  may  be  written 

This  equation  may  be  written 


W  -  {W  +  kx)  +  Po  cos  co<  =  m  "2    .     •     •     •     (^2) 


de 


+  p^x  =  —  cos  co< (43) 


in  which  —  =  p^. 
m 

Case  II. — Before  Eq.  (43)  is  solved.  Case  II  will  be  considered.     If 

the  displacement,  x,  in  Fig.  530(e)  is  measured  from  the  position  of 

static  equilibrium  of  the  body  N  when  the  cro.sshead,  E,  is  in  its  middle 

position,  it  will  be  noted  that  any  additional  extension  of  the  spring  is 

equal  to  the  difference  (.r  —  y)  of  the  displacements  of  its  two  ends. 

The  spring  force  acting  on  the  body  N  is  therefore  ^Y  +  k{x  —  y). 

The  equation  of  motion  then  becomes 

di' 
Hence 

^x 

or 

d^x   ,      ,         kx, 

—2  +  V'x  =  — 
at  VI 


W  -  [ir  +  k{x  -  y)\  =  m  -2 


m  —2  +  kx  =  ky  =  kxa  cos  ut 


—2  +  P'x  =  -—  cos  co< (44) 


in  which  Xg  is  the  maximum  value  of  (/,  that  is,  the  amplitude  of  motion 
of  the  cro.sshead.     This  equation  is  of  the  same  form  as  Kq.  (43)  and  the 

Po 

two  equations  are  identical  if  x,  =  --•      It  should  be  noted  that  the 

a" 
Po 

expression  ~r  —  x»  "^^y  ^^  interpreted  as  tiie  static  elongation  of  the 

K 

spring  which  would  be  produced  in  Case  I  by  a  load  Po-     If  this  .substi- 
tution is  made,  I-ajs.  (43)  and  (44)  are  identical. 
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It  is  convenient  to  visualize  the  forced  vibration  of  the  body  iV  as 
being  composed  of  a  combination  of  a  free  vibration  of  the  type  discussed 
in  Art.  153,  plus  a  new  motion  caused  by  the  exciting  force.  Let  it  be 
assumed,  therefore,  that  the  displacement  x  =  Xi  -\-  X2,  where  Xi  is  the 
displacement  produced  by  the  free  vibration  and  is  independent  of  the 
exciting  force,  and  X2  is  the  additional  displacement  caused  by  the 
exciting  force.  With  this  substitution  we  may  assume  Eq.  (43)  to  be 
made  up  of  two  parts: 

(a)5  +  P^x,  =  0 (45) 

(h)  ^  +  p'x2  =  -coso:t (46) 

dt"  m 

which  expressions,  when  added,  give  an  equation  that  is  equivalent  to 
the  original  equation.  It  will  be  noted  that  Eq.  (45)  is  of  the  same 
form  as  Eq.  (3)  and  hence  the  solution  for  Xi  is  of  the  same  form  as 
Eq.  (4).     Therefore 

Xi  =  5  cos  p^  +  C  sin  pi (47) 

It  is  obvious  that  a  function  X2  =  A  cos  wt  will  satisfy  Eq.  (46)  if  the 
constant  A  (the  amplitude)  is  properly  selected.  Substituting  this 
function  in  Eq.  (46)  we  have 

Po 

—A(j?  cos  (xii  +  y~A  cos  wi  =  —  cos  (A 


m 

or  P 

Aiv"  -  "')  =  ~ 
m 

Therefore  t>  p  p        1 

A=     ,r    2,  =  !—^ =  T  2     .    •    (48) 

V  V 

Thus  a  solution  for  the  forced  vibration  becomes 

xo  =  A  cos  (Jit  =  — -  2  ^^^  "^  ^  ^« 2  ^^^  ^^  (4^) 

/j  CO  (Ji 

Po  ~  ^  ~  ^' 

in  which  Xg  =  —- 

Hence  the  complete  solution  of  Eq.  (43)  is  found  by  combining  Eqs.  (47) 
and  (49).     Thus 

X  =  xx  -\-  X2  =  B  cos  -pt  -{-  C  sva  pt  -{ ^  cos  wi    .     .     (50) 

CO 
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and  it  can  be  verified,  by  substitution,  that  this  solution  satisfies  Eq. 
(43)  and  Eq.  (44). 

Steady-State  Forced  Vibration. — In  most  practical  applications  the 
free  vibration  represented  by  the  expression  B  cos  pt  -{■  C  &m  pt  'm. 
Eq.  (50)  is  transient  in  nature,  being  gradually  damped  out  by  frictional 
resistances  if  the  exciting  force  maintains  a  constant  frequency  and 
amplitude.  Thus  the  final,  or  steady-state  forced  vibration  which  the 
body  performs  is  represented  by  the  solution  for  X2  in  Eq.  (49).  Thus  it 
is  seen  that  the  displacement  .t  for  a  steady-state  forced  vibration  is  a 
cosine  function  whose  amplitude  depends  on  the  ratio  of  the  impressed 
circular  frequency  w,  of  the  disturbing  force,  to  the  natural  circular  fre- 
quency p,  for  free  vibration  of  the  system.     The  maximum  value  of  z 

(that  is,  the  amplitude  of  the  forced  vibration)  is  Xs 7~v>"      Denot- 

ing  this  amplitude  by  A ,  we  have  then 

A  =  Xs 1—^  =  ^8 7T^      ....     (51) 


-©■    -©■ 


where  /i  =  —  =  frequency  of  the  exciting  force  in  cycles  per  second; 
27r 

V                                  1 
likewise  /  =  —  •     The  ratio — ^  may  be  interpreted  as  a  mag- 

nification  factor;  for  example,  the  force  Po  if  statically  applied  would 
produce  a  displacement  x.„  but  when  the  alternating  force  varies  with  a 
frequency,  oj,  the  actual  amplitude  A  of  motion  is  increased  in  proportion 
to  this  .magnification  factor.  Similarly  for  the  case  of  Fig.  530(rf),  if 
the  crank  arm  OD  is  revolved  very  slowly,  the  body  N  moves  through 
the  same  displacement,  Xa,  as  the  upper  end  of  the  spring;  but,  when  OD 
revolves  with  the  angular  velocity  w,  the  forced  ampliturie  -1  of  motion 
of  the  body  is  j«  times  the  magnification  factoi". 

By  plotting  a  curve  showing  values  of  the  magnification  factor  as  a 
function  of  the  frcfiuency  ratio  u'p,  as  shown  in  Fig.  531,  a  completxj 
picture  of  the  amplitudes  develoi)ed  for  steady-state  umlamped  hnvvd 
vibrations  is  obtjiined.  It  will  be  noted  that  if  the  exciting  force 
alternates  slowly  (w '/)  smaller  than  \)  the  amplitudes  of  motion  are 
only  slightly  larger  than  would  be  obt^jiiiied  if  tlu-  force  were  applied 

statically  (that  is,  —  approaches  unity).     However,  for  values  of  w/p 

X, 
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No  damping: 


■A 
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Fig.  531. 


in  the  neighborhood  of  unity,  the  numerical  value  of  the  magnification 
factor  is  very  large  and  hence  the  amplitudes  of  the  forced  vibration 
become  dangerously  large.  When  the  impressed  frequency  to  coincides 
with  the  natural  frequency,  p,  of  free  vibration,  the  system  is  said 
to  be  in  resonance,  and 
this  is  a  condition  which 
must  be  avoided  in  all 
moving  machine  parts. 
The  speed  of  rota- 
tion of  a  shaft  and  the 
rotor  attached  to  it  at 
which  resonance  occurs 
is  frequently  called  the 
a'itical  speed  for  the 
shaft.  In  general  it  is 
important  to  know  the 
critical  speed  of  a  rotat- 
ing member  so  that  the 
speed  of  operation  can 
be  maintained  either 
considerably  above  or 
below    this    dangerous 

(critical)  speed,  or  so  that  the  member  can  be  designed  for  an  operat- 
ing speed  that  will  not  be  too  near  the  critical  speed. 

For  values  of  w/p  greater  than  one,  the  values  of  —  become  negative 

and  the  exciting  force  is  said  to  be  180°  out  of  phase  with  the  displace- 
ment. Physically  this  means  that  the  exciting  force  is  pushing  upward 
with  its  maximum  value  when  the  body  A^  is  in  its  lowest  position,  and 
the  force  is  always  of  opposite  sense  to  the  displacement.  Usually  this 
phase  relationship  is  not  of  gi'eat  interest  and  the  magnitude  (but  not  the 
sign)  of  the  magnification  factor  may  be  represented  by  the  ordinate  to 
the  dashed  line  in  Fig.  531. 

For  frequency  ratios  of  oj/p  gi-eater  than  -\/2  the  amphtude  of  forced 
vibration  becomes  less  than  would  be  obtained  if  Po  were  apphed  stat- 
ically. In  fact,  for  ratios  of  co/p  greater  than  10,  the  mass  practically 
stands  still  in  space  (its  amplitude  of  motion  being  less  than  about 
1  per  cent  of  Xg) . 

Damped  Forced  Vibrations. — If  the  above  Eqs.  (42)  to  (51)  were  modi- 
fied to  take  into  consideration  the  small  damping  forces  that  are  alwaj's 
present  in  actual  machines  or  structures,  the  magnification  factors 
obtained  would  differ  somewhat  from  those  obtained  from  Eq.  (51)  in 
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which  damping  is  neglected.  The  two  dotted  curves  (a)  and  (6)  in 
Fig.  531  show  the  values  of  magnification  factor  that  would  be  obtained 
for  a  relatively  small,  and  for  a  relatively  large  viscous  damping  coeffi- 
cient, respectively.  The  addition  of  damping  does  not  appreciably 
affect  the  amplitudes  of  motion  except  near  resonance,  and  the  resonant 
frequency  remams  practically  unchanged.  Hence  Eq.  (51)  will  also 
yield  satisfactory  results  for  most  cases  of  damped  forced  vibrations  in 
which  the  damping  is  relatively  small. 

Torsional  Forced  Vibrations. — Equations  the  same  as  those  obtained 
above  may  be  found  for  torsional  forced  vibrations,  except  that  force  is 
replaced  by  torque,  mass  by  moment  of  inertia  of  mass,  and  linear  dis- 
placements, velocities,  and  accelerations  by  angular  displacements, 
velocities,  and  accelerations. 

160.  Vibration  Reduction. — The  engineering  problem  relating  to 
vibration  is  freciuently  that  of  reducing  a  forced  vibration.  There  are 
several  methods  of  reducing  vibrations,  based  on  the  principles  dis- 
cussed in  the  preceding  articles,  the  more  important  being: 

1.  Removal  of  the  exciting  force,  by  balancing. 

2.  Tuning  to  avoid  resonance. 

3.  Dami)ing,  usually  by  introducing  frictional  forces. 

4.  Isolation,  by  introducing  elastic  supports. 

1.  Balancing.  A  brief  discussion  of  methods  of  balancing  rotating 
masses  is  given  in  the  following  chapter.  There  are  several  widely 
used  machines  for  determining  the  dynamic  unbalance  of  rotating  parts 
and  the  masses  that  must  be  added  to  produce  balance,  and  hence  to 
remove  (or  greatly  reduce)  the  exciting  force. 

2.  Tuning.  In  order  that  large  amplitudes  of  vibration  may  be 
avoided,  machines  are  frequently  designed  so  that  they  do  not  operate 
at  or  near  the  ciitical  speed,  the  critical  speed  of  a  rotating  body  being 
identical  to  its  natural  fre^iuency  of  free  vibration.  This  proce.*<'<  is 
called  tuning.  If  the  operating  speed  of  a  member  is  at  or  near  the  criti- 
cal or  resonant  speed,  even  for  a  .sui>po.>^edly  balanced  member,  a  slight 
exciting  force  caused  by  deviations  from  a.s.^ume(l  coiulitions  will  build  up 
large  amplitudes  of  motion.  If  a  member  is  found  to  be  operating  near 
the  resonant  speed  it  may  be  detuned  (I)  by  changing  the  frequency  of 
the  exciting  forces  through  (a)  a  change  in  the  sjx^ed  of  rotation,  or 
(6)  a  change  in  the  number  of  forced  impulses  per  revolution  of  the 
member,  as  for  example  a  change  in  the  number  of  jets  in  a  turbine; 
or  (II)  by  changing  the  natural  freciuency  of  the  member  by  adjusting 
the  relative  stiffness  and  ma.sses  of  the  moving  parts. 

3.  DampiiKj.      If  the  operating  speeds  of  an  apparatus  or  machine 
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that  is  subjected  to  forced  vibrations  involve  a  wide  range  of  speeds 
including  the  resonant  speed,  damping  (caused  by  introducing  frictional 
forces)  is  frequently  useful  in  reducing  the  amplitudes  that  would  occur 
near  the  resonant  speed.  Damping  has  only  a  small  effect  on  amplitudes 
except  near  the  resonant  speed,  as  is  indicated  in  Fig.  531  by  the  decrea.se 
in  the  magnification  factor  for  a  damped  forced  vibration;  the  decrease 
in  amplitude  produced  by  the  addition  of  a  damping  force  of  considerable 
magnitude  is  appreciable  only  in  the  neighborhood  of  the  resonant 
frequency.  An  automobile  that  must  operate  over  a  wide  range  of 
speeds  and  conditions  of  road  is  equipped  with  shock  absorbers  as  fric- 
tion dampers  which  limit  the  amplitude  of  resonant  vibrations  of  the 
body  of  the  car  (sprung-weight)  induced  by  road  irregularities.  Damp- 
ing caused  by  the  fiiction  in  built-up  leaf  springs  as  the  leaves  shp  against 
each  other  when  the  spring  oscillates  plays  an  important  part  in  reducing 
the  amplitude  of  resonant  vibration  of  railroad  cars  on  their  springs. 

On  the  other  hand,  the  automobile  engine  is  mounted  on  springs  of 
relatively  low  modulus,  so  that  the  operating  speed  of  the  engine  is  very 
much  above  the  speed  of  natural  vibration  of  the  assembly  of  the  engine 
and  springs,  and  hence  damping  is  not  needed  since  resonance  does  not 
occur.  This  method  of  avoiding  resonance  is  called  isolation  of  the 
vibration. 

4.  Isolation.  "When  the  exciting  forces  in  a  forced  vibration  of  a 
body  cannot  be  eliminated,  it  is  necessary  to  resort  to  some  method  of 
isolating  the  vibration  so  that  the  periodic  force  reaction  on  the  founda- 
tions or  supporting  frame  is  reduced.  The  usual  method  of  isolation  is 
to  use  some  form  of  elastic  suspension  of  the  \'ibrating  body.  The  term 
transmissibility  is  used  to  denote  the  ratio  of  the  maximum  force  actually 
transmitted  to  the  support  through  the  spring  (which  is  k  times  the 
stretch  of  the  spring)  to  the  maximum  force  that  would  be  transmitted 
to  the  support  with  no  elastic  suspension;  this  latter  value  may  be 
thought  of  as  the  amplitude  of  the  exciting  force. 

The  simplest  type  of  spring  suspension  is  indicated  in  Fig.  532  in 
which  a  body  B,  whose  weight  is  W,  is  supported  by  a  spring  and  is  given 
an  up  and  down  forced  vibration  of  amplitude  A  and  frequency  /i. 
The  transmissibility,  e,  of  such  an  undamped  isolation  mechanism  is 

-Po  1 


max.  spring  force   _  kA 
max.  exciting  force      Po 


k 


-©■ 


1  1 


-(f 


366  MECHANICAL  VIBIL\TIONS 

where/  is  the  natural  up  and  down  frequency  of  vibration  of  the  body  B. 
It  will  be  observed  that  «  is  the  same  as  the  magnification  factor  for 
p_i  .      undamped   forced   vibration,   shown   in   Fig.    531.     In 

— ^^—  obtaining  a  value  of  e  its  algebraic  sign  may  be  neg- 

lected, the  minus  sign  merely  indicating  that  the  force 
transmitted  to  the  support  is  out  of  phase  with  the  excit- 
ing force.     It  is  evident  that,  to  be  effective,  e  must  be 
less  than  unity,  and  experience  shows  that  in  most  cases 
c  should  not  be  greater  than  1/10,  which  means  that/ 
should  be  from  1/3  to  1/4  of /i. 
Hence  if  the  body  B  (Fig.  532)  represents  a  machine  subjected  to  a 
forced  vibration,  which  we  desire  to  isolate  by  preventing  the  exciting 
forces  from  being  transmitted  to  the  supporting  structure,  Fig.  531 

indicates  that  the  ratio  u/p  (  =  y  )  should  be  made  as  large  as  possible, 

thus  making  the  amplitude  of  motion  approach  zero.  This  is  usually 
accomplished  by  using  a  very  flexible  elastic  mounting  (spring  with  a 

kg 
small  value  of  k),  in  order  to  make  the  natural  frequency,  P  —  ^77: ' 

small  compared  to  w. 

Similarly,  to  isolate  delicate  instmments  from  vibrations  which  may 

be  present  in  the  framework  of  a  building,  they  may  be  placed  on  a 

heavy  table  that  is  suspended  from  the  ceiling  by  flexible  springs  which 

deflect  several  inches  under  the  weight  of  the  table.     For  example,  if 

the  elongation  of  the  springs  Ls  2.44  in.,  the  natural  frequency  of  the 

system  is 

Fl        3  127 
/  =  3. 127  V—  =      '  =  2.0  cycles  per  sec. 

^  ^H       V2.44 

Hence,  if  the  impressed  frequency  of  the  vibration  of  the  buikUng  is 
about  20  cycles  per  second  the  magnification  factor  or  transmissibility 
becomes 

1 1 1^ 
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indicating  that  the  amplitude  of  motion  transmitted  to  the  table  is 
approximately  1%  of  that  present  in  the  l)uil(ling. 

ILLUSTRATIVE    PROBLEM 

Problem  902.     .\ii  aiitoiiiohilr  hii.^  iiuiiii  (helical)  nprinRS  tlmt  arc  onmprcased 
6  in.  by  the  weight  of  the  body  of  tin-  ciir.     If  the  a.vlcs  of  the  wheels  of  the  nut«v 
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mobile  are  clamped  to  a  test  platform  and  the  platform  is  given  a  vertical  har- 
monic motion  having  an  amplitude  of  1  in.  and  a  frequency  of  1  cycle  per  second, 
determine  the  amplitude  of  the  motion  of  the  body  of  the  car,  assuming  that  there 
are  no  shock  absorbers  and  hence  that  the  vibration  takes  place  without  damping. 
Find  also  the  maximum  shortening  of  the  spring. 

.   ,     .         .,       ...        1      fT        1      [386 
Solution. — The  frequency  of  the  free  vibration  is/  =  —\   —  =  ~\/  ~^  =  1-28 

ZTT  \    5st  Stt  \       6 

cycles  per  sec.     And  since  Xg  =  I  in.  and  /i  =  1  cycle  per  sec,  the  amplitude  A  of 

the  forced  vibration  is 

1  1  1 

A  =  xg TTT-n  =  1  X /    ,    .  o  =  :; TTr:  =  2.56  in. 

1  —  U.ul 
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Since  the  frequency  of  the  impressed  motion  is  below  the  resonant  frequency,  the 
motion  of  the  axles  is  in  phase  with  the  motion  of  the  body  of  the  car,  and  hence  the 
change  in  the  length  of  the  spring  is  2.56  —  1  =  1.56  in.  The  maximum  shortening 
of  the  spring  therefore  is  1.56  +  6  =  7.56  in. 

PROBLEMS 

903.  In  Prob.  902  assume  that  the  body  of  the  car  weighs  2400  lb.  and  that  the 
axles  of  the  car  are  acted  on  by  forces,  the  resultant  of  which  is  a  vertical  force  that 
varies  harmonically  and  has  a  maximum  value  of  40  lb.  If  the  length  of  each  cj'cle 
is  3  sec,  what  is  the  amplitude  of  the  forced  vibration?  Ans.     A  =  0.107  in. 

904.  A  horizontal  shaft  rotates  in  bearings  at  its  ends  and  has  keyed  to  it  at  the 
center  of  its  length  a  disk  whose  center  of  mass  is  0.01  in.  from  the  axis  of  the  bear- 
ings. The  weight  of  the  disk  is  193  lb.  and  that  of  the  shaft  may  be  assumed  to  be 
negligible.  It  is  found  that  a  static  force  of  2000  lb.  deflects  the  shaft  and  disk 
0.1  in.  (a)  Calculate  the  resonant  (or  critical)  speed  of  rotation  of  the  shaft. 
(b)  If  the  speed  of  rotation  is  one-half  the  resonant  speed,  calculate  the  amplitude  of 
the  steady  state  forced  vibration. 

Ans.     (a)  w  =  200  rad./sec  =  1910  r.p.m.;   (6)  A  =  —  in. 

905.  A  motor  weighing  40  lb.  is  mounted  at  the  center  of  a  simple  beam  as  shown 
in  Fig.  530(a).  The  static  elastic  deflection  of  the  beam  caused  by  the  weight  of 
the  motor  is  0.01  in.  A  small  body  M  weighing  0.11  lb.  is  attached  to  the  rotor  at  a 
distance  r  of  4  in.  from  the  shaft.  Assuming  the  weight  of  the  beam  to  be  negligible, 
determine  the  amplitude  of  the  forced  vibration  of  the  motor  when  running  at 
1800  r.p.m.  Ans.     A  =  0.126  in. 

906.  A  vibrometer  (see  Fig.  524)  having  a  period  of  free  vibration  of  2  sec.  is 
rigidly  attached  to  a  body  C  that  has  a  vertical  harmonic  vibration  with  a  frequency 
of  one  cycle  per  sec.  If  the  amplitude  of  the  motion  of  the  bodj*  B  relative  to  the 
frame  of  the  vibrometer  is  0.5  in.,  find  the  amplitude  of  motion  of  C.  (Hint:  The 
instrument  is  operating  above  its  resonant  frequency  and  hence  the  amplitude  of 
the  motion  of  B  relative  to  the  frame  is  the  sum  of  the  true  amplitude  of  B  and  the 
amplitude  of  C.)  Ans.     Ac  =  ^  in. 

907.  The  main  driving  wheels  of  a  locomotive  are  overbalanced  by  an  excess 
counterweight  of  400  lb.  in  the  wheel  at  a  distance  of  15  in.  from  the  axis  of  rotation. 
A  vertical  vibration  of  the  wheel  is  possible  between  the  locomotive  spring  (whose 
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stiffness  is  15,000  lb. /in.)  and  the  track  whicli  may  be  assumed  to  have  a  stiffness 
of  140,000  lb./  in.  The  wheel  has  a  diameter  of  72  in.  and  a  total  weiglit  (including 
counterweight)  of  8000  lb.  Determine  the  forward  speed  of  the  locomotive  at 
which  a  resonant  forced  vibration  of  the  wheel  would  occur.  What  would  be  the 
amplitude  of  the  vertical  vibration  of  the  wheel  when  running  at  90  miles  per  hour? 
Assume  that  the  wheel  does  not  leave  the  track. 

.4718.     V  =  177  mi.  hr. ;  A  =  0.262  in. 

908.  A  motor  generator  set  weighing  2000  lb.  is  moimted  on  four  identical  rubber 
pads  placed  under  the  corners  of  the  frame.  The  speed  of  the  motor  is  1200  r.p.m. 
Determine  the  maximum  allowable  spring  constant  for  each  pad  if  the  difference  in 
the  maximum  and  minimum  values  of  the  force  transmitted  through  the  pads  to  the 
building  is  not  to  exceed  J^  of  the  double  amplitude  of  the  vertical  force  impres.sed  on 
the  set  by  dynamic  unbalance  of  the  rotor.  Ans.     k  =  5120  Ib./in. 


CHAPTER  XII 
BALANCING 

161.  Need  for  Balancing. — A  moving  part  of  a  machine,  as  a  rule, 
has  either  a  reciprocating  motion  similar  to  that  of  the  crosshead  of  a 
steam  engine  or  a  motion  of  rotation  such  as  that  of  the  crank  shaft  of 
an  automobile  engine  or  the  rotor  of  an  electric  motor.  In  any  case,  if 
the  moving  parts  are  accelerated,  forces  must  be  supplied  to  produce  the 
accelerations.  If  the  moving  parts  are  not  balanced,  the  forces  which  act 
on  the  moving  masses  are  transmitted  to  them  from  the  stationary-  parts 
of  the  machine  such  as  the  bearings  and  the  machine  frame.  And,  in 
supplying  these  accelerating  forces,  serious  trouble  maj-  arise,  such  as 
vibrations  in  automobiles,  turbines,  etc.;  defective  commutations  in 
electrical  machinerj^;  heavy  bearing  pressures  which  cause  undue  wear; 
defective  work  with  grinding  disks,  high-speed  drilling  machines,  etc.; 
and  defective  lubrication.  It  is  of  great  importance,  therefore,  to 
properly  neutralize  or  balance  these  forces  in  various  types  of 
machines. 

The  moving  parts  of  a  machine  may  be  (1)  in  static  or  standing 
balance  or  (2)  in  dynamic  or  running  balance.  Standing  balance  exists 
if  the  forces  which  act  on  the  parts,  when  the  parts  are  not  running,  are 
in  equilibrium  regardless  of  the  positions  in  which  the  parts  are  placed. 
Dynamic  balancing  consists  in  distributing  the  moving  masses,  or  in 
introducing  additional  masses,  so  that  the  forces  (called  kinetic  loads) 
exerted  by  the  masses  of  the  moving  system  on  the  stationarj-  parts  of 
the  machine  are  in  equilibrium  among  themselves  and  hence  exert  no 
resultant  force  on  the  stationary  parts  of  the  machine.  Tlie  com- 
plete balancing  of  a  machine,  however,  is  not  alwaj'S  practicable  or 
possible. 

The  method  of  balancing  rotating  masses,  only,  is  here  discussed. 
Furthermore,  the  shaft  on  which  the  rotating  parts  are  mounted  is 
assumed  to  be  rigid.  If  the  elastic  deflection  of  the  shaft  is  considered 
the  rotating  masses  could  be  in  balance  only  for  one  speed  of  the  shaft. 
For  methods  of  balancing  reciprocating  masses  and  for  an  excellent 
discussion  of  the  whole  subject  of  the  balancing  of  engines  see  Dalby's 
"  Balancing  of  Engines." 
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162.  Balancing  of  Rotating  Masses. — The  inertia  forces  or  kinetic 
loads  exerted  by  the  unbalanced  rotating  masses  on  the  foundations  or 
other  stationary  parts  of  machines  may  be  treated,  in  general,  (1)  a.s  a 
system  of  centrifugal  forces  or  (2)  as  a  system  of  centrifugal  couples  or 
(3)  as  a  combination  of  the  two. 

A  Single  Rotating  Mass.  Centrifugal  Force. — If  a  shaft  (Fig.  533a) 
rotates  at  an  angular  velocity  w  and  carries  a  single  mass  Mi  the  center 
of  gravity  of  which  is  at  the  distance  ri  from  the  axis  of  rotation,  the 
shaft  will  be  subjected  to  a  kinetic  load  (which  is  equal  to  the  centrifugal 
force  of  mass  M)  of  magnitude  il/iriw^.  This  kinetic  load  causes  the 
shaft  to  exert  forces  on  the  bearings  which  in  turn  are  transmitted  to 
the  machine  frame.  The  reactions  at  the  bearings  may  be  eliminated 
by  balancing  the  rotating  mass.     This  may  be  done  by  the  addition  of 
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Fig.  533. 


a  single  mass  M^  diametrically  opposite  to  M\  (Fig.  5336),  the  center  of 
gravity  of  Mi  bemg  at  a  distance  ro  from  the  axis  of  rotation,  such  that 

1  r  2  1  r  2  ^^  1  o  ^^  2 

iVi i/'ia)    =  iU2''2'*'      or     —  '"i'*^"  —  —  r^^  . 

Q  g 

But,  since  —  is  a  common  factor,  the  conditions  for  running  or  dynamic 

g 

balance  may  be  expressed  by  the  equation 

Wiri  =  ir2/-2- 


Now,  as  is  evident  from  Fig.  533(6),  this  equation  expresses  the  condi- 
tion for  standing  inilance  also.  Thus,  a  shop  method  of  ()l)taining 
approximate  running  balance  with  a  rotating  member,  in  which  the 
material  is  substantially  in  a  plane  of  rotation  such  as  a  disk,  a  i)ullev, 
or  a  flywheel,  consists  in  drilling  out  material  on  the  heavy  side  or  adding 
material  on  the  light  side  until  standing  balance  is  obtained. 

Two  lioldling  Masses.     Centrifugal  Couple. — If  a  shaft  carrie.*:  two 
rotating  masses  .l/j  and  .Uo  in  (lifTcrcnt  planes  of  rotation  but  in  the 
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same  axial  plane  (Fig.  534)  and,  further,  if  the  centrifugal  forces 
Mifiio^  and  M2?'2a)^  exerted  on  the 
shaft  by  the  two  masses  are  equal, 
then  the  shaft  is  subjected  to  an 
unbalanced  centrifugal  couple  which 
is  resisted  by  an  equal  couple  ex- 
erted by  the  bearmgs.  Or,  if  the  two 
rotating  masses  are  to  be  balanced, 
two  additional  masses,  M^  and  M4, 
must  be  introduced  in  the  same  axial 
plane  (Fig.  534)  such  that  the  centrif- 
ugal couple  Msfsco^fe  or  M^r^w^ 
which  they  exert  on  the  shaft  is 
equal  and  opposite  to  the  centrifugal 
couple  of  Ml  and  M2.     Hence 
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Fig.  534. 


Miriu^a  =  M^rsw^,     or    Mgrgco^a  =  M^r^c^}^. 


X//7, 


Z7ZZ 


And,  as  before,  omitting  the  common  factor  —  ,  we  may  write 

(7 

W\\\a  =  W^r^b,  etc. 

It  will  be  noted  that  the  shaft  when  carrying  only  the  two  masses 
Ml  and  M2  is  in  standing  balance  but  not  in  running  balance. 

163.  Several  Masses  in  a  Single  Plane  of  Rotation. — If  several 
masses  Mi,  Mo,  M3,  etc.,  lie  in  the  same  transverse  plane  (Fig.  535a),  the 
shaft  is  subjected  to  the  centrifugal  forces 

Miriu^,  Msrsco^,  M^r^c^,  etc., 

which  form  a  concurrent  system  of  forces. 

The  condition  that  such  a  force  system  shall  balance  is  that  the 
force  polygon  shall  close.  That  is,  the  vectors  representing  the  forces 
MiTiui^,  M2r2<^^,  Msr^co^,  etc.,  if  laid  off  in  succession,  each  in  its  proper 
direction,  shall  form  a  closed  polygon.    Or,  since  Mroi^  may  be  written 

W      ,  .        co2  . 

—  ru}"  and  since  —  is  a  factor  common  to  the  expression  for  each  force, 
g  9 

the  products  Wiri,  W^c^i  etc.,  may  be  used  instead  of  the  actual  forces. 
Thus,  let  the  four  masses  as  shown  in  Fig.  535(a)  be  a  system  of  masses 
which  rotate  in  a  transverse  plane.  Suppose  that  the  products  iriri, 
^2^2,  WzT-i,,  and  Wij-^^  when  laid  off  as  vectors  (Fig.  5356)  do  not  form  a 
closed  polygon.  It  is  evident  then  that  the  four  masses  are  not  in  run- 
ning balance.     In  order  to  balance  the  system  of  masses,  a  mass,  M©, 
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must  be  added  at  a  distance,  rg,  such  that  the  product  Woi'o  is  repre- 
sented both  in  magnitude  and  in  direction  by  the  closing  side,  EA,  of 


Fig.  535. 


the  vector  polygon. 
Mo  may  be  found. 


By  assuming  a  convenient  value  for  ro,  a  value  of 
The  gap,  EA,  may  be  closed,  however,  by  two  or 
more  vectors  from  which  two  or 
more  masses  may  be  found  that 
will  balance  the  system. 

164.  Masses  in  Different 
Transverse  Planes. — In  Fig.  53(3, 
let  the  masses  Mi  and  M2  be  con- 
nected with  the  shaft  at  .4  and  B, 
respect i\'ely,  and  through  some 
point,  0,  of  the  shaft  let  a  trans- 
verse plane,  called  a  reference 
plane,  be  chosen.    The  ma.><s  Mi 


Fig.  536. 
exerts  a  kinetic  load,  Fi,  on  the  shaft  such  that 


Fi  =  Miriu'-. 

Now  at  0  introduce  two  ecjual  and  opposite  forces  each  equal  and  parallel 
to  Fi.  The  force  Fi  at  A  and  the  equal  opposite  force  at  0  form  a 
couple,  Ci,  the  moment  of  which  is 

Ci  =  M^riuy^ai. 

Thus  tile  single  forc(>  Fj  at  .1  is  re|)lac(>d  by  an  equal  parallel  force  at 
O  and  the  couple  C'l.  In  like  manner  the  single  force  F2  =  Mo'^ui^ 
at  B  may  be  replaced  by  the  ccjual  parallel  force  Fo  in  the  reference  plane 
and  a  couple  C2  =  3/2'o'«'^fl2- 
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Thus,  the  kinetic  loads  on  a  shaft  exerted  by  a  system  of  rotating 
masses  may  be  reduced  to  a  system  of  concurrent  forces  in  an  arbi- 
ti-arily  chosen  reference  plane  and  a  system  of  coui)les  which  lie  in  differ- 
ent axial  planes.  The  resultant  of  the  system  of  concurrent  forces,  if  not 
balanced,  is  a  single  force  in  the  reference  plane,  and  the  resultant  of  the 
system  of  couples,  if  not  balanced,  is  a  single  couple  in  some  axial  plane. 
Hence,  in  general,  the  system  of  kinetic  loads,  if  not  balancc^l,  may  be 
reduced  to  a  single  force  and  a  couple.  The  moment  of  the  couple 
will,  of  course,  depend  on  the  position  chosen  for  the  reference  plane. 

The  conditions  then  which  must  be  fulfilled  to  have  a  system  of 
rotating  masses  in  equilibrium  are : 

(1)  The  resultant  of  the  system  of  concurrent  forces  must  be  zero. 
That  is,  the  force  polj^gon  for  the  forces  in  the  reference  plane  must  close. 

(2)  The    resultant 

ofthesystem    of  |^  ry^-^  0^2 

couples  must  be  zero.       .,  _    O.  ^jy^  0  ' 

That   is,    the    couple  ^^ 

polygon  must  close. 

These  conditions 
may  be  satisfied  by 
the  addition  of  two 
rotating  masses  in 
different  transverse 
planes.  Thus,  let  the 
shaft  (Fig.  537)  carry 
an  unbalanced  system 
of  rotating  masses, 
3/1,  il/2,  and  3/3,  and 
let  the  two  balancing 
masses  be  denoted  by 
Mo  and  M' o.     Let  the 

transverse  planes  in  which  these  balancing  masses  are  to  lie  be  chosen 
arbitrarily  but  let  the  plane  of  one  of  the  masses  be  chosen  as  the  refer- 
ence plane.  The  plane  of  mass  Wo  will  here  be  selected  as  the  reference 
plane.  Let  Qo,  fli,  Qoj  and  as  denote  the  respective  distances  of  the 
masses  Mo-,  -l/i,  3/2  and  ^1/3  from  the  reference  plane.     The  couples 

TT  ififli,  TT2''2«*'>  etc.,  may  now  be  calculated  (the  common  factor  —  is 

Q 
omitted  in  each  term  for  simphcity).     The  only  unknown  couple  is 
TFo^'oOo,  since  the  couple  Tr'o'"'oa'o  is  zero  owing  to  the  fact  that  the 
reference  plane  was  chosen  as  the  plane  of  M' o,  which  makes  a' o  equal  to 
zero.     By  laying  off  the  vectors  that  represent  the  known  couples  as 


Fig.  537. 
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the  sides  of  a  polygon,  see  Art.  17,  the  closing  side  determines  both  the 
moment  of  the  unknown  couple  Worodo  and  the  axial  plane  in  which  it 
lies.  By  assigning  any  convenient  value  to  the  moment  arm  a^,  the 
product  Wo^'o  may  be  found,  and  by  assuming  a  convenient  value  for  Vo, 
Wo  may  be  determined  and  placed  in  the  plane  indicated  by  the  closing 
vector  of  the  couple  polygon.  Thus,  by  the  addition  of  the  couple 
Worodo  condition  (2)  is  satisfied. 

Condition  (1)  may  now  be  satisfied  as  follows:  The  kinetic  load  due 
to  the  added  mass  Mo  is  replaced  by  a  force  in  the  reference  plane  and 
the  couple  Wo^odo  as  was  done  for  the  kinetic  loads  due  to  the  original 
masses.  Now,  if  the  products  TFi/i,  T^^2''2)  etc.  (including  Woro),  are 
laid  oiT  as  the  sides  of  a  polygon,  the  closing  side  gives  the  magnitude  and 
the  direction  of  a  product  W'or'o  for  a  body  W'o  which  must  be  added 
in  the  reference  plane  to  balance  the  system  of  concurrent  forces  in  the 
reference  plane  and  thereby  satisfy  condition  (1).  By  choosing  a  con- 
venient value  for  r'o,  the  mass  M'o  may  be  determined  and  the  du'ection 
of  the  closing  side  of  the  polygon  gives  the  du-ection  of  M'o  from  the 
axis  of  the  shaft. 

If  the  couple  polj'gon  is  formed  by  drawing  the  couple  vectors  per- 
pendicular to  the  planes  of  the  couples,  as  explained  in  Art.  17,  and  then 
is  turned  thiough  90°,  it  will  bo  the  same  as  the  polj'gon  formed  by  draw- 
ing the  couple  vectors  according  to  the  following  rule:  Draw  the  couple 
vectors  parallel  to  the  respective  crank  directions:  outwards  for  masses 
on  one  side  of  the  reference  plane;  inwards  towards  the  axis  for  masses 
on  the  opposite  side  of  the  reference  plane. 

The  vectors  of  the  force  polygon  are  drawn,  of  course,  from  the  axis 
outwards  parallel  to  the  radii  to  the  masses. 

ILLUSTRATIVE   PROBLEM 

Problem  909. — Three  weights  H'l,  ll'o,  and  H'a  (Fin.  538)  whirh  revolve  in  the 
pianos  1,  2,  and  3  are  to  be  balanced  by  the  addition  of  two  \veight.«».  Piano  1  is 
chosen  a.H  the  plane  of  one  of  the  weights  (Wo\  and  the  plane  of  the  other  weight 
(Wg)  will  arbitrarily  be  taken  1.4  ft.  to  the  right  of  plane  3  and  will  be  select e<l  as 
the  reference  i)lane.  It  is  retiuired  to  determine  values  of  Wo  and  U'o  and  the  lengths 
and  directions  of  the  corresponding  radii  for  kinetic  balance.  The  accompanying 
table  gives  the  values  of  the  weights,  the  lengths  and  directious  of  the  radii,  and  the 
distances  from  the  reference  plane. 

Solution. — From  the  given  data,  (he  values  of  the  products  TFr  and  TTro  for  the 
known  weights  are  calculated  and  entered  in  the  laijt  two  columns  of  the  above  table. 
The  couple  polygon  is  then  drawn  as  shown  in  Fig.  538(r).  AB  \s  laid  off  in  the 
direction  of  W'\  outwards  from  the  shaft  and  its  length  represents  to  scale  the  value 
of  the  product  \V\r\ii\  which  is  79.2.  Next  HC  is  laid  off  in  th<'  direction  of  H'j 
such  that  lt«  length  represents  to  the  same  scale  W^r-j/iii  ((52.4).     Similarly  CI)   id 
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laid  off  to  represent  llVaas  (25.2).     The  clo.sing  side  DA  of  the  polygon  represents 
the  product  TTVoao  due  to  the  balancing  weight  Wo  in  plane  1  (or  0).     This  product 


Plane 

Weight 
W  (lb.) 

Radius 
r  (in.) 

Angle  e 

Distance 

from  R.P. 

a  (ft.) 

Wr 
(Ib.-in.) 

Wra 
Gb.-in.-ft.) 

1 
2 
3 

0 

0'  (R.P.) 

2 
3 
3 

(1.3G) 
(2.28) 

9 

8 
0 

(S) 
(5) 

270° 

30° 

150° 

4.4 
2.6 
1.4 
4.4 
0 

18 
24 

18 

(10.9) 
(11.4) 

79.2 
62.4 
25.2 

(48.0) 

is  found  by  measuring  to  be  48.0.     Hence 

48.0 


TlVo  =  ^-^  =  10.9  Ib.-in. 
4.4 


Fia.  538. 


This  product  is  now  entered  in  the  column  of  the  above  table  with  the  other 
TTVproducts.     The  addition  of  the  weight  Wo  in  the  plane  1  at  the  distance  r^ 
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reduces  the  resultant  couple  to  zero.  There  are  left,  however,  the  forces  in  the 
reference  plane,  including  the  force  corresponding  to  the  product  Wg^o  just  found, 
and  these  forces  will,  in  general,  not  be  balanced.  Now  if  the  vectors  corresponding 
to  these  U'r-products  are  laid  off  in  order  as  in  Fig.  53S(d),  the  closing  vector  EA 
represents  the  product  Wq^'o  which  by  measurement  is  found  to  be  11.4.  If  the 
values  of  Woro  and  ll''o'''o  are  divided  by  assumed  values  of  ro  and  r'o  (8  in.  and  5  in. 
respectively)  we  obtain  the  values.  Wo  =  1.36  and  W'o  =  2.28.  Hence  if  weights 
of  1.36  lb.  and  2.28  lb.  are  placed  in  planes  O  and  0'  at  radial  distances  8  in.  and 
5  in.,  respectively,  as  indicated  in  Fig.  538,  the  system  will  be  in  kinetic  balance. 

PROBLEMS 

910.  Five  bodies  are  attached  to  a  ilisk  which  revolves  with  constant  angular 
velocit}-.  In  the  following  table  are  given  the  weights  of  the  bodies,  the  angles 
which  the  radii  from  the  mass-centers  to  the  a.xis  of  rotation  make  with  the  j-a.\is, 
and  the  lengths  of  the  radii  to  the  mass-centers.  The  angles,  6,  are  measured 
counter-clockwise  from  the  j-axis. 


w 

8 

r 

51b. 

45° 

18  in. 

6  1b. 

120° 

15  in. 

101b. 

150° 

12  in. 

41b. 

240° 

12  in. 

6  1b. 

315° 

18  in. 

Determine  sufficient  data  for  kinetic  balance  of  the  system  of  bodies: 

(a)  By  the  addition  of  a  single  weight  placed  2  ft.  from  the  axis  of  rotation. 

(6)   By  the  addition  of  two  weights,  one  of  2  lb.  placed  on  the  i/-axis,  and  the 

other  of  2.25  lb.  placed  2  ft.  from  the  axis  of  rotation. 

911.  Four  bodies  are  attacheil  to  a  revolving  shaft  in  different  transverse  planes. 

The  weights  and  positions  of  the  bodies  are  indicated  in  the  fDllowing  table,  the 

reference  plane  being  the  transverse  plane  in  which  the  mass-center  of  the  6-lb.  body 

{Wz)  lies. 


w 

e 

r 

a 

51b. 

30° 

2  ft. 

-1  ft. 

4  1b. 

45° 

l.\  ft. 

2  ft. 

6  lb. 

150° 

1  ft. 

0  ft. 

4  1b. 

240° 

2  ft. 

•Wt. 

The  given  ma.sses  arc  to  be  balanced  by  two  masses,  one  mass  to  bo  placed  in  plane  4 
at  a  radial  distance  of  1 '  j  ft.,  and  the  other  to  bo  pl:ic('<l  in  tlu*  reference  phuie  at  a 
radial  di.stance  of  2  ft.     Find  the  weights  and  values  of  0  for  the  two  ma.s.ses. 

Am.      \\„  =  JUa  11..;    \\'\,  =  4.S.')  lb. 
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912.  The  crank  shaft  of  a  gas  engine  carries  two  fljTvheels  A  and  fi,  the  planes  of 
revolution  of  which  are  3.5  ft.  apart.  The  plane  of  revolution  of  the  crank  is  between 
the  flj'whcels  and  1  ft.  7  in.  from  the  plane  of  .4 .  The  crank  arras  and  pin  are  equiva^ 
lent  to  a  weight  of  108  lb.  at  a  radial  distance  of  10  in.  from  the  crank  shaft  and  in  the 
plane  of  revolution  of  the  crank.  What  weights  placed  at  a  radial  distance  of  2  ft., 
one  in  each  flywheel,  will  balance  the  crank?     Solve  algebraicallj'. 

Am.     W,i  =  24.6  lb.;   Wb  =  20.4  lb. 


CHAPTER  XIII 
THE   GYROSCOPE 

165.  The  Problem  Defined. — GjTOScopic  motion  occui-s  whenever  a 
body  rotates  about  an  axis  in  the  bodj'  as  the  axis  (and  body)  is  turned 
about  a  second  axis,  provided  that  the  two  axes  are  not  parallel.  Thus, 
the  wheels  of  a  locomotive  when  rounding  a  curve,  or  the  screw  propeller 
of  a  ship  when  the  ship  is  pitching  in  a  rough  sea,  are  given  g>Toscopic 
motion.  The  forces  that  act  on  the  body  in  giving  it  g>TOScopic  motion 
may  be  of  considerable  importance  since  under  certain  conditions  they 
are  very  undesirable,  as,  for  example,  the  forces  exerted  on  the  propeller 
of  an  aeroplane  when  making  a  sharp  turn.  On  the  other  hand,  the 
gyroscope  is  sometimes  used  to  introduce  desirable  forces,  as,  for 
example,  in  reducing  the  rolling  of  ships. 

The  gyroscope  here  considered  is  a  body  symmetrical  with  respect 
to  each  of  three  rectangular  axes.  The  body  rotates  or  spins  with  con- 
stant angular  velocity  about  one  of  the  axes  and  at  the  .'^ame  time  turns 
about  one  of  the  other  axes  with  constant  angular  velocity.  Thus,  in 
Fig.  539,  let  A  BCD  represent  a  circular  disk  which  is  symmetrical  with 
respect  to  the  three  axes  j,  y,  and  z.  Let  the  disk  rotate  or  spin  with  a 
high  constant  angular  velocity  w  about  the  2-axis  and  at  the  same  time 
let  the  disk  turn  about  the  ?/-axis  with  the  constant  angular  velocity  Q. 
The  problem  to  be  considered  is  that  of  determining  the  forces  which 
must  act  on  the  disk  or  its  axles  (axle  reactions)  in  order  to  maintain  this 
gyroscopic  motion. 

166.  Analysis  of  Forces  in  the  Gyroscope. — Owing  to  the  two  rota- 
tions impo.sed  on  the  disk,  a  particle,  ?/?,  at  the  distance  p  (assumed 
at  the  circumference  of  the  disk  for  convenience)  has  at  any  instant,  two 
velocities:  (1)  a  constant  velocity  wp  in  tiie  plane  of  the  disk  due  to  the 
rotation  about  the  z-axis  with  angular  velocity  w,  and  (2)  the  velocity 
np  cos  e  perpendicular  to  the  disk  (parallel  to  the  z-axis)  due  to  the 
rotation  about  the  2/-axis  with  angular  velocity  U. 

The  accelerations  of  the  particle  m  arising  from  the  changes  that  occur 
iti  each  of  these  two  velocities  due  to  each  of  the  rotations  which  arc 
given  to  the  disk  will  first  hv  investigated,  since  the  efTective  force  for 
any  particle  must  have  components  corresponding  to  the  accelerations 
arising  from  the  change  in  the  magnitude  and  the  change  in  the  direction 
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of  each  of  these  two  velocities  (Theorems  I  and  II,  Art.  87,  and  Newton's 
second  law,  Art.  102).  And,  the  effective  forces  for  the  particles  must 
be  found  in  order  to  determine  the  external  forces  required  to  maintain 
the  gyroscopic  motion.  (Read  Art.  108  for  the  general  method  of 
procedure,  keeping  in  mind  that  gyroscopic  motion  is  not  uniplanar 
motion.) 

Changes  in  Velocities  Due  to  Rotation  about  Z-axis 

(1)  Change  in  wp.     Since  co  is  constant,  cop  changes  in  direction  only. 
The  resulting  acceleration  (co^p)  and  the  corresponding  effective  force  for 


wp  sin  6 


Fig.  539. 


the  particle  are  directed  towards  the  center  of  rotation  (towards  the 
z-axis).  And,  since  the  body  is  symmetrical,  these  effective  forces  for 
all  the  particles  form  a  balanced  system;  hence,  according  to  D'Alem- 
bert's  principle,  no  external  forces  act  on  the  body  by  reason  of  this 
change  in  the  velocity  of  the  particles. 

(2)  Change  in  fip  cos  6. — In  one  revolution  of  the  disk  about  the 
2-axis,  this  component  of  the  velocity  changes,  as  follows:  It  gradually 
increases  in  magnitude  downwards  from  zero  at  -4  to  a  maximum  at  B ; 
it  then  decreases  gradually  to  zero  at  C ;  then  increases  in  the  opposite 
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direction  to  a  maximum  at  D;  and  finally  decreases  to  zero  again  at  A. 
The  acceleration,  Oi,  at  any  instant  then  is  (Theorem  I,  Art.  87) 

d(fipcos&)  .       (le 

ai  = =  —  12p  sm  0  —  =  —  Up  sm  du)  =  —  icily, 

dt  at 

in  which  y  is  the  distance  of  the  particle  from  the  x-axis,  and  the  minus 
sign  indicates  that  the  sense  of  the  acceleration  is  opposite  to  that  of  the 
velocity  for  the  position  of  the  particle  as  shown  in  Fig.  539.  Hence, 
for  the  position  of  the  particle  shown,  the  direction  of  u9.y  is  upwards. 
The  effective  force,  corresponding  to  this  acceleration,  for  any  particle 
in  the  quadrants  OBC  and  OCD,  is  an  upward  force  perpendicular 
to  the  plane  of  the  disk.  And,  in  the  quadrants  ODA  and  GAB,  it  is  a 
dov.nward  force.  The  resultant  of  the  effective  forces  for  the  four 
quadrants,  then,  may  be  represented  by  the  forces  P  (Fig.  539).  These 
forces  form  two  couples  which  have  moments  with  respect  to  onlj''  one 
of  the  rectangular  axes;  namely,  the  a--axis.  Further,  according  to 
D'Alembert's  principle,  the  effective  forces  require  that  external  forces 
act  on  the  disk  such  that  the  resultant  of  the  external  forces  is  equivalent 
to  that  of  the  effective  forces.  Hence,  an  external  couple  must  act  on 
the  disk  (or  its  axles)  as  indicated  by  the  forces  Q  (Fig.  539). 

Changes  in  Velocities  Due  to  Rotation  about  }'-axis 

(3)  Change  in  up. — Let  the  velocity  wp  be  re.solved  into  two  com- 
ponents: one  parallel  and  one  perpendicular,  respectively,  to  the  i/-axis 
(Fig.  539).  The  component  parallel  to  the  j/-axis  undergoes  no  changes 
due  to  the  rotation  about  the  y-axis;  but  the  component  up  sin  6,  which 
is  perpendicular  to  the  y-axis,  changes  in  direction  due  to  the  rotation 
with  angular  velocity  12  about  the  (/-axis.  And,  according  to  Theorem 
n  of  Art.  87,  the  acceleration  ao  corresponding  to  this  change  in  velocity 
is  the  product  of  the  magnitude  of  the  velocity  and  its  angular  velocity 
of  turning,  that  is, 

Oo  =  cop  sin  d-  i}  =  (j)ily, 

and  it  is  directed  upwards  perpendicular  to  the  plane  of  the  disk.  This 
acceleration,  therefore,  is  equal  to  rii  (see  above)  anil  has  the  same 
direction  and  sense  as  that  of  aj  for  all  positions  of  the  particle,  a.s  will 
be  observed  from  a  study  of  Fig.  539.  Therefore,  external  forces  which 
act  on  the  disk  as  a  consequence  of  the  changes  in  wp  sin  6  due  to  the 
rotation  of  the  di.sk  about  the  7/-axis  must  constitute  a  couple  exactly 
the  same  as  that  found  under  (2). 

(4)  Change  in  Up  cos  6. — Tliis  velocity  changes  in  direction,  only, 
owing  to  llic  rol;iti(»n  about  the  //-axis  with  constant  angular  \t'lo»'iiy  12. 
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The  resulting  acceleration,  if  X  p  cos  6  or  il'x,  is  directed  towards  the 
center,  on  the  ^/-axis,  about  which  the  particle  Is  rotating  at  the  instant. 
The  corresponding  effective  forces  for  the  particles  of  the  whole  disk, 
therefore,  form  a  parallel  system  in  the  plane  of  the  disk.  But,  since  the 
disk  is  symmetrical  with  respect  to  the  y-axis,  this  effective  force  system 
is  balanced,  and  hence  no  external  forces  act  on  the  disk  as  a  consequence 
of  the  changes  caused  in  this  velocity  by  the  rotation  about  the  ?/-axLS. 

It  will  be  noted,  therefore,  that  if  the  disk  is  rotated  about  the  z-axis 
and  at  the  same  time  is  turned  about  the  ?/-axis,  it  will  rotate  about  the 
a--axis  unless  an  external  couple  acts  on  the  disk  to  prevent  the  rotation. 
This  external  couple  is  called  the  gyroscopic  couple. 

A  simple  experiment  for  demonstrating  the  existence  of  the  gyro- 
scopic couple  may  be  made  by  holding  a  bicycle  wheel  (dismounted 
from  the  frame)  with  one  hand  on  either  end  of  the  projecting  (hori- 
zontal) axle.  If  the  wheel  is  spinnmg  in  the  vertical  plane  about  the 
axle  which  is  held  in  the  hands,  any  attempt  to  turn  the  axle  (and  hands) 
in  the  horizontal  plane  will  cause  the  wheel  (and  hands)  to  turn  about  a 
horizontal  axis  perpendicular  to  the  axis  of  the  wheel  unless  the  hands 
exert  a  couple  to  prevent  this  rotation. 

167.  The  Moment  of  the  Gyroscopic  Couple. — In  the  preceding 
article  it  was  shown  that  the  only  accelerations  of  the  particles  of  the  disk 
which  require  the  action  of  external  forces  on  the  disk  are 

a  =  «!  +  a2  =  o)Qy  -\-  cc9^y 

=  2uQ,y, 

and  that  this  acceleration  for  any  particle  is  du'ected  perpendicular  to  the 
plane  of  the  disk;  upwards  in  the  two  quadrants  BCD,  and  downward 
in  the  two  quadrants  DAB. 

The  force  required  to  produce  this  acceleration  (effective  force)  of  the 
particle  of  mass  m  is 

F  =  ma  =  m  X  2o)Qy, 

the  direction  of  which  agrees  with  that  of  a. 

The  moment  of  this  effective  force  for  the  particle,  about  the  a;-axis,  is 

F  Xy  ^  2moi^y", 

and  the  sum  of  the  moments  of  the  effective  forces  for  all  the  particles  of 
the  disk  is 

22mwQy2. 

But  since  co  and  12  are  constant  this  may  be  written 

2cofi2m?/2  =  27a;wfi, 
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in  which  Ix  is  the  moment  of  inertia  of  the  disk  with  respect  to  the 
rc-axis. 

Now  the  sum  of  the  moments  of  the  effective  forces  is  eriual  to  the 
moment  of  their  resultant,  but  the  resultant  of  the  effective  forces  is  a 
couple,  as  shown  in  the  preceding  article.  Further,  this  resultant 
couple  is  equal  to  the  external  or  gyroscopic  couple.  Therefore,  the 
moment,  C,  of  the  gyroscopic  couple  is 

C  =  27^00  fi. 

But,  since  the  disk  is  symmetrical  with  respect  to  the  x-  and  y-axes, 
Ix  is  equal  to  ly.  Hence,  by  making  use  of  the  equation  of  Art.  195, 
2Ix  may  be  replaced  by  the  moment  of  inertia  of  the  disk  with  respect 
to  the  axis  of  spin  (2-axis).  Therefore,  the  moment  of  the  gyroscopic 
couple  is 

C  =  /o)fl, 

in  which  I  is  the  moment  of  inertia  of  the  disk  with  respect  to  the  axis 
of  spin. 

The  following  conclusion  then  may  be  drawn:  If  a  body  is  sym- 
metrical with  respect  to  each  of  two  rectangular  axes  (x  and  y)  and 
rotates  or  spins  with  a  constant  angular  velocity  co  about  a  third  axis 
perpendicular  to  each  of  the  two  axes  (the  z-axis  or  axis  of  spin),  a  couple 
having  a  moment  about  one  of  the  two  axes  (the  j-axis)  Is  required 
to  maintain  an  angular  velocity,  Q,  about  the  other  of  the  two  axes  (the 
i/-axis);  the  moment  of  the  couple  is  equal  to  the  product  of  (1)  the 
moment  of  inertia,  7,  of  the  body  with  respect  to  the  axis  of  spin  (r-axLs), 
(2)  the  angular  velocity,  w,  of  spin,  and  (3)  the  angular  velocity,  12,  about 
the  y-axis. 

The  angular  velocity  fi  which  is  maintained  by  the  couple  is  called 
the  velocity  of  precession,  and  the  corresponding  axLs  (j/-axis)  is  called  the 
axis  of  precession.  The  axis  about  which  the  couple  luU  tends  to  rotate 
the  disk  (x-axis)  is  called  the  torque  axis.  Hence  the  disk  when  spinning 
about  the  z-axLs  with  angular  velocity  w  is  said  to  prece.ss  about  the 
y-axls  when  acted  on  by  a  couple  having  a  moment  of  7wfl  about  the 
x-axLs. 

By  referring  to  Fig.  539,  it  will  be  seen  tiiat  the  sense  of  rotation 
about  the  axis  of  precession  (t/-axLs)  is  in  accordance  with  the  following 
rule: 

The  sen.'^e  of  prt'cession  is  such  as  to  turn  the  axis  of  spin 
toward  the  torcjue  axis,  that  is,  the  axis  of  spin  tends  to  bccomo 
coincident  with  the  torque  axis. 


MOMENT  OF  THE   GYROSCOPIC  COUPLE 


383 


In  the  interpretation  of  this  rule  the  torque  axis  must  be  regarded 
as  that  part  or  end  of  the  a:-axis  which,  considered  as  a  vector  drawn 
outward  from  the  origin,  represents  the 
moment  or  torque  of  the  couple  /col], 
and  the  axis  of  spin  must  be  regarded 
as  that  part  or  end  of  the  2-axis  which, 
considered  as  a  vector  drawn  outward 
from  the  origin,  represents  the  angular 
velocity  w  about  the  z-axis. 

Thus,  if  a  disk  of  weight  W  (Fig. 
540)  is  given  an  angular  velocity  w  about 
the  z-axis  and  then  one  end  of  the  axis 
is  placed  on  the  vertical  post  at  A,  the 
couple  having  a  moment  Wl  will  cause 

the  disk  (and  z-axis)  to  rotate  with  angular  velocity  fi  about  the  axis  of 
the  post  (y-a,xis)   such  that 


'^/Ay/^/^yAyy 


Fig.  540. 


Wl  =  IcoQ. 


Or 


Q  = 


Wl 


W 
9 


gi 


in  which  k  is  the  radius  of  gyration  of  the  disk  with  respect  to  the  axis 
of  spin  (z-axis) .  Furthermore,  if  the  sense  of  oj  be  as  represented  in  Fig. 
540,  the  sense  of  precession  about  the  ?/-axis  will  be  clockwise  as  viewed 
from  the  positive  end  of  the  2/-axis. 

168.  Gyroscopic  Couple  Found  by  Use  ,of  Principle  of  Impulse  and 
Momentum.  Angular  Momentum  a  Vector  Quantity. — In  Chapter  X 
the  magnitude,  only,  of  the  angular  momentum  of  a  body  was  assumed 
to  change.  However,  in  expressing  the  principle  of  angular  impulse 
and  angular  momentum  for  a  body  which  moves  so  that  its  plane  of 
motion  changes  in  direction  (such  as  the  propeller  of  an  aeroplane 
when  making  a  turn),  the  angular  momentum  of  the  body  must  be 
considered  as  a  quantity  havmg  dii'ection  as  well  as  magnitude,  that  is, 
it  must  be  considered  to  be  a  vector  quantity.  The  angular  momentum 
of  a  body  may  be  represented  by  a  vector  di'awn  (1)  perpendicular  to 
the  plane  of  motion  of  the  body  to  indicate  the  direction  of  the  plane 
of  motion,  (2)  of  such  a  length  that  it  represents,  to  some  scale,  the  mag- 
nitude of  the  angular  momentum,  and  (3)  with  the  sense  of  rotation 
indicated  by  an  arrow  which  points  in  the  direction  along  the  vector 
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in  which  a  right-handed  screw  would  advance  if  given  the  same  sense 

of  rotation  as  that  of  the  body.  Thus,  if 
a  disk  (Fig.  541)  rotates  with  angular 
velocit}'  oji  about  the  axis  OZ,  its  angular 
momentum  (//i  =  /wi)  about  the  axis  of 
rotation  is  represented  completely  by  the 
vector  OB.  It  will  be  noted  that  the  vec- 
tor representing  the  angular  momentum 
may  change  in  length  only,  in  direction 
only,  or  both  in  length  and  in  direction. 
Thus,  in  Fig.  541,  if  the  disk  is  rotated 
about  the  axis  OY  and  at  the  same  time 
the  angular  velocity  about  the  OZ  axis  is 
increased  to  a>2,  the  vector  repre.sent- 
ing  the  angular  momentum  (Ho  =  loio)  of  the  disk  is  OC.  Further- 
more, the  change  in  the  angular  momentum  of  a  body  Is  represented 
completely  by  the  change  in  the  angular  momentum  vector.     Thus,  in 


Fig.  5-11. 


Fig.  542. 


Fig.  541  the  change  in  the  angular  momentum  of  the  disk  is  i-epresented 
by  the  vector  BC. 

The  Gyroscopic  Couple. — A  disk  which  rolls  round  a  curved  track 
(Fig.  542a)  revolves  simidtancously  about  two  rectangular  axes  and 
hence  it  has  gyroscopic  motion  (Art.  165).  Gyroscopic  motion  of  a  body 
will  here  be  analyzed  briefly  by  con.sidering  the  changes  in  the  angular 
momentum  of  the  body. 
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In  Fig.  542(a)  is  represented  a  disk  or  wheel  which  rotates  with 
a  constant  angular  velocity  oj  about  its  axis  (axle)  OD  as  it  moves  round 
the  curved  track  with  a  constant  angular  velocity  il.  It  will  be  observed 
that  the  angular  velocity  of  the  disk  about  an  axis  through  D  perpen- 
dicular to  the  paper  is  also  equal  to  9..  At  a  given  instant,  the  disk  Ls 
in  the  position  AiBi  and  its  angular  momentum,  Hi,  Ls  equal  to  /w. 
After  an  interval  of  time  dt  the  disk  is  in  the  position  A2B2  and  its 
angular  momentum  is  H2,  the  magnitude  of  which  Ls  also  equal  to  Im. 
That  is,  the  angular  momentum  of  the  disk  (7w)  has  changed  in  direction, 
only,  during  the  time  interval  dt. 

The  change  in  the  angular  momentum  of  the  disk  from  Hi  to  H2 
is  represented  by  the  vector  EF  (Fig.  5426)  which  connects  the  ends  of 
the  vectors  Hi  and  i/2-  Now,  since  the  angle  dd  is  small  (greatly  exag- 
gerated in  Fig.  542),  the  length  of  DE,  that  is,  the  magnitude  of  the 
change  in  the  angular  momentum,  is 

DE  =  Hide  =  H2dd  =  ludd, 

and  the  limiting  direction  of  the  vector  EF  as  dd  becomes  indefinitely 
small  is  perpendicular  to  Hi.  The  rate  of  change  of  the  angular  momen- 
tum, then,  is 

Ic^dd 

-— -  =  Jcoa 

dt 

and  the  direction  of  the  vector  which  represents  this  rate  of  change 
of  the  angular  momentum  is  also  perpendicular  to  Hi.  Now  a  torque 
or  couple  is  always  required  to  produce  a  change  in  the  angular  momen- 
tum of  a  bod}^  the  moment  of  the  couple  is  equal  to  the  rate  of  change 
of  the  angular  momentum  of  the  body  (Art.  147);  the  plane  in  which 
it  acts  is  perpendicular  to  the  vector  which  represents  the  rate  of  change 
of  the  angular  momentum;  and  the  sense  of  rotation  of  the  couple  is 
such  that  it  w^ould  cause  a  right-handed  screw  to  progress  (in  the  direc- 
tion of  the  arrow)  along  the  vector  which  represents  the  rate  of  change  of 
the  angular  momentum. 

Therefore,  a  couple  C  must  act  on  the  disk  in  a  plane  perpendicular 
to  the  plane  of  the  disk  and  to  the  plane  of  the  paper,  with  a  clockwise 
sense  of  rotation  (as  viewed  from  behind),  the  magnitude  of  the  couple 
being 

C  =  /o)Q. 

It  is  evident,  therefore,  that  the  disk  would  turn  counter-clockwise 
(outward)  unless  a  couple  having  a  moment  equal  to  luQ  acted  to  pre- 
vent the  turning.     This  couple  is  called  the  g^n-oscopic  couple. 
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As  noted  in  Art.  165,  the  forces  of  the  gyroscopic  couple  frequently 
cause  considerable  pressure  on  the  axle  of  the  rotating  body  as,  for 
example,  in  the  case  of  the  rotor  of  an  electric  locomotive  when  rounding 
a  curve  or  of  the  propeller  of  an  aeroplane  when  making  a  turn,  etc. 

If  a  body  (Fig.  543)  rotates  or  spins  about  the  2-axis  and  a  couple  Wl 
having  a  moment  about  the  ^--axis  is  applied  to  the  body,  the  body  will 
rotate  about  the  ?/-axis  with  an  angular  velocity  V.  unless  a  couple  having 
a  moment  about  the  y-axis  acts  on  the  body  to  prevent  the  rotation 
about  the  y-a^as.    The  angular  velocity  fi  is  called  the  velocity  of  pre- 


m^mrr:':^^^^^ 


IiG.  543. 


cession.  It  is  necessary  that  the  body  shall  precess  in  order  to  develop  a 
resistance  to  the  couple  Wl  and  hence  prevent  the  disk  from  falling. 
This  fact  may  be  shown  by  following  the  changes  which  occur  in  the 
angular  momentum  about  the  z-axis.  Thus,  when  the  couple  Wl 
(Fig.  543)  first  acts,  the  «-axis  is  turned  through  an  angle  dd  thereby 
cau.siiig  a  change  AB  in  the  angular  mcMueiitum  of  the  tlisk.  This 
change  requires  a  couple  in  the  horizontal  plane  wiih  a  clockwi.«;e  sen.^e  as 
viewed  from  below.  But,  since  there  are  no  bodies  to  develop  or  supply 
this  couple,  the  disk  turns  (preces.s(>s)  in  the  horizontal  jilaneand  thus  the 
nece.s.sary  couple  is  developed  from  the  inertia  of  the  disk.  As  .«<oon  as 
precession  starts,  however,  that  is,  as  soon  as  the  z-axis  hais  turned 
through  the  angle  f/0,  the  change  AC  in  the  angular  moniejitum  is  pro- 
duced. This  change  requires  a  couple  in  the  vertical  plane  (clockwi.><e 
as  viewed  by  the  reader)  to  prevent  the  disk  and  axle  from  rotating 
counter-clockwise  in  the  vertical  plane.    This  coupU'  is  supplied  by  the 
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two  forces  W  having  a  moment  Wl.  Hence,  if  the  body  is  allowed  to 
precess  about  the  y-axis  with  angular  velocity  U,  the  external  couple  Wl 
is  resisted  by  the  gyroscopic  couple,  that  is, 

IF 
Wl  =  /col2  =  —  k^u:n, 
9 

from  which  the  velocity  of  precession  is  found  to  be 

Q  =  -^ 

UK 

in  which  k  is  the  radius  of  gyration  of  the  disk  with  respect  to  the  2-axis. 

If  precession  is  prevented,  a  couple  (C  =  Iu9.)  must  be  set  up  in  the 
horizontal  plane,  12  here  being  the  angular  velocity,  at  any  instant,  pro- 
duced by  Wl,  which  will  be  the  same  whether  the  disk  rotates  about  the 
0-axis  or  not,  since  no  resistance  is  offered  to  the  external  couple  unless 
precession  is  allowed.  This  explains  why  a  heavy  rotating  flywheel  or 
armature  on  board  a  ship,  with  its  axis  horizontal  and  athwartship,  will 
offer  no  more  resistance  to  the  rolling  of  the  ship  than  when  it  is  not 
rotating.  The  bearing  of  the  axles,  however,  must  exert  a  large  couple 
C  =  7wfi  in  a  horizontal  plane  which  tends  to  "nose"  the  ship  around. 
12  here  represents  the  angular  velocity  of  roll. 

If  an  external  couple  is  applied  in  a  horizontal  plane  to  increase  or 
hurry  the  precession,  the  disk  and  axle  (Fig.  543)  will  rise,  since 
/wl2  >  Wl.  This  principle  is  employed  in  the  Brennan  mono-rail  car, 
the  precession  being  hurried  by  the  rolling  of  the  axle  of  the  revolving 
flj^vheels,  on  a  shelf  attached  to  the  side  of  the  car.  This  principle 
is  also  used  in  the  "active  type"  of  gyroscope  for  stabilizing  ships. 
In  this  case  the  precession  is  hurried  by  means  of  a  precession  engine 
which  acts  after  the  ship  has  rolled  a  very  small  amount  thus  pro- 
ducing a  gyroscopic  righting-couple  sufficient  to  extinguish  the  roll. 
Since  the  roll  is  checked  in  its  incipiency,  only  a  small  amount  of  work 
is  done.  The  stresses  produced  in  the  hull  of  the  ship  are  also  small 
for  the  same  reason,  and  hence  the  weight  and  displacement  of  the 
active  type  of  gyroscope  likewise  may  be  small. 

ILLUSTRATIVE   PROBLEM 

Problem  913. — The  flywheel  of  an  engine  on  a  ship  weighs  6000  lb.  and  has  a 
radius  of  gyration  of  3.75  ft.  It  is  mounted  on  a  horizontal  axle  which  is  parallel  to 
the  longitudinal  axis  of  the  ship,  and  has  a  speed  of  400  r.p.m.  clockwise  when  viewed 
from  the  rear.  Find  the  gjToscopic  couple  when  the  ship  is  turning  to  the  left  with 
an  angular  velocity  of  0.1  rad./sec.  What  are  the  axle  reactions  if  the  distance 
between  the  centers  of  bearings  is  4  ft.? 
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Solution. — The  moment  of  inertia  of  the  flywheel  about  the  axis  of  spin  is 


6000 
/  =  — —  X  (3.75)-  =  2G20  slug-ft.2 


And 


400  X  2w 
GO 


=  41.9  rad./sec. 


Hence  the  gjToscopie  couple  is 

/w  0=  2620  X  41.9  X  0.1  =  10,980  Ib.-ft. 

In  accordance  with  the  rule  stated  in  Art.  1G7,  the  vector  representing  this  couple  is 
perpendicular  to  the  axis  of  the  ship  and  is  directed  towards  the  right.  The  forces 
constituting  the  gyro.scopic  couple  are  the  axle  reactions  and  hence  the  reaction  at 
the  forward  bearing  is  downwards  and  that  at  the  rear  l>earing  is  upwards.  Since 
the  distance  between  centers  of  bearings  is  4  ft.,  the  magnitude  of  each  of  these 
reactions  is  10,980  -e-  4  =  2745  lb.  The  effect  of  the  gyroscopic  motion,  then,  is  to 
increase  the  reaction  at  the  rear  bearing  and  to  decrease  it  at  the  forward  bearing. 
The  reaction  at  each  bearing  due  to  the  weight  of  the  flywheel  is  3000  lb.  Hence 
the  resultant  reaction  at  the  rear  bearing  is  3000  +  2745  =  5745  lb.  and  that  at  the 
forward  bearing  is  3000  -  2745  =  255  lb. 

PROBLEMS 

914.  A  disk  4  ft.  in  diameter  (Fig.  544)  rolls  on  a  circular  track  having  a  radius  of 
10  ft.  The  center  of  the  disk  has  a  velocity  of  20  ft.  sec.  The  disk  is  attached  to 
the  central  axis  OY  by  means  of  a  rod  which  is  collinear  with  the  z-axis  about  which 
the  disk  turns.  The  disk  has  a  flange  similar  to  that  on  a  car  wheel.  If  the  weight 
of  the  disk  is  450  lb.  find  the  tension,  T,  in  the  rod  and  the  pressure,  P,  of  the  track 
against  the  flange  of  the  wheel.  Ans.     7  =  838  lb.;  P  =  279  lb. 

I' 


Fig.  544. 


916.  A  circular  disk  is  mounted  on  a  horizontal  axle  which  is  free  to  rotate  about 
a  vertical  axis  as  shown  in  Fig.  540,  the  di.stance  from  the  center  of  the  disk  to  the 
vertical  axis  being  2  ft.  The  racHus  of  the  disk  is  (»  in.  and  its  weight  is  10  lb.  If  the 
disk  rotates  alxjut  the  horizontal  axle  with  a  speed  of  300  r.p.m.,  with  what  velocity 
will  it  rotato  about  the  vortical  axis?  Ans.     U  -  157  r.p.m. 
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916.  The  propeller  of  an  aeroplane  rotates  clockwise  when  viewed  from  the  rear. 
If  the  aeroplane  turns  to  the  right  when  moving  in  a  horizontal  plane,  what  will  be 
the  effect  of  the  gyroscopic  couple? 

917.  The  flywheel  of  an  automobile  engine  is  mounted  on  a  horizontal  axle 
parallel  to  the  longitudinal  axis  of  the  automobile.  The  flywheel  rotates  counter- 
clockwise when  viewed  from  the  rear.  What  will  be  the  effect  of  the  gyroscopic 
couple  on  (a)  the  axle  reactions  of  the  flywheel,  (6)  the  pressures  of  the  wheels  on 
the  road? 


CHAPTER  XIV 


FURTHER   STUDY  OF  THE  ACCELERATION   OF  A   POINT 


169.  Introduction. — In  this  chapter  we  shall  consider  the  radial  and 
transverse  components  of  acceleration  of  a  point  and  also  Coriolis'  law 
which  in  some  problems  in  kinematics  offers  the  simplest  method  of 
determining  the  acceleration  of  a  point.  One  application  of  Coriolis' 
law  will  be  found  in  Art.  179  of  the  following  chapter,  in  the  analysis  of 
the  forces  involved  in  the  Rit(>s  inertia  shaft  governor. 

170.  Transverse  and  Radial  Components  of  Acceleration. — In  addi- 
tion to  the  X-  and  ^/-components  and  the  n-  and  ^-components  of  the 


Path 


Fig.  545. 

acceleration  of  a  particle,  the  transverse  and  radial  {T  and  li)  com- 
ponents are  sometimes  convenient  to  use.  The  transverse  direction  is 
perpendicular  to  the  radius  vector  drawn  from  any  point  taken  as  the 
center  or  pole,  and  the  radial  direction  is  along,  or  parallel  to,  the  radius 
vector  (Fig.  545). 

The  T-  and  /^-components  may  be  derived  by  the  application  of 
Thi'orcms  I  and  II  of  Art.  S7.  In  Fig.  545(o)  let  m  represent  a  particle 
moving  on  a  fixed  path  and  let  0  be  any  center  or  pole.  The  total 
velocity,  v,  of  the  particle  may  be  replaced  by  the  two  components 
vt  and  vr. 

Fig.  545(a)  indicates  that  in  general  at  any  instant 
Vt  is  changing  in  nuignitiidc  and  also  in  dirrction.  and  that 
Vr  is  changing  in  magnitude  and  also  in  direction. 

300 
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Hence  in  accordance  with  Art.  87  there  will  be  four  components  of  the 

(Id 
acceleration:  two  of  the  type  —  ,  and  two  of  the  type  voi,  as  follows 

(shown  in  Fig.  5456) : 

(1)  ——  =  —  (  —  I  =  T^  parallel  to  vr,  being  the  rate  of  change 
^  ^    dt        dt  \dt/       df  ^  «'         ^ 

of  the  magnitude  of  vr. 

(2)  vru  perpendicular  to  vr,  being  the  rate  of  change  of  vr  due  to 

the  change  in  its  direction  only. 

dvT       d{o)p)  dp  doi 

(3)  -r-  =  — 7—  =  CO  — -  +  p  —  =  wi'ie  +  pa  parallel  to  vt,  bemg 

dt  dt  dt  dt 

the  rate  of  change  of  the  magnitude  of  vt- 

Vt 

(4)  VTOi  =  w'^p  =  —  perpendicular  to  vt,  being  the  rate  of  change 

P 
of  Vt  due  to  a  change  in  its  direction  only. 

The  T-  and  /^-components  of  the  total  acceleration  are  then  (Fig. 

5456), 

dp  dui       1  d      ^ 

ax  =  I'ijco  +  (I'fico  +  pa)  =  2vRa}  +  pa  =  2co  —  +  p  —  =  -  —  (p  co), 

dt  dt       p  dt 

dvR  d^p  , 

Ur   =    ^-    -    M'T    =    -^   -   PW"- 

dt  dt 

PROBLEMS 

918.  A  point  moves  on  a  circle  with  varying  speed.  Show  that  the  expressions 
for  the  transverse  and  radial  components  of  acceleration  of  the  point  reduce  to  the 
expressions  for  the  tangential  and  normal  components,  respectivelj',  of  the  accelera- 
tion when  the  center  of  the  circle  is  selected  as  the  pole. 

919.  A  rod  rotates  in  a  horizontal  plane  about  a  vertical  axis  through  one  end  of 
the  rod  with  a  constant  angular  velocity  of  2  rad./sec.  At  the  same  time  a  particle 
moves  from  the  axis  of  rotation  along  the  rod  at  a  constant  rate  of  4  ft./sec.  Find 
the  magnitude  of  the  linear  acceleration  of  the  particle  when  it  is  3  ft.  from  the  axis 
of  rotation. 

171.  Coriolis'  Law. — It  is  convenient  to  consider  the  motion  of  a 
point  of  a  body  as  being  generated  by  a  motion  of  the  point  along  a  path 
(Une)  as  the  path  moves.  Thus,  in  plane  motion  of  a  rigid  bod}',  the 
motion  of  any  point  in  the  bod}^  may  be  considered  to  be  a  combination 
of  a  motion  along  a  path  and  a  motion  due  to  a  translation  of  the  path. 

If  a  point  moves  along  a  path  as  the  path  is  translated,  the  accelera- 
tion of  the  point  is  the  vector  sum  of  the  acceleration  relative  to  the 
path  and  the  acceleration  of  the  point  of  the  path  which  is  coincident 
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with  the  point  at  the  instant  (or  of  any  point  of  the  path  since  the  path 
is  translated). 

If,  however,  a  point  moves  along  a  path  as  the  path  rotates,  the 
acceleration  of  the  point  is  obtained  as  the  vector  sum  of  three  com- 
ponent accelerations.  The  relation  between  these  three  component 
accelerations  and  the  total  acceleration  is  expressed  by  Coriolis'  law, 
which  ma}'  be  derived  by  use  of  the  theorems  of  Art.  87  as  follows: 

In  Fig.  546(a)  let  m  represent  a  particle  traveling  along  a  curved 
path  with  velocity  u,  and  at  the  same  time  let  the  path  rotate  about  0 
with  angular  velocity  co  and  angular  acceleration  a.  Further  let  0  and 
a'  denote  the  angular  velocity  and  angular  acceleration,  respectively. 


WWr 


(b) 


Fig.  546. 


that  m  would  have  relative  to  the  center  of  curvature  N  of  the  path,  if 
the  path  were  fixed  and  only  the  motion  of  /«  along  the  path  were  con- 
sidered. The  velocity  of  the  particle  will  then  have,  at  any  instant,  two 
components,  u  and  w,  u  being  the  velocity  along  (relative  to)  the  path, 
and  w  the  velocity  of  the  point  on  the  path  which,  at  the  instant,  coin- 
cides with  the  particle. 

It  will  be  noted  from  Fig.  546(a)  that,  as  the  particle  passes  from  one 
po.sition  to  some  other  position,  the  velocity  u  changt\s  in  magnitude 
and  also  in  direction.  Likewi.se  iv  changes  in  magnitude  and  al.>^o  in 
direction.  At  any  instant,  therefore,  the  acceleration  of  the  particle  m 
will  have  at  least  four  components.  It  will  be  found  convenient,  how- 
ever, to  consider  the  change  in  both  a  and  w  to  be  made  up  of  several 
parts,  as  follows: 

The  change  in  u  from  iii  to  uo  is  made  up  of: 

(1)  A  change  in  magnitude,  due  to  an  increasing  (or  decreasing) 

speed  along  the  path. 

(2)  A  change  in  direction,  due  to  the  curvature  of  the  path. 

(3)  A  change  in  direction,  due  to  the  n>t!iti«)M  of  tlie  patii. 
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The  change  in  iv  from  it'i  to  u"2  is  made  up  of: 

(4)  A  change  in  magnitude,  due  to  the  rotation  of  the  path  with 

increasing  (or  decreasing)  angular  velocity  (assuming  p 
to  remain  constant,  that  is,  considering  the  particle  to  be 
fixed  to  the  path). 

(5)  A  change  in  direction,  due  to  the  rotation  of  the  path  (con- 

sidering the  particle  fixed  to  the  path). 

(6)  A  change  in  magnitude,  due  to  the  change  in  length  of  p 

(assuming  the  path  to  be  fixed),  caused  by  the  movement 
of  the  particle  along  the  path. 

(7)  A  change  in  direction,  due  to  the  change  in  the  direction  of  p, 

caused  by  the  motion  of  the  particle  along  the  path  (assum- 
ing the  path  fixed).  The  change  in  direction  of  iv  is  equal 
to  the  change  in  direction  of  p  since  p  and  w  remain  at 
right  angles. 

At  any  instant,  therefore,  the  acceleration  of  m  will  have  seven  com- 

dv 
ponents,  three  being  of  the  type  —  ,  and  four  of  the  type  voo.    These  com- 

dt 

ponents  (represented  in  Fig.  546(&)  are  expressed  as  follows: 

du 

(1)  —  =  ra'  parallel  to  u  and  having  the  same  sense  as  u  since  12, 
dt 

the  angular  velocity,  and  a',  the  angular  acceleration,  of 

the  particle  m  with  respect  to  the  center  of  curvature,  S, 

of  the  path  were  assumed  to  agree  in  sense  as  indicated  in 

Fig.  546(a). 

(2)  uQ.  =  12^r  =  —  perpendicular  to  u,  towards  S. 

r 

(3)  WW  perpendicular  to  u  toward  S. 

.^^   dw       d{o)p)  doo  1  1       •         , 

(4)  — -  =  — - —  =  p  —-  =  pa  parallel  to  w  and  having  the  same 
dt  dt  dt 

sense  as  w,  smce  w,  the  angular  velocity,  and  a,  the  angular 

acceleration,  of  the  path  with  respect  to  0  are  assumed  to 

agree  in  sense. 


(5)  wco  =  co^p  =  —  perpendicular  to  w,  toward  0. 
P 


394     FURTHER  STUDY  OF  THE   ACCELERATION   OF   A   POINT 

(6)  =  03—  =  iiROi   parallel   to   w   and   having   the   same 

dt  at 

sense  as  w  since  w  is  increasing. 

(7)  ti'w'  =  pww'  =  iiT<^  perpendicular  to  w  toward  0,  where  w' 

is  the  angular  velocity  of  p  caused  by  the  motion  of  the 
particle  along  the  path,  assuming  the  path  to  be  fixed. 

The  total  acceleration  of  the  particle  then  may  be  expressed  in  terras 
of  the  seven  components  shown  in  Fig.  546(6),  grouped  as  follows: 

a  =  ira   4>  —  j  +>  {pa  -^  pw^)  +>  nw  -H  w  (-y  4>  po^'] 

But  —  and  pw'  are  the  radial  and  transverse  components,  respective!}', 
dt 

of  the  velocity  u  relative  to  0.  Hence  the  two  terms  in  the  last  parenthe- 
sis may  be  written  w/?  4>  ?/r  =  u. 

Thus  the  last  component  in  the  expression  for  a  becomes  j/oj  and  may 
be  added  to  the  preceding  term  giving  2  uui,  since  both  of  the  components 
wco  have  the  same  direction  and  sense.  The  expression  for  a  may  then 
be  written 

a  =  flr  -H  a,n  +>  2u(ii. 

in  which  Or  =  ra'  -H  —  and  a„  ^  pa  -Hpco".    It  will  be  seen  that  a^  is  the 

acceleration  the  particle  would  have  if  the  path  were  fixed,  and  a„  is  the 
acceleration  the  particle  would  have  if  the  particle  were  fixed  on  the 
path  and  moving  with  the  path.  The  component  2uco  is  a  vector 
directed  perpendicular  to  the  vector  u  and  its  sense  may  be  found  by 
the  following  rule:  Apply  the  vector  representing  2uo)  to  the  end  of 
the  vector  representing  u ;  then  the  sense  of  2i/co  is  such  that,  considered 
as  a  force,  it  would  rotate  the  vector  u  in  the  sense  of  oj,  the  angular 
velocity  of  the  path.  This  c(|uation  may  be  stated  in  words  as  follows: 
If  a  particle  moves  on  a  path  as  the  path  rotates,  the  acceleration  of  the 
particle  is  the  geometric  or  vector  sum  of  (1)  the  acceleration  the  particle 
would  have  if  tiie  path  were  fixed  and  the  particle  moved  along  the  path 
with  velocity  n,  (2)  the  acceleration  the  particle  would  have  if  it  were 
fixed  on  the  path  and  the  path  rotated  with  angular  velocity  oj.  and  (3) 
2i<aj  called  the  Coriolis'  component  or  the  compound  supplcincntary  accel- 
eration.    This  statement  is  known  as  Coriolis'  law. 

It  will  be  noted  that  Coriolis'  law  reduces  to  a  =  a,  +>  a„  if  the 
motion  of  the  path  is  a  translation  and  hence  is  in  agreement  with  the 
analysis  of  the  acceleration  of  a  point  of  a  rigid  body  that  has  plane 
motion  its  fcnnul  in  Art.  9C. 
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Scale  l!^200  ft.  per  sec: 


Fig.  547. 


ILLUSTRATIVE   PROBLEM 

Problem  920.— The  circular  arc  APB  (Fig.  547a)  represents  the  vane  of  a  centrif- 
ugal pump,  P  being  a  particle  of  water.  Find  the  acceleration  of  the  particle  P 
when  it  is  12  in.  from  0,  the 
center  of  the  shaft  if,  at  that 
instant,  the  angular  velocity 
of  the  wheel  is  10  rad./sec. 
clockwise  and  its  angular 
acceleration  is  50  rad./sec.^ 
clockwise.  The  tangential 
velocity  of  the  particle  along 
(relative  to)  the  vane  is  10 
ft. /sec.  and  the  tangential 
acceleration  relative  to  the 
vane  is  10  ft. /sec."  OB  makes 
an  angle  of  45°  with  the  horizontal  and  is  18  in.  long;  OA  is  3  in.;  and  OP  is  12  in. 
The  radius  of  the  arc  APB  is  133^  in. 

Solution. — Bj'  Coriolis'  law  the  total  acceleration  a  is 

a  =  Or-^  Om-^  2uw; 

Ur  and  a-m  are  found  most  easily  from  their  t-  and  n-components.     Hence 

a  =  (ar)t  -!>  (ar)n  +>  (a„i)t  +>  (a„)„  -H  2u(a 

10^  12  ,       12 

=  10  -H-  -Y  4>  50  X  -  +>  102  X  -  -B'  2  X  10  X  10 

T2" 

=  10  4>  90.56  +>  50  -B-  100  -^  200, 

each  of  the  quantities  being  expressed  in  feet  per  second  per  second.  The  five  com> 
ponents  are  shown  in  their  proper  directions  in  Fig.  547(a),  and  the  resultant  accelera- 
tion a  as  found  from  the  acceleration  polygon  is  shown  in  Fig.  547(6).  By  scalin"- 
the  closing  line  of  the  polygon,  a  is  found  to  be  145  ft./sec.^  in  the  direction  shown 
in  Fig.  547(6). 

PROBLEMS 

921.  Solve  Prob.  919  by  applying  Coriolis'  law. 

922.  Using  the  data  of  Prob.  549,  find  the  accelerations  of  C 
and  D  by  means  of  Coriolis'  law. 

923.  Point  P  (Fig.  548)  moves  on  the  rod  0.1/  which  rotates 
about  the  fixed  point  O.  In  the  given  position  OP  =  6  ft.;  the 
velocity  along  the  rod  is  5  ft. /sec.  toward  M  and  is  increasing  at 
th&rate  of  5  ft. /sec.  each  second.  The  angular  velocity  of  the  rod 
is  2  rad./sec.  in  a  clockwise  direction,  and  is  decreasing  at  the 
rate  of  1.5  rad./sec.  each  second.  Find  the  acceleration  of  the 
point  P. 

Fig.  548.  Ans.     ap  =  22.0  it. /seer  vertically  downwards. 
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172.  The  Action  of  Governors. — The  governor  of  a  steam  engine, 
hydraulic  turbine,  gas  engine,  or  other  motor,  automatically  regulates 
the  supply  of  the  steam,  water,  gas,  or  other  fluid,  so  as  to  keep  the 
driving  force  exerted  by  the  working  fluid  constantly  adjusted  to  the 
resistance  to  be  overcome.  The  governor  partakes  of  the  motion  of  the 
motor  so  that  an  increase  in  the  speed  of  the  motor  due  to  a  decrease  in 
the  load  causes  a  corresponding  increase  in  the  speed  of  the  moving  parts 
of  the  governor,  which,  in  turn,  causes,  bj^  means  of  a  suitable  mechan- 
ism, either  a  decrease  in  the  pressure  of  the  fluid  or  a  decrease  in  the 
quantity  of  fluid  delivered  to  the  motor. 

The  forces  wliich  cause  the  adjustment  of  the  controlling  valve,  and 
which  are  brought  into  plaj-  by  the  change  of  motion  of  the  governor 
parts,  depend  in  the  main  ujwn  (1)  the  actual  change  in  the  speed  of  the 
moving  parts  or  (2)  the  rate  of  chajigc  of  the  speed  of  the  moving  parts. 
Governors  in  which  the  governing  action  depends  mainly  upon  the 

actual  change  of  speed  of  the  governor  parts 
are  called  centrifugal  gorernors  and  may  be 
either  pendulum  or  shaft  governoi-s.  Govern- 
ors in  which  the  governing  action  depends 
mainly  upon  the  rate  of  change  of  speed 
of  the  moving  parts  are  called  inertia  gov- 
ernors and  aie  shaft  govcriioi-s.  A  brief 
analysis  of  the  forces  lirought  into  play  by 
a  change  in  the  motion  of  each  of  these 
types  of  govciMiois  will  licic  be  made. 

173.  The  Conical  Pendulum.  In  Fig. 
549(a)  a  ball  of  ma.ss  M  and  w  eiiiht  11'  is 
held  at  the  end  of  an  arm  .1/^  ami  the  ball 
and  arm  ai-e  caused  to  rotate  about  an  axis 
A()  with  velocity  w.  The  acceleration  of 
the  center  of  the  ball  is  directed  towards 
O,  the  center  of  its  circular  path,  and  its  magnitude  is  roj'-.  Hence 
the  force,  li,  required  to  produce  this  acceleration  of  the  ball  is 

W 

li  =  Mr  J"  =  -  rJ". 
Q 
3UG 


Mrw- 
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Now,  the  accelerating  (effective)  force  R  must  be  the  resultant  of  the 
external  forces  which  act  on  the  ball.  These  external  forces  are  the 
weight,  W,  and  the  tension,  T,  in  the  arm,  as  shown  in  Fig.  549(6). 
If  a  force  which  is  equal  but  opposed  to  R  (the  inertia  force)  is  assumed 
to  act  with  W  and  T  as  shown  in  Fig.  549(6),  the  three  forces  will 
be  in  equilibrium  and  hence  the  sum  of  their  moments  with  respect 
to  the  point  A  is  equal  to  zero.     Thus 


Wr  =  —  nJ^  X  h. 
9 


Therefore 


CO 


in  which  co  is  expressed  in  radians  per  second  and  g  is  equal  to  32.2 
ft./sec.^    If  the  number  of  revolutions  per  minute  (r.p.m.)  is  denoted  by 

n,  then  w  =  -^^-     Therefore,  h  may  be  expressed  (in  inches)  by  the 


60 


equation 


h  = 


35,200 


(1) 


This  equation  shows  that  the  height,  h,  of  the  cone  depends  only  on  the 
speed  of  rotation  and  not  upon  the  weight  of  the  ball  nor  the  length  of 
the  arm  AB.  Now,  in  the  pendulum  governor,  the  governing  action 
depends  upon  the  manner  in  which  h  varies  with  w.  The  accompanying 
table  is  obtained  from  equation  (1).  It  will  be  noted  that  at  low  speeds 
a  small  change  in  speed  of  the  ball  causes  a 
large  change  in  the  height  h,  whereas  at 
high  speed  a  large  change  in  speed  causes 
only  a  small  change  in  h.  If  the  conical 
pendulum  is  used  as  a  governor  as  in  the 
simple  Watt  governor  (Fig.  550),  it  may 
be  made  sensitive  to  small  changes  in 
speed  either  by  making  h  large  or  by  caus- 
ing the  governor  to  rotate  slowly  by  gear- 


n  (in  r.p.m.) 

h  (in  inches) 

20 

88.0 

40 

22.0 

60 

9.8 

80 

5.5 

100 

3.5 

150 

1.56 

200 

0.88 

300 

0.39 

Fig.  550. 
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ing  it  down.    However,  a  decrease  in  the  speed  of  the  governor  results 

in  a  decrease  in  the  energy  available  to  overcome  the  resistances  of  the 

valve  which  is  operated  by  the  governor. 
In  order  to  make  the  governor  .sen.sitive 
to  small  changes  in  speed  without  seri- 
ously reducing  its  available  energy  it 
may  be  loaded. 

174.  The  Loaded  Governor.— The 
height  h  of  the  conical  pendulum  may 
be  increased  by  loading  the  balls  as 
shown  in  Fig.  551(a).  The  disk,  D, 
which  rests  on  the  balls  (or  cylinders) 
furnishes,  by  its  weight,  a  vertical  ex- 
ternal force  without  influencing  the 
inertia  force  of  the  ball  or  cylinder.  If 
L  denotes  the  weight  of  the  disk  (load) 
then  L/2  is  the  load  on  each  ball  and  the 
external  forces  W,  L/2,  and  T  which  act 
on  the  ball  form,  with  the  reversed  effec- 
tive (inertia)  force  Mru^,  a  system  in 
equilibrium    as   shown   in   Fig.  551(6). 

The  sum  of  their  moments,  therefore,  about  the  point  A  is  equal  to 

zero.     Thus 

+  -  )  r  =  Mro}^  X  h. 


("■  +  t)^  =  .' 


and  by  expressing  w  in  revolutions  per  minute,  h  is  expressed  in  inches 
by  the  equation 

^  2       35,200 

This  equation  shows  that  the  addition  of  the  load  to  the  balls  of  the 
conical  pendulum  increases  the  height  h  in  the  ratio  of  1  -f  L/'2W  to  1. 
For  example,  '\i  W  =  5\h.  and  L  =  30  lb.,  then 


L  30 

1  +         =  1  H 

2U  2X6 


=  4. 


Thus  the  height  h  of  the  simple  conical  pendulum  corresponding  to  a 
speed  of  200  r.p.m.  is  0.88  in.,  and  when  loaded  its  height  becomes 
4  X  0.88  =  3.52  in. 
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For  high  rotative  speeds,  loading  must  be  resorted  to  in  order  to 
increase  the  change  of  height  for  a  given  change  in  speed,  that  is,  in 
order  to  increase  the  sensitiveness  of  the  governor. 

175.  The  Porter  Governor.— In  Fig.  552(a)  is  shown  the  Porter 
loaded  governor,  in  which  the  load  on  the  conical  pendulum  is  sus- 
pended from  additional  links  which  are  attached  to  the  balls.  With  this 
arrangement  the  load  is  twice  as  effective  as  in  the  loaded  governor 
discussed  in  the  preceding  article,  since,  for  a  given  rise  of  the  balls,  the 


Fig.  552. 


load  rises  twice  the  distance  that  the  balls  rise.     If,  therefore,  L  denotes 
the  load,  the  expression  for  h  (in  inches)  becomes 

^       W  +  L      35,200 
W  n 

Thus,  in  the  above  example,  for  the  Porter  governor,  the  height  becomes 
^,      X  0.88  =  -^ —  X  0.88  =  6.16  in. 


The  student  should  derive  the  above  equation  for  h  from  the  analysis 
of  the  forces  in  a  manner  similar  to  that  used  in  the  preceding  two  articles. 
Free-body  diagrams  for  the  revolving  ball  and  load  are  sho\\-n  in  Fig 

552(6). 
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PROBLEM 

924.  A  spring-loaded  governor  is  shown  in  Fig.  553. 
Let  W  be  the  weight  (lb.)  of  each  ball;  r  (ft.)  the  radias  of 
the  path  of  the  balls;  /  (ft.)  the  length  of  each  of  the  four 
arms;  w  the  angular  velocity  in  radians  per  second.  When 
the  radius,  r,  is  zero,  the  tension  in  the  spring  is  T  lb.  and 
the  force  required  to  elongate  the  spring  a  unit  length  is 
Q  lb.     Show  that,  if  the  weight  but  not  the  mass  of  the 

balls  be  neglected,  

,       g[T  4-  2Q(I  -  Vl'  -  n)] 

w"   =  ,  = • 

If  W  =  3  lb.,  I  =  1  ft.,  and  the  balls  revolve  at  26  rad./sec. 
when  r  =  3  in.,  find  the  tension  in  the  spring,  assuming  the 
modulus  of  the  spring  to  be  58  lb. /in. 

Ans.     T  =  61.0  lb. 

176.  The  Centrifugal  Shaft  Governor.— In  the 
pendulum  goveinurs  considered  above,  the  govern- 
FiG.  553.  ing  action  is  dependent  upon  the  centrifugal  force 

(inertia  force)  of  a  rotating  ma.s.s,  and  the  .same 
is  true  for  some  types  of  shaft  governors.  Thus,  let  a  body  of  mass 
M  be  pivoted  to  the  arm  of  a  flywheel  as  shown  in  Fig.  554.  Let  the 
distance  of  the  center  of  the  mass,  G,  from  the  shaft  center,  S,  be  denoted 
by  r  and  let  the  wheel  rotate  with  an  angular  velocity  oj.  The  cen- 
trifugal or  inertia  force,  then,  of 
the  mass  M  is  Mrui^.  As  long  as  w 
remains  constant  this  force  has  a 
definite  value.  To  hold  it  in  equilib- 
rium a  spring  Is  employed.  The 
moment  of  the  spring  tension  about 
the  point  0  must  therefore  be  equal 
to  the  moment  of  Mrui~  about  the 
same  point  (the  weight  of  the  body 
is  small  in  comparison  with  Mru~  and 
hence  its  moment  is  neglected).  If 
now  the  angular  vclocit}'  of  the  wheel  lu;.  53 1, 

increases  to  w'  due  to  a  decrease  in  the 

load  on  the  engine,  assuming  the  value  of  r  to  remain  constant,  the 
centrifugal  force  increa.ses  to  Mi\o'-  and  the  excess  force  Mr{u'^  —  ur) 
cau.ses  the  mass  to  move  outwards  whicli  in  turn  changes  the  time  of 
cut  off  of  the  valve  and  adjusts  the  amount  of  the  working  fluid  dcUvered 
to  the  engine. 
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PROBLEMS 

926.  What  must  be  the  initial  tension  in  the  spring  and  the  modulas  of  the  spring 
so  that  the  weight,  A,  in  the  governor  shown  in 
Fig.  555  will  not  leave  the  inner  stop  and  pass  to 
the  outer  stop  until  a  speed  of  210  r.p.m.  is 
reached?  Assume  that  the  weight  of  A  is  16.1  lb., 
(1=3  in.,  6  =  24  in.,  c  =  8  in.,  and  (/  =  16  in. 
If  the  spring  should  be  placed  farther  from  E 
than  16  in.,  would  A  reach  the  outer  stop  with 
the  wheel  revolving  at  the  same  speed  that  it 
had  when  A  left  the  inner  stop? 

Am.     T  =  242  lb.;  modulus  =  45.4  lb. /in. 

926.  Given  the  arrangement  as  shown  in  the 
previous  problem,  with  the  follo^vdng  data:  a  = 
3  in.,  6  =  20  in.,  c  =  9  in.,  d  =  12  in.,  modulus 
of  spring  =  50  lb. /in.  If  the  mean  speed,  no,  is 
200  r.p.m.,  what  must  be  the  weight  of  A  for  a  yiq  555 

coefficient  of  steadiness,    (ni  —  n2)/no,  of  0.01, 
where  ni  and  712  denote  the  maximum  and  minimum  speeds  respectiveh-? 

Am.     W  =  14.85  lb. 

177.  The  Inertia  Shaft  Governor. — As  already  noted,  governors  in 
which  the  regulating  action  depends  upon  a  change  in  the  centrifugal 
force,  whether  of  the  pendulum  or  of  the  shaft  type,  are  called  centrifugal 
governors.  It  is  important  to  note  that  with  centrifugal  governors 
there  must  be  an  actual  change  of  speed  to  give  a  governing  action.  In 
the  inertia  governor,  however,  the  governing  action  is  entirely'  different. 

Thus,  in  Fig.  556,  let  a  mass  M  be 
pivoted  to  the  arm  of  a  fij^vheel  so  that 
the  pin,  0,  passes  through  the  center  of 
mass.  The  centrifugal  force  of  the  mass 
is  balanced  by  the  pin  reaction  at  0  and 
hence  the  centrifugal  force  is  not  involved 
in  the  goveiTiing  action. 

In    order    to    show    how    the    forces 
which  cause  the  governing  action  arise, 
let  it  be  assumed  first  that  the  wheel  of 
Fig.  556  is  standing  still  and  that  the 
Fig.  556. .  mass  is  turned  on  the  pin,  0,  with  an 

angular  acceleration  a.     To  produce  this 
acceleration  a  moment,  T,  is  required  ha\'ing  a  magnitude 

T  =  loa, 


in  which  lo  is  the  moment  of  inertia  of  the  mass  with  respect  to  the  pin  0. 
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Now,  if  a  change  in  speed  of  the  wheel  (and  shaft)  occurs,  due  to  a 
change  in  the  load  on  the  motor,  each  particle  in  the  mass  M,  by  virtue 
of  its  inertia,  will  tend  to  maintain  its  linear  velocity  and  hence  will  turn 
relative  to  the  wheel  about  the  axis  0  and  thereby  cause  the  valve 
mechanism  to  exert  forces  on  the  mass,  the  moment  of  which  about  0 
will  be  equal  to  loa.  In  this  type  of  governor,  therefore,  the  governing 
action  depends  not  upon  the  actual  change  of  speed  but  upon  the  rate 
of  change  of  angular  speed,  that  is,  upon  the  angular  acceleration  of  the 
wheel  or  engine  shaft.  Shaft  governors  of  this  type  are  called  inertia 
governors. 

178.  Comparison  of  the  Two  Types  of  Governors. — Centrifugal  and 
inertia  governors  differ  in  two  important  particulars.  Since,  in  the  cen- 
trifugal type,  the  governing  force  depends  upon  the  change  in  the  speed 
there  must  be  an  increase  (or  decrease)  in  the  speed  of  a  definite  amount 
before  the  governing  force  is  sufficient  to  move  the  valve  gear  against 
the  frictional  forces.  In  the  inertia  governor,  on  the  other  hand,  the 
governing  force  is  proportional  to  the  angular  acceleration,  and,  in 
general,  the  angular  acceleration  of  the  governing  mass  is  greatest  just 
at  the  beginning  of  the  change  of  speed;  hence,  before  the  speed  of  the 
shaft  has  changed  appreciably,  the  governor  begins  to  act  although  the 
change  in  the  centrifugal  force  is  small.  It  follows  then  that  the  inertia 
governor  acts  more  quickly  and  holds  the  speed  within  much  smaller 
limits  than  does  the  centrifugal  governor. 

The  centrifugal  type  of  governor,  however,  has  one  essential  property 
not  possessed  by  the  inertia  type.  The  centrifugal  force  Mrco'  varies 
somewhat  for  different  positions  of  the  balls  in  Figs.  549,  550,  551,  or 
552,  and  of  the  body  in  Fig.  554,  but  for  any  fixed  position  it  must  have  a 
fixed  definite  value  which  is  determined  by  the  weight  of  the  balls  (and 
load  on  the  balls)  in  the  pendulum  governors  and  by  the  spring  tension  in 
the  shaft  governor.  It  follows  that,  with  the  governor  in  a  definite 
position,  the  speed,  co,  of  the  .shaft  has  a  definite  value  and  therefore  the 
speed  of  the  engine  is  fixed.  Thus,  if  it  is  determined  th;it  the  .speed 
shall  be  200  r.p.m.  and  the  governor  is  properly  ailjusied,  the  speed 
cannot  vary  much  from  that  speed  as  long  as  the  governor  is  operative. 
The  speed  may  sink  to  195  r.p.m.  under  a  heavy  load  or  rise  to  205  r.p.m. 
with  a  light  load;  but  the  centrifugal  force  impo.ses  the  average  sjxed  of 
200  r.p.m.,  and  the  engine  cannot  be  made  to  run  at  a  difTereiit  average 
speed  without  some  adjustment  of  the  governor,  such  as  the  addition  of  a 
weight  or  an  increase  in  the  spring  tension. 

179.  Analysis  of  Forces  in  the  Rites  Inertia  Governor. —  In  the  .shaft 
governor  known  as  the  Rites  inertia  governor,  a  combination  of  the  two 
governing  actions  discussed  above  is  effected  by  means  of  a  single  heavy 
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mass  wliich  is  pivoted  at  a  point  at  some  distance  from  the  shaft  center 
but  not  at  the  center  of  the  mass. 

To  gain  a  clear  conception  of  the  forces  which  are  developed  during 
the  action  of  a  shaft  governor  of  the  Rites  type,  consider  the  motion  of  a 
heavy  mass  of  any  form  (Fig.  557a)  pivoted  at  a  point  0  which  is  at  a 
distance  e  from  the  shaft  center  S.     The  center  of  gravity,  G,  of  the  mass 


Fig.  557. 

is  at  the  fixed  distance  s  from  the  pivot  0  and  at  the  distance  r  from  the 
shaft  center  S;  this  latter  distance  may  of  course  var}'.  Let  any  par- 
ticle, P,  of  the  mass  be  at  the  distances  a  and  p  from  0  and  S,  respec- 
tively. The  procedure  followed  in  the  analysis  of  the  forces  in  the  Rites 
governor  is  the  same  as  that  used  in  the  analysis  of  the  various  kinetics 
problems  in  Chapter  VIII.  The  main  steps  in  the  procedure  are  out- 
lined in  Art.  108.     Let 


W 
M  =  —  =  the  mass  of  the  body  which  is  pivoted  at  0 ; 
9 

w  =  the  angular  velocity  of  the  wheel  about  the  shaft  center  S] 
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n  =  the  angular  velocity  of  the  mass  M  about  the  pivot  0; 

u  =  aU  =  the  linear  velocity  of  P  relative  to  0; 

do} 
a  =  ■ —  =  the  angular  acceleration  of  the  wheel: 
dt 

dn 

a'  =  —  =  the  angular  acceleration  of  the  mass  M  abouL  0; 
dt 

lo  =  the  moment  of  inertia  of  the  mass  M  with  ifsjx'Ct  to  the  pivot  0, 
and 

7  =  the  moment  of  inertia  of  the  mass  .1/  with  respect  to  the  center  of 
gravity  G. 

Acceleration  of  Any  Particle  P. — According  to  C'oriolis'  law  (Art.  171), 
the  acceleration  of  the  particle  P  (Fig.  5576)  has  three  components  as 
follows : 

(1)  The  acceleration  that  P  would  have  considering  the  wheel  to  be 
stationary  and  the  mass  to  be  rotating  about  0;  this  acceleration  may 
itself  be  resolved  into: 

A  radial  component  (jii~  along  PO,  and  a   tangential  component 

d9. 
0-  -—  =  acx'  perpendicular  to  PO. 
dt 

(2)  The  acceleration  of  that  point  of  the  wheel  which  is  coincident 
with  P;   this  component  may  likewise  be  resolved  into: 

A  radial  component  pur'  along  PS,  and  a   tangential  component 

p  —  =  pa  perpendicular  to  PS. 

(3)  The  acceleration  2«a)  along  OP. 

These  components  of  the  acceleration  of  the  point  P  are  shown  in 
Fig.  557(6).  No  attempt  has  been  made  to  show  the  magnitudes 
of  the  accelerations  by  the  lengths  of  the  vectors. 

It  will  be  found  convenient  to  replace  the  comjvments  pw^  and 
pa  by  four  other  components,  parallel  and  perpendicular,  respectively, 
to  the  lines  SG  and  PG.  These  four  components  may  be  obtained  by 
direct  resolution  or  by  considering  the  motion  of  the  wheel  to  be  replaced 
by  a  rotation  and  a  translation  (Art.  90).  Thus,  at  any  instant,  the 
rotation  of  the  wheel  about  its  shaft,  S,  with  angular  velocity  a>  and 
angular  acceleration  a  may  be  considered  as  a  rotation  with  tli(>  same 
angular  velocity  and  acceleration  al)out  a  parallel  axis  in  the  wheel  which 
passes  through  the  point  G,  and  a  ti.uislation  of  the  wheel  in  a  direction 
perpendicular  to  SG.    The  components  pJ'  and  p^x  which,  luj  found  above, 
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were  due  to  the  rotation  of  the  wheel  about  its  shaft  *S'  will  now  be 
replaced  by  (1)  the  acceleration  of  the  point  P  due  to  the  rotation  of  the 
wheel  about  G  and  (2)  the  acceleration  due  to  the  translation,  which  is 
common  to  all  points  of  the  wheel.  The  accelerations  of  the  point  P  of 
the  wheel  (that  is,  the  point  on  the  wheel  which  is  coincident  with  the 
point  P  of  the  mass  M),  then,  are 


and 


X(J^  along  PG 


d, 


O) 


X  —  =  xa  perpendicular  to  PG, 


which  are  due  to  the  rotation  of  the  wheel  about  G;  and 

rco^  parallel  to  SG 
and 

I'a  perpendicular  to  SG, 

which  are  due  to  the  (curvilinear)  translation  of  the  wheel. 

Moment  of  Effective  Forces  about  the  Pin  0.— The  moment  of  the 
effective  forces  for  the  whole  body  with  respect  to  the  pin  0  will  now 
be  found  since  the  rotation  of  the  mass  about  the  pin  0  is  the  cause  of 
the  movement  of  the  valve  mechanism.  And  the  moment  of  the 
effective  forces  must  be  found  in  order  to  determine  the  moment  of  the 
external  forces  which  are  brought  into  action  as  a  result  of  this  rotation 
and  which  are  exerted  on  the  valve  mechanism.  For,  b}^  D'Alembert's 
principle,  the  sum  of  the  moments  of  the  external  forces  must  be  equal 
to  the  sum  of  the  moments  of  the  effective  forces. 

The  accelerating  or  effective  force  for  the  particle  P  of  mass  m  must 
have  a  component  in  the  direction  of  each  of  the  acceleration  com- 
ponents, the  magnitude  of  each  component  of  the  force  being  the  product 
of  the  mass  m  of  the  particle  and  the  acceleration  component.  These 
seven  components  of  the  effective  force  for  the  particle  are  shown  in 
Fig.  557(a),  acting  at  the  particle  P.  The  sum  of  the  moments  of  these 
forces,  for  all  the  particles,  about  the  pin  0  may  be  found  as  follows: 

(1)  The  components  ma^^  and  2m ww  are  collinear  and  act  through 
the  pin  0.  The  resultant  of  these  components,  therefore,  for  the  whole 
body,  is  a  force  which  acts  through  0.  The  sum  of  the  moments  of  these 
components  about  the  point  0,  then,  is  equal  to  zero  and  hence,  these 
forces  have  no  influence  in  the  problem  under  discussion.  Their  only 
effect  is  to  produce  a  pm  pressure  at  0. 

(2)  Consider  next  the  forces  wtrco^.  These  forces  arise  from  the 
translation  given  to  the  body.    All  these  forces,  then,  are  parallel  to  SG 
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and  all  have  the  same  sense.  Therefore,  their  resultant  is  a  single  force 
(Art.  110)  the  magnitude  of  which  is 

The  line  of  action  of  this  resultant  force  passes  through  G  (Art.  110),  as 
shown  in  Fig.  558.  The  sum  of  the  moments  of  the  mrJ^  forces  about 
the  pin  0  (which,  of  course,  is  equal  to  the  moment  of  their  resultant), 
then,  is  (Fig.  558) 

Mrco^  X  /. 

(3)  Consider  next  the  mra  forces.    These  forces  also  arise  from  the 
translator}^  motion  which  is  given  to  the  wheel  (and  mass  M).     All 


/r  =  e  /j  =  2  X  Area  of  0  S  G 


l"iu.  558. 


these  forces  then  are  perpendicular  to  SG  and  have  the  same  sense. 
Their  resultant,  therefore,  is  a  single  force  (Art.  110)  having  a  magni- 
tude equal  to 

"Zmra  =  Mra. 

This  resultant  force  also  passes  through  G.  The  sum  of  the  moments  of 
the  mra  forces  with  respect  to  the  pin  0,  then,  is  (Fig.  558) 

Mrcx  X  c. 

(4)  The  moment  of  the  vixui'  forces  will  he  found  next.  These 
forces  are  the  normal  forces  due  to  the  rotation  of  tiio  wheel  (and  ma.ss 
M)  about  an  axis  through  G.  They  pass,  tlien,  through  tlie  axis  of 
rotation,  and  their  residtant,  therefore,  is  a  single  force  having  a  magni- 
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tudc  equal  to  Mxw~  which  acts  through  G  (Art.  23).  But  G  Ls  the  ma.ss- 
center  of  the  mass  M,  and  hence  the  quantity  Mxoo^  is  equal  to  zero,  since 
X,  the  distance  from  the  mass-center  to  the  axis  of  rotation,  is  zero. 
Therefore,  the  sum  of  the  moments  of  the  7nxco'^  forces  about  the  pin  0 
is  equal  to  zero. 

(5)  The  mxa  forces  are  the  tangential  forces  which  also  arise  due  to 
the  rotation  of  the  wheel  (and  mass  M)  about  the  mass-center  G.  The 
resultant  of  these  forces  is  a  couple  having  a  moment  equal  to  la  (Art. 
Ill)  in  which  7  is  the  moment  of  inertia  of  the  mass  ^"1/  with  respect  to 
the  axis  through  its  mass-center.  The  sum  of  the  moments  of  the  mxa 
forces,  then,  with  respect  to  the  pin  0  (or  any  other  moment-center  in 
the  plane  of  motion.  Art.  14)  is  equal  to 

la. 

(6)  Lastly,  the  maa'  forces  will  be  considered.     These  forces  are  the 
tangential  forces  which  arise  due  to  the  rotation  of  the  mass  M  about  the 
pin  0.     The  sum  of  then-  moments,  then,  about  0,  the  axis  of  rotation 
is  (Art.  Ill) 


in  which  7o  is  the  moment  of  inertia  of  the  mass  M  with  respect  to  the 
pm  0.  This  moment,  however,  for  governors  as  constructed,  is  small 
compared  with  the  other  moments  since  a'  is  small.  Therefore  the 
moment  loa'  will  be  neglected  in  the  subsequent  discussion. 

The  Moment  of  the  External  Forces  and  the  Governing  Action. As 

noted  above,  the  moments  of  the  external  forces  must  be  equal  to  the 
sum  of  the  moments  of  the  effective  forces.  Or,  if  the  effective  forces 
were  reversed,  external  forces  would  have  to  act  on  the  body  such  that 
they  would  hold  the  reversed  effective  (inertia)  forces  in  equilibrium. 
Hence,  external  forces  must  act  on  the  mass  M  such  that  the  moments 
of  the  external  forces  will  hold  in  equilibrium  the  moment  (Fig.  558) 

T,  =  Mrarf  =  Mehui^ (1) 

of  the  centrifugal  force,  and  the  moment 

Ti  =  Mrac  +  la  =  a(Mrc  +  I) (2) 

which  is  called  into  action  only  when  the  angular  acceleration,  a,  exists. 
It  will  be  noted,  therefore,  that  if  the  angular  velocity,  u,  of  the  fly- 
wheel (and  engine)  remams  constant,  that  is,  if  the  angular  acceleration 
a,  of  the  flywheel  is  equal  to  zero,  the  moment  (Mehw^)  of  the  centrifugal 
force  has  a  constant  magnitude  and  must  be  equilibrated  by  the  moment 
of  the  spring  tension.     Further,  if  co  is  constant  the  only  external 
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moment  acting  on  the  mass  M  i.s  the  moment  of  the  spring  tension 
since  a,  and  consequently,  T,,  is  equal  to  zero.  Thus,  the  moment  Ti, 
unlike  the  moment  Tc,  is  called  into  existence  only  when  there  is  a  change 
in  speed  of  the  flywheel,  and  hence  it  does  not  require  an  opposing 
moment  except  that  supplied  by  the  resistance  of  the  valve  gear  as  the 
valve  gear  adjusts  itself  to  the  new  speed. 

To  explain  further  the  governing  action  in  the  Kites  governor,  let 
it  be  assumed  that  the  motor  is  running  at  a  constant  mean  speed  uq] 
the  moment  Tc{  =  Mehur)  of  the  centrifugal  force  is  then  just  balanced 
by  the  moment  of  the  spring  tension,  which  may  be  denoted  by  T,. 
Now,  let  the  load  on  the  motor  be  reduced ;  the  excess  of  the  effort  over 
the  resistance  will  cause  the  moving  parts  of  the  motor  (flyAvhcel,  shaft, 
etc.)  to  rotate  with  an  increa.sed  speed,  coi,  and  the  moment  Tc  will 
increase  from  MehoP'  to  Mehui^.  The  difference,  Meh(o}i^  —  J^),  is 
the  excess  of  the  moment  of  the  centrifugal  force  over  that  of  the  spring 
tension  and  is  available  for  producing  a  movement  of  the  governor  parts. 
However,  if  this  difference  alone  is  depended  on  for  moving  the  valve 
mechanism,  the  speed  coi  must  be  considerably  in  excess  of  the  mean 
speed  coq  before  the  governor  and  attached  valve  will  move.  On  the 
other  hand,  the  very  instant  the  change  in  speed  begins,  the  angular 
acceleration,  a,  of  the  mass  M  comes  into  existence  and,  with  it,  the 
unbalanced  moment  Ti  which  is  available  for  moving  the  valve  gear. 
In  the  ideal  governor,  therefore,  there  is  needed  a  moment,  Tc,  of  a 
centrifugal  force  which  is  just  sufficient  to  fix  a  mean  speed  wo,  and  a 
moment,  T,,  of  considerable  magnitude  which  arises  from  the  rate  of 
change  of  the  angular  velocity  of  the  fly^vheel  and  which  provide*:  for 
the  adjustment  of  the  governor. 

Distribution  and  Position  of  the  Ma^s  M. — An  inspection  of  eciuation 
(2)  shows  that,  with  a  given  value  of  r,  the  magnitutle  of  the  moment 
Ti  depends  on  M  and  I.  With  a  hea\y  flywheel,  a  is  likely  to  be  small; 
hence,  to  make  Ti  large,  either  M  must  be  made  large  or,  for  a  given  M, 
I  may  be  made  large  by  constructing  the  swinging  ma.ss  .V  in  two  parts 
which  are  removed  a  considerable  distance  from  the  center  of  gravity,  (r, 
and  are  joined  by  a  bar.     (See  Figs.  560  and  501.) 

Further,  the  governing  action  of  the  swinging  ma.^^s  will  ih'pend 
largely  on  the  relative  position  of  the  points  0,  S,  and  (!.  Thus,  in 
Fig.  559,  let  a  circle  be  drawn  having  a  diameter  equal  to  OS  or  e  and 
let  the  sen.se  of  rotation  of  the  .shaft  be  a.^sumed  clockwi.se.  As  dis- 
cussed above  there  are  three  moments  {Miac,  la,  and  Mtfi[ici'  —  a'o^J) 
which  are  effective  in  producing  the  adjustment  of  the  governor.  Now 
the.se  three  moments  may  or  may  not  have  the  .same  sense,  depending 
on  the  location  of  the  point  (/.     If  a  (•(tuiitcr-clockwise  sense  is  denoted 
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by  +  and  a  clockwise  sense  by  — ,  the  following  table  indicates  the  sense 
of  each  of  the  three  moments  about  0  for  a  location  of  G  in  each  of  the 
four  regions,  I,  II,  III,  and  IV  indicated  in  Fig.  559. 


Mrac 
la 

Meh{u:i^  —  Wo") 


I  II  III  IV 

+  -  -  + 

+  +  +  4- 

+  -  +  - 


For  the  most  powerful  governing  action,  the  mass-center,  G,  of  the 
mass  M,  therefore,  should  be  located  in  region  I.  If  G  is  located  in 
region  III,  the  moment  Ti  becomes  equal  to  (/  —  Mrc)oc  and  this  quan- 
tity may  be  positive  or  negative  according  as  I  is  greater  or  less  than  Mrc. 
With  G  located  in  regions  II  and  IV,  that  is,  to  the  left  of  the  vertical 


Fig.  559. 


diameter,  the  moment  of  the  centrifugal  force  and  the  moment  la  are 
opposite  in  sense.  In  a  governor  in  which  the  whole  mass  is  concen- 
trated near  to  G  so  that  I  is  small,  it  is  permissible  to  locate  G  in  region 
IV;  with  a  governor  of  this  type  the  engine  may,  therefore,  rotate  in 
either  direction  without  changing  the  governor 

In  modern  governors  of  the  Rites  type  I  is  made  very  large  and 
hence  the  moment  la  is  very  large  compared  with  the  moment  Mrca. 
Therefore,  in  these  governors,  the  mass-center  of  M  may  be  located  on 
the  circle  or  even  in  region  II  if  it  is  desirable  to  do  so  in  order  to  decrease 
the  centrifugal  moment  Mrca  and,  in  consequence,  the  size  of  the  spring 
required. 
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From  Fig.  559,  it  will  be  noted  that  the  moment  of  the  centrifugal 
force  MrJ^  is  2Mco^  times  the  area  of  the  triangle  OSG;  hence,  this 
moment  is  directly  proportional  to  the  area  of  the  triangle  OSG.  From 
this  fact,  it  appears  that  the  size  of  the  spring  required  varies  du-ectly 
as  the  area  of  the  triangle  OSG;  and,  to  obtain  as  light  a  spring  as  pos- 
sible, consistent  with  good  regulation,  the  triangle  OSG  should  be  made 
as  small  as  possible.  If  G  is  kept  in  region  I,  this  object  is  accompli.shed 
by  locating  G  either  near  to  S  at  G\  or  near  to  0  at  G"  (Fig.  559) .  In  the 
governors  shown  in  Figs.  560  and  561  it  will  be  noted  that  G  is  located 
near  to  S. 

ILLUSTRATIVE   PROBLEM 

Problem  927. — In  Fig.  560  is  shown  a  Rites  inertia  governor  designed  for  a  6-h.p. 
Nagle  engine.  Experience  shows  that  from  0.5  to  8  ft.-lb.  of  energy  per  h.p.  should 
be  stored  in  the  governor  weight  in  moving  through  its  arc  (work  done  in  stretching 
the  spring).  In  the  design,  5  ft. -lb.;  h.p.  was  assumed.  Find  the  inertia  weight 
required  and  the  modulus  of  the  spring  from  the  following  data:  OS  =  e  =  3.4  in.; 
h  =  1.7  in.;  mean  speed  =  250  r.p.m.;  U  =  9.4  in.  =  unstretched  length  of  sjiring; 
Zi  =  11  in.  =  minimum  length  of  spring;  h  =  12.2  in.  =  ma.ximum  length  of  spring; 
p  =  3.8  in.  =  moment  arm  of  spring  tension. 


Fio.  5()0. 


Solution. — Since  the  moment  of  tiic  (•cntrifug::!  force  (Te)  must  equal  the  moment 
of  the  Bprin((  tenHion  (7',)  we  luivi-  the  equation 

Te  =  T,. 


That  is, 


W      r_ 
g   '  12 


PROBLEM 

'-f  =  T^X  3.8, 
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W  w^he 

-7-  =  Tm  X  3.8  (since  rf  =  he), 

g     12 

where  Tm  denotes  the  mean  value  of  the  spring  tension.  In  order  to  determine  the 
value  of  Tm,  the  work  stored  in  the  governor  is  equated  to  the  work  done  in  stretching 
the  spring.     Thus 

r.  r,  ^  12.2    -    11.0 

5  X  6  =  r„  X  — 

Hence 

Tm  =  300  lb. 
Using  this  value  of  Tm  in  the  above  equation,  we  have 
W 


12  X  32.2 


From  which 


/250  X  27rY 

V  60  y 


X  1.7  X  3.4  =  300  X  3.8. 


W  =  111  lb. 


The  length  of  the  spring,  when  the  governor  is  in  its  mean  position,  is  •|-(12.2  +  11.0) 
=  11.6  in.     Hence  the  modulus  of  the  spring  is 


300 


300 


11.6-9.4       2.2 


=  136  Ib./in. 


PROBLEM 

928.  In  the  Rites  governor  shown  in  Fig.  561,  the  inertia  weight  is  111  lb.  and 
the  tension  of  the  spring  in  mid-position  is  500  lb.     If  e  =  7  in.,  h  =  2.6  in.,  r  =  3  in., 


Fig.  561. 
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and  p  =  8.2  in.;  find  (a)  the  normal  speed  of  the  engine,  that  is,  the  speed  when  the 
governor  is  in  mid-position,  and  (6)  the  power  of  the  governor  in  foot-pounds  per 
horse-power  if  the  engine  is  rated  at  50  h.p.,  assuming  that  the  spring  stretches  from 
20  in.  to  22  in.  when  the  governor  moves  through  its  whole  range. 

Ans.    w  =  268  r.p.m.;   1.G7  ft.-Ib./h.p. 
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§  1.    Moments  of  Inertia  of  Areas 

180.  Moment  of  Inertia  of  an  Area  Defined. — In  the  anah'sis  of 
many  engineering  problems,  as,  for  example,  in  determining  the  sti-esses 

in  a  beam,  expressions  of  the  form  /  x^dA  are  frequently  met,  in  which 

dA  represents  an  element  of  an  area  A,  and  x  is  the  distance  of  the  ele- 
ment from  some  axis  in,  or  perpendicular  to,  the  plane  of  the  area,  the 
limits  of  integration  being  such  that  each  element  of  the  area  is  included 
in  the  integration.  An  expression  of  this  form  is  called  the  second 
moment  of  the  area  or  the  moment  of  inertia  of  the  area  with  respect  to 
the  given  axis.  The  moment  of  inertia  of  an  area  with  respect  to  an 
axis  may  then  be  defined  as  the  sum  of  the  products  obtained  by  multi  - 
pljdng  each  element  of  the  area  by  the  square  of  its  distance  from  the 
given  axis. 

The  moment  of  inertia  of  an  area  with  respect  to  an  axis  will  be 
denoted  by  I  for  an  axis  in  the  plane  of  the  area  and  bj^  J  for  an  axis 
perpendicular  to  the  plane  of  the  area.  The  particular  axis  about  which 
the  moment  of  inertia  is  taken  will  be  denoted  by  subscripts.  Thus, 
the  moments  of  inertia  of  the  area 
A  (Fig.  562)  with  respect  to  the  x- 
and  y-axes  are  expressed  as  follows : 


/,  =/r 


dA,     and     ly 


■/ 


x'dA. 


Units  and  Sign. — Since  the  mo- 
ment of  inertia  of  an  area  is  the  sum 
of  a  number  of  terms  each  of  which 
is  the  product  of  an  area  and  the 
square  of  a  distance,  the  moment  of 
inertia  of  an  area  is  expressed  as  a  Fig.  562. 

length  to  the  fourth  power.  If,  then, 

the  inch  (or  foot)  be  taken  as  the  unit  of  length,  the  moment  of  inertia 
will  be  expressed  as  inches  (or  feet)  to  the  fourth  power  (written  in.^  or 
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ft.^).  Furthermore,  the  sigii  of  each  of  the  products  x^dA  is  always 
positive  since  x^  is  always  positive,  whether  x  is  positive  or  negative, 
and  dA  is  essentially  positive.  Therefore  the  moment  of  inertia,  or 
second  moment,  of  an  area  is  always  positive.  In  this  respect  it  differs 
from  the  first  moment  of  an  area,  which  may  be  positive,  negative, 
or  zero,  depending  on  the  position  of  the  moment  axis. 

181.  Polar  Moment  of  Inertia. — The  moment  of  inertia  of  an  area 
with  respect  to  a  line  perpendicular  to  the  plane  of  the  area  is  called  the 
polar  moment  of  inertia  of  the  area  and,  as  noted  in  Art.  ISO,  will  be 

denoted  by  J.  Thus  the  polar 
moment  of  inertia,  with  respect 
to  the  2-axis,  of  an  area  in  the 
2-t/-plane  (Fig.  563)  may  be  ex- 
pressed as  follows: 


J.= 


fr-dA  =    f(x--{-y^)dA 
i  x-dA  +  f  y'-dA. 


Therefore 


Fig.  563. 


Jz   =   Iy  +  h 


Hence  the  following  proposition  vcxay  be  stated : 

The  polar  movient  of  inertia  of  an  area  with  respect  to  any  axis  is  equal 
to  the  sum  of  the  moments  of  inertia  of  the  area  with  respect  to  any  two  rec- 
tangular axes  in  the  plane  of  the  area  ichich  intersect  on  the  given  polar  axis. 

182.  Radius  of  Gyration. — Since  the  moment  of  inertia  of  an  area  is 
dimensionally  a  length  to  the  fourth  power,  it  may  be  expressed  as  the 
product  of  the  total  area.  A,  and  the  square  of  a  distance,  A*.     Thus: 


/ 


h=       y'dA  =  Ak/,    and    J.  = 


-/'• 


dA  =  Akr. 


The  distance  k  is  called  the  radius  of  gyration  of  the  area  with  respect 
to  the  axis,  the  subscript  denoting  the  axis  with  respect  to  which  the 
moment  of  inertia  is  taken.  The  radius  of  gyration  of  an  area  with 
respect  to  an  axis,  then,  may  be  regarded  as  the  distance  from  the  axis 
at  which  the  area  may  be  conceived  to  be  concentrated  and  have  the 
same  moment  of  inertia  witii  respect  to  the  axis  as  docs  the  actual 
(or  distributed)  area. 

From  the  equation  7y  =    /  x'dA  =  Aky-,  it  will  be  noted  that  ky-, 

the  square  of  the  radius  of  gj-ration  with  respect  to  the  y-axis,  is  the  mean 
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of  the  squares  of  the  distances,  from  the  y-axis,  of  the  equal  elements 
of  area  mto  which  the  given  area  may  be  divided,  and  that  it  is  not  the 
square  of  the  mean  of  these  distances.  The  mean  distance  (x)  of  the 
elements  of  area  from  the  ?/-axis  is  the  centroidal  distance  as  discussed  in 
Chapter  V.  Hence  A  x^  does  not  represent  the  moment  of  inertia  of  an 
area  with  respect  to  the  y-axis.  In  other  words,  the  mean  of  the  squares 
of  various  lengths  is  not  equal  to  the  square  of  the  mean  of  these  lengths. 
183.  Parallel-Axis  Theorem  for  Areas. — If  the  moment  of  inertia  of 
an  area  with  respect  to  a  cen- 
troidal axis  in  the  plane  of  the 
area  is  known,  the  moment  of 
inertia  with  respect  to  an}^ 
parallel  axis  in  the  plane 
maj^  be  determined,  without 
integrating,  by  means  of  a 
proposition  which  may  be 
established  as  follows:  In 
Fig.  564  let  FF  be  any  axis 
through  the  centroid,  C,  of 
an  area  and  let  Y'  Y'  be  any 
axis  parallel  to  FF  and  at 
a  distance  d  therefrom.  Fur- 
thermore, let  the  moment  of  inertia  of  the  area  with  respect  to  the 
axis  FF  be  denoted  by  /  and  the  moment  of  inertia  with  respect  to 
Y'Y'  by  /.     By  definition,  then, 

I  =    i  {x  +  d)^dA 

=  fx^dA  +  2d  jxdA  +d^  jdA 
1=1+  A(f    since  /  xdA  =  Ax  =  0. 


Fig.  564. 


^herefore 


Hence  the  following  proposition  may  be  stated : 

The  moment  of  inertia  of  an  area  with  resj)ect  to  any  axis  in  the  plane 
of  the  area  is  equal  to  the  moment  of  inertia  of  the  area  with  respect  to  a  par- 
allel centroidal  axis  plus  the  product  of  the  area  and  the  square  of  the  distance 
between  the  two  axes.     This  proposition  is  called  the  parallel-axis  theorem. 

A  corresponding  relation  exists  between  the  radii  of  gyration  of  the 
area  with  respect  to  two  parallel  axes,  one  of  which  passes  through  the 
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centroid  of  the  area.  For,  by  replacing  I  by  Ak'^  and  1  by  AP,  the  above 
equation  becomes 

Ak^  =  A¥  +  Ad^. 
Whence 

k'  =  k'  +  d', 

where  A;  denotes  the  radius  of  gyration  of  the  area  with  respect  to  any 
axis  in  the  plane  of  the  area  and  k  denotes  the  radius  of  gyration  of  the 
area  with  respect  to  a  parallel  centroidal  axis. 

Similarly,  for  polar  moments  of  inertia  and  radii  of  gyration,  it  can 
be  shown  that 

y  =  7  +  Ad-, 

and 

k'  =  k'-{-  d-, 

where  J  and  k  denote  the  polar  moment  of  inertia  and  radius  of  gj^-ation, 
respectively,  of  the  area  with  respect  to  a  centroidal  axis,  and  J  and  k 
denote  the  polar  moment  of  inertia  and  radius  of  gyration,  respectively, 
of  the  area  with  respect  to  an  axis  parallel  to  the  centroidal  axis  and  at  a 
distance  d  therefrom. 

184.  Moments  of  Inertia  by  Integration. — In  determining  the 
moment  of  inertia  of  a  plane  area  with  resi)('ct  to  a  line,  from  the  equa- 
tions of  Art.  180,  it  is  possible  to  select  the  element  of  area  in  various 
ways  and  to  express  the  area  of  the  element  in  terms  of  either  cartesian 
or  polar  coordinates.  Furthermore,  the  integral  may  be  either  a  single 
or  double  integral,  depending  on  the  way  in  which  the  element  of  area  is 
selected;  the  limits  of  integration  are  determined,  of  coui-se,  from  the 
boundary  curve  of  the  area.  In  anj'  case,  however,  the  elementary  area 
must  be  taken  so  that: 

(1)  All  iwints  in  the  element  are  equally  distant  from  the  axis  ^nth 
respect  to  which  the  moment  of  inertia  is  to  be  found,  otherwise  the 
distance  r  in  the  expression  x^dA  would  be  indefinite.     Or  .so  that 

(2)  The  moment  of  inertia  of  the  element,  with  respect  to  the  axis 
about  which  the  moment  of  inertia  of  the  whole  area  is  to  be  found,  is 
known;  the  moment  of  inertia  of  the  area  is  then  found  by  sunnning 
up  the  moments  of  inertia  of  the  elements.     Or  so  that 

(3)  The  centroid  of  the  element  is  known  and  also  the  moment  of 
inertia  of  the  element  with  respect  to  an  axis  which  passes  through  the 
centioid  of  the  element  and  is  jiarallel  to  the  given  axis;  the  moment  of 
inertia  of  the  element  may  then  be  expressed  by  means  of  the  parallel- 
axis  theorem. 

The  moments  of  inertia  of  .some  of  the  simple  areas  will  now  be  found 
in  the  following  illustrative  problems. 


ILLUSTRATIVE  PROBLEMS 


417 


ILLUSTRATIVE   PROBLEMS 

Problem  929. — Determine  the  moment  of  inertia  of  a  rectangle,  in  terms  of  its 
base  b  and  altitude  h,  with  respect  to  (a)  a  centroidal  axis  parallel  to  the  base  and 
(6)  an  axis  coinciding  with  the  base. 

Solution. — (a)  Centroidal  Axis. — The  element  of  area  will  be  selected  in  accord- 
ance with  rule  (1)  above,  as  indicated  in  Fig.  565.  The  moment  of  inertia  of  the 
rectangular  area  with  respect  to  the  centroidal  axis,  then,  is 


h  =fy^dA  =f_j. 


y-bdy 


12 


bh^ 


(b)  Axis  Coinciding  with  the  Base. — The  student  should  show  by  integration 
that  the  moment  of  the  rectangular  area  about  an  axis  coincident  with  the  base  is 
lb  =  ^bh'^  and  should  check  the  result  by  use  of  the  parallel-axis  theorem. 


^'•"n  I 

J 

1 

-> 

'dA~hdy  t 

Y 

\ 
1 

-s b ^ 

Fig.  565. 


Fig.  566. 


Problem  930. — Determine  the  moment  of  inertia  of  a  triangle,  in  terms  of  its  base 
6  and  altitude  h,  with  respect  to  (a)  an  axis  coinciding  with  its  base  and  (b)  a  centroidal 
axis  parallel  to  the  base. 

Solution. — (a)  Axis  Coinciding  with  the  Base. — The  elementary  area  will  be 
selected  as  shown  in  Fig.  566.  The  moment  of  inertia  of  the  area  of  the  triangle 
with  respect  to  the  base,  then,  is 


/ft  =   /  y-dA  =J  y^xdy. 


But,  from  similar  triangles. 


X       h  —  y  b 


2/). 


Therefore 


h=-jf  y\h-y)dy  =  ^blA 


(&)  Centroidal  Axis  Parallel  to  the  Base. — The  centroidal  axis  parallel  to  the 
base  is  at  a  distance  -j/i  from  the  base.     (See  Prob.  333.)     By  use  of  the  parallel- 
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axis  theorem,  the  moment  of  inertia  of  the  triangular  area  with  respect  to  the  cen- 
troidal  axis  is  found  to  be 


=  TKrhh^   -  Ibh   X  U-    = 


_1_ 

30 


bh^ 


Problem  931. — Determine  the  moment  of  inertia  of  the  area  of  a  circle,  in  terms 
of  its  radius  r,  with  respect  to  an  axis  coinciding  with  the  diameter:  (a)  using  car- 
tesian coordinates;    {b)  using  polar  coordinates. 

Soluiion. — (a)  Cartesian  Coordinates. — The  element  of  area  will  be  selected  as 
shown  in  Fig.  567.  The  moment  of  inertia  of  the  circular  area  with  respect  to  the 
diameter,  tuen,  is 

Ix  =  jy-dA  =  ji/2xdy 


j/2Vr-  —  y-dxj  =  -  jir*. 


U\=pdddp 


FiQ.  567. 


Fia.  568. 


(6)  Polar  Coordinates. — The  element  of  area  will  be  selected  as  shown  in  Fig.  668. 
Hence 

h  =  fy^dA  =   r  f  \ps\n  dfpdpdB 

'      /      p'  sin-  edpdO  =  -  /      sin-  OdO  =  —  X  k  =  - 
D    Jo  4  Jo  4  4 


-«■< 


Problem  932. — Determine  the  polar  moment  of 
iiiortia  of  the  area  of  a  circle  of  radius  r  with  respect 
to  a  centroidal  axis:  (a)  by  integration;  (6)  by  use  of 
the  theorem  of  Art.  181. 

Solution. — (a)  By  Integration. — Ry  selecting  the 
element  of  area  lus  imlictited  in  Fig.  569,  the  ikjIju" 
moment  of  inertia  of  the  circular  area  is 


'./.l 


i"i(j.  rAi'j. 


j.-f, 

/"  1 

Jo  '       2 
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(b)  By  Use  of  Theorem  of  Art.  181.— Since  /i  and  /„  are  each  equal  to  J^Trr* 
(Prob.  931),  the  polar  moment  of  inertia  of  the  area  of  the  circle  is 
Jz=  Ix  +  ly 

Problem  933. — Find  the  moment  of  inertia,  with  respect  to  the  x-axis,  of  the  area 
bounded  by  the  parabola  y^  =  2x,  and  the  Une  x  =  8  in. 

Solution.  Fird  Method. — The  element  of  area  will  be  selected  in  accordance 
with  rule  (1)  of  Art.  184  as  indicated  in  Fig.  570.  The  moment  of  inertia  of  the  given 
area  with  respect  to  the  x-axis,  then,  is 

Iz  =  fy'^dA  =  2y  r(8  -  x)dtj 

Second  Method. — The  elementary  area  will  be  selected  in  accordance  with  rule  (2) 
of  Art.  184  as  indicated  in  Fig.  571.    Since  each  elementary  area  is  a  rectangle  of 

Y 


Fig.  570. 


Fig.  571. 


width  dx  and  height  2i/,  the  moment  of  inertia  of  the  clement  with  respect  to  the 
X-axis  is  Y^r/x(2?/)^  =  fy^dx.  (See  Prob.  929.)  Hence,  the  moment  of  inertia  of  the 
given  area  is 

3    Jo  3     \_5      Jo 


136.5  in." 


PROBLEMS 

934.  Determine  the  moment  of  inertia  of  the  area  of  a  circle,  with  respect  to  an 
axis  tangent  to  the  circle,  in  terms  of,  r,  the  radius  of  the  circle;  (a)  by  use  of  the 
parallel-axis  theorem  and  (b)  by  integration. 

935.  Determine,  by  use  of  the  theorem  of  Art.  181,  the  polar  moment  of  inertia  of 
the  area  of  a  rectangle  of  base  b  and  altitude  d  with  respect  to  the  centroidal  axis. 

Am.    J  =  -^bdib^  +  d-). 

936.  Find  by  integration  the  moment  of  inertia  of  the  area  of  a  right  triangle  of 
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base  b  and  altitude  h  about  the  base  of  the  triangle.     Select  the  element  of  area  as 
stated  under  (2)  of  Art.  184,  using  the  result  of  Prob.  929(6). 

937.  Find  the  moment  of  inertia  and  radius  of  gyration  of  a  circular  area  IG  in. 
in  diameter,  with  respect  to  a  diameter. 

938.  Find  by  integration  the  moment  of  inertia  of  a  triangular  area  of  ba.sc  6 
and  altitude  h  about  an  axis  coinciding  with  the  base.  Select  the  element  of  area 
as  shown  in  Fig.  572  in  accordance  with  rule  (3)  of  Art.  184. 

_  lY 

—X 


Fig.  572. 


Fig.  573. 


Fig.  574. 


939.  Show  by  integration  that  the  polar  moment  of  inertia  of  an  annular  ring 
(Fig.  573)  with  respect  to  a  ccntroidal  axis  is  J  =  lAiri-  +  r-f)  in  which 
A  =  7r(r2-  —  r\)  is  the  annular  area.  Check  the  residt  by  finding  the  difference  of 
the  polar  moments  of  inertia  of  the  two  circular  areas. 

940.  Show  by  integration  that  the  approximate  value  of  the  moment  of  inertia 
about  the  x-axis  of  the  area  of  the  thin  annular  ring  shown  in  Fig.  574  is  ^.4r-  if  the 
ratio  of  I  to  r  is  very  small  and  A  is  the  approximate  area  of  the  ring  {A  =  2-Krl). 

941.  Determine  the  moments  of  inertia  of  the  area  of  an  ellipse,  the  principal 
axes  of  which  arc  2a  and  26,  with  respect  to  the  principal  axes. 

Am.     la  =  \irab^.     h  =  ^Trba^. 

942.  The  base  of  a  triangle  is  8  in.  and  its  altitude  is  10  in.  Find  the  moment  of 
inertia  and  radius  of  gjTation  of  the  area  of  the  triangle  with  respect  to  the  ba.'JO. 

943.  P'ind,  by  use  of  the  proposition  in  Art.  181,  the  polar  moment  of  inertia  and 
radius  of  gyration  of  the  area  of  a  square,  each  side  of  which  is  15  in.,  with  resjioct  to 
an  axis  through  one  corner  of  the  square.  Am.     k  =  12.2  in. 

944.  Find,  by  use  of  the  theorem  of  Art.  181,  the  polar  moment  of  inertia,  with 
respect  to  a  centroidal  axis,  of  the  area  of  an  isosceles  triangle  having  a  base  b  and 
altitude  /(.  Am.     J  =  -^bhCib-  +  ^/r). 

945.  In  Fig.  575  is  .shown  the  cross-section  of  an  angle  section  the  area  of  which 
is  A.  The  x-axis  passes  through  (',  the  centroid  of  the  area  of  the  cro.ss-section. 
Determine  the  moment  of  inertia  of  the  area  with  resix-ct  to  the  .r-axis,  a.<suming 
that  the  thickness,  t,  of  each  leg  is  .so  small  that  the  area  of  each  leg  may  be  con- 
sidered to  be  concentrated  along  the  longitudinal  axis  of  the  leg. 

Am.     h  =  isV-l'"- 


?/— sinOJ 


Fiu.  575. 

946.   I'ind  the  moments  of  inertia  witli  respect  to  the  x-  and  jz-nxes  of  the  shaded 
area  shown  in  Fig.  676.  Am.     /,  -  0.444;  ly  -  6.86. 
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947.  In  Fig.  271,  the  first  moments  with  respect  to  the  x-axis  of  the  areas  A  and  B 
are  equal.  (See  Prob.  405.)  Find  the  second  moment  of  each  of  the  two  areas 
with  respect  to  the  x-axis.  Am.     Ix  =  iab^;  Ix  =  t^o^'. 

948.  Determine  by  integration  the  polar  moment  of  inertia  of  a  sector  of  a  circular 
area  about  an  axis  passing  through  the  center  of  the  circle.  Assume  the  radius  of 
the  circle  to  be  r  and  the  central  angle  of  the  sector  to  be  2a. 

185.  Moments  of  Inertia  of  Composite  Areas, — When  a  composite 
area  can  be  divided  into  a  number  of  simple  areas,  such  as  triangles, 
rectangles,  and  circles,  for  which  the  moments  of  inertia  are  known,  the 
moment  of  inertia  of  the  entire  area  may  be  obtained  by  finding  the  sum 
of  the  moments  of  inertia  of  the  several  areas.  Likewise,  the  moment 
of  inertia  of  the  part  of  an  area  that  remains  after  one  or  more  simple 
areas  are  removed  may  be  found  by  subtracting,  from  the  moment  of 
inertia  of  the  total  area,  the  sum  of  the  moments  of  inertia  of  the  several 
parts  removed. 

ILLUSTRATIVE   PROBLEMS 

Problem  949. — Locate  the  horizontal  centroidal  axis,    XX,   of  the  T-section 

shown  in  Fig.  577,  and  find  the  moment  of  ^^ q^ ^ 

inertia  of  the  area  with  respect  to  this  cen- 
troidal axis. 

Solution.  First  Method. — The  distance, 
y,  of  the  centroid  of  the  area  from  the  axis 
A'lXi  may  be  found  from  the  equation  • 


Thus 


Ay  =  2(o;/o). 

12  X  7  +  12  X  3 

y  = =  5  m. 

■^  12  +  12 


The  moment  of  inertia  with  respect  to  the 
XX  axis  is  the  sum  of  the  moments  of  inertia 
of  the  three  parts  ax,  02,  and  03,  with  respect  to 
that  axis.     Thus, 


Xi- 


:f 


Xi 


Fig.  577. 


/x  =  iV  X  6  X  (2)3  +  12  X  (2)2  -i-  ^  X  2  X  (1)^  +  ^  X  2  X  (5)^ 

=  4-1-48-1-  0.67  +  83.33  =  136  in.'' 

Second  Method. — The  moment  of  inertia  of  the  T-section  may  also  be  determined 
as  follows:  First  find  the  moment  of  inertia  of  the  T-section  with  respect  to  the  axis 
XiXi  by  subtracting  the  moments  of  inertia  of  the  parts  04  and  05  from  the  moment 
of  inertia  of  the  rectangular  area  ABCD  and  then  find  Ix  for  the  T-section  by  use  of 
the  parallel-axis  theorem.  Thus,  the  moment  of  inertia,  /j-j,  of  the  T-section  with 
respect  to  the  XiXi  axis  is 

7x1  =  i  X  6  X  (8)^  -  2  X  i  X  2  X  (6)3  =  736  in.^ 


and 


L  =  /x,  -  Ad-  =  736  -  24  X  (5)- 


136  in. 
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Problem  950. — Find  the  moment   of 
Fig.  578,  with  respect  to  the  Une  XX. 

,  ,    .28" 


inertia   of   the  channel  section  shown  in 
Find  also  the  moment  of  inertia  with 
respect  to  the  parallel  centroidal 
axis. 


jgg ^—d 


X-- 


:2s" 


A. 

17=0.7" 


Solution. — The  area  may  be 
divided  into  triangles  and  rec- 
tangles as  shown  in  the  figure. 
The  values  used  in  the  solution 
may  be  put  in  tabular  form  as 
shown  below,  where  a  denotes  the 
area  of  anj'  part,  j/o  the  distance 
of  the  centroid  of  the  part  from 
the  line  A'A'',  lo  the  moment  of  inertia  of  the  part  with  respect  to  its  own  cen- 
troidal axis  parallel  to  XX,  and  I'x  the  moment  of  inertia  of  the  part  with  respect 
to  the  axis  XX. 


-12- 


FiG.  57S. 


Part 

a 

Vo 

("Jo 

lo 

aijo- 

I'x  =  Io  +  ay^ 

ai 

0.745 

l.Gl 

1.20 

0.44 

1.93 

2.37 

02 

0.745 

l.Gl 

1  20 

0.44 

1.93 

2.37 

03 

0.585 

1.17 

0.68 

0.23 

0.80 

1.03 

04 

0.585 

1.17 

0  68 

0.23 

0.80 

1  03 

06 

3.3G0 

0.14 

0.47 

0.02 

0.07 

0.09 

6.02  in.2 

4.23  in." 

6.89  in.* 

Thus  the  moment  of  inertia  I^  of  the  area  with  respect  to  the  A' A'  axis  is 

Iz  =  ^I'x  =  0.89  in.* 

Further,  the  total  area  is  A  =  2fi  =  6.02  in.-,  and  the  moment  of  the  area  with 
respect  to  the  AA  axis  i.s  Z{(njo)  =  4.23  in."  Hence  the  distance  y,  of  the  centroid 
of  the  area  from  the  AA  axis  is 

.       Xjayo)       4.23 

y  = =  =  0.70  m. 

^  A  6.02 

Therefore,  the  moment  of  inertia  with  re.sjK'ct  to  a  line  through  the  centroid  and 
parallel  to  AA  is  given  l)y  tiie  eciuation 

h  =  Ix-  Aii-  =  6.S9  -  6.02  X  (0.70)2  =  3.94  in.* 


PROBLEMS 

951.  A  wooden  column  i.s  built  u|)  of  four  2-in.  by  S-in  planks  as  shown  in  Fig. 
679.  Find  the  moment  of  inertia  of  the  croBS-section  with  r(\s|)ect  to  the  centroidjil 
axis  AA.  Ans.     /,  •-  981  in.* 

952.  Find  tlic  moment  of  inertia  of  tin-  angle  section  (Fig.  580)  with  respect  to 
each  of  the  centroidal  iixes  parulitl  to  the  two  legs  of  the  angle. 
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953.  In  Fig.  581  is  showni  the  crojs-section  of  a  standard  S^-in.  V^y  5-in.  Z-bar 
(fillets  are  neglected).  Find  the  moments  of  inertia  of  the  section  with  respect  to 
the  centroidal  axes  XX  and  YY.  Ans.    ly  =  19.2  in.";  ly  =  9.04  in.* 


--       lY 


X- 


-4— 


jT 


Fig.  579. 


Y 
Fig.  580. 


954.  In  Fig.  582  is  represented  a  16-in.  circular  plate  in  which  there  are  drilled 
five  2-in.  holes  and  one  4-in.  hole  as  shown.  Find  the  moment  of  inertia  of  the  area 
of  the  holes  with  respect  to  the  XX  axis  and  also  with  respect  to  the  YY  axis. 

Ans.     /x  =  252  in.";  ly  =  224  in.* 


-3J4- 


_I— 


-3U— 


-^ 


Fig.  581. 


955.  Find  the  moment  of  inertia,  about  the  x-axis,  of  the  shaded  area  in  Fig.  252. 
(See  Prob.  347.)  Ans.     I^  =  852  in.* 

956.  Determine  the  moment  of  inertia  of  the  area  shown  in  Fig.  255  about  the 
y-axis. 

957.  From  a  square  area  10  in.  on  a  side  is  cut  a  triangular  area  of  25  sq.  in.,  the 
base  of  the  triangle  being  parallel  to  one  of  the  diagonals  of  the  square.  Find,  with 
respect  to  this  diagonal,  the  moment  of  inertia  of  the  remaining  area. 

Ans.     I  =  449  in.* 
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958.  From  the  area  of  an  equilateral  triangle  each  side  of  which  is  12  in.  long  is 
cut  the  largest  possible  circular  area.  Find  the  moment  of  inertia  of  the  remaining 
area  with  respect  to  an  axis  passing  through  the  centroid  of  the  triangle  and  parallel 
to  one  side.  Ans.    I  =  261  in.* 

186.  Moments  of  Inertia  of  Areas  by  Graphical  and  Approximate 
Methods. — If  the  bounding  curve  of  an  area  is  not  defined  by  a  mathe- 
matical equation,  the  moment  of  inertia  of  the  area  can  not  be  found  by 
integration.  It  is  then  necessary'  to  use  graphical  or  appro .ximate  methods. 
Several  graphical  methods  are  available  which  are  usually  discus.sed  in 
texts  on  graphical  statics.  An  approximate  method  that  can  be  applied 
to  an}^  area  is  here  described.  For  convenience,  however,  a  simple 
area  will  be  selected  so  that  the  approximate  value  of  the  moment  of 
inertia  as  determined  bj^  this  method  may  be  compared  with  the  exact 
value.  Thus,  let  the  moment  of  inertia  of  the  area  of  a  rectangle,  with 
respect  to  an  axis  coinciding  with  its  base,  be  found.  The  area  may  be 
divided  into  any  convenient  number  of  equal  narrow  strips  parallel  to 
the  base,  as  shown  in  Fig.  583.     (The  narrower  the  strips  the  more 

closely  will  the  result  agree  with 
the  exact  result.)  Let  the  area 
be  divided  into  ten  such  stiips 
each  0.2  in.  in  width.  Th(^  mo- 
ment of  iiiertia  of  the  rectangle  is 

1<  6'- 9-i         equal  to  the  sum  of  the  moments 

Fia.  583.  of    inertia    of    the    stiips.     The 

moment  of  inertia  of  any   jiar- 
ticular  strip  with  respect  to  the  base  of  the  rectangle  is 

A  X  6  X  &  -\-QXhXr/, 

where  y  is  the  distance  of  the  centroid  of  the  particular  strip  from  the 
base.  The  first  term  is  small  and  may  he  omitted  without  serious  error. 
The  moment  of  inertia  of  each  strip  then  is  ai)proximately  ecjual  to  the 
product  of  the  area  of  the  strip  and  the  square  of  the  distance  of  its 
centroid  from  the  base.     Hence  the  moment  of  inertia  of  the  rectangle  is 


/   =    6(.l2  ^    32  ^    52  _^    72  ^    92  +    i.i2  +   1  32  _^   1  52  _^   1  72  _^   1  92) 

=  I  X  13.3  =  15.9G  in.-* 
According  to  Trub.  92'J,  the  e.xact  value  is 
/  =  ^bh^  =  ^  X  6  X  2^  =  IG  in." 
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187.  Product  of  Inertia  Defined. — If  the  moments  of  inertia  of  an 
area  with  respect  to  any  two  rectangular  axes  are  known,  the  moment  of 
inertia  with  respect  to  any  other  axis  through  the  point  of  intersection 
of  the  two  axes  may  frequently  be  obtained  most  easily  in  terms  of  the 
moments  of  inertia  of  the  area  with  respect  to  the  two  rectangular  axes 


and  an  expression  of  the  form  /  xydA  in  which  clA  is  an  element  of  the 

given  area  and  x  and  y  are  the  coordinates  of  the  element  with  respect 
to  the  two  rectangular  axes.  This  expression  is  called  the  product  of 
inertia  of  the  area  with  respect  to  the  axes  and  is  denoted  by  Ixy 
Hence,  the  product  of  inertia  of  an  area  wdth  respect  to  any  tw'O  rec- 
tangular axes  may  be  defined  as  the  sum  of  the  products  obtained  by  mul- 
tiplying each  element  of  area  by  the  product  of  the  two  coordinates  of 
the  element  with  respect  to  the  two  rectangular  axes.     That  is, 


/■ 


Ixy  =   /  xydA. 

The  dimension  of  product  of  inertia  of  an  area,  like  that  of  moment 
of  inertia  of  an  area,  is  length  to  the  fourth  power  and  is  therefore 
expressed  as  in.*,  ft.*,  etc.  Unlike  moment  of  inertia,  however,  the 
product  of  inertia  of  an  area  is  not  always  positive,  but  may  be  negative 
or  may  be  zero. 

188.  Axes  of  Symmetry. — The  product  of  inertia  of  an  area  with 
respect  to  two  rectangular  axes  is  zero  if  either  one  of  the  axes  is  an  axis 
of  symmetry.  This  follows  from  the  fact  that  for  each  product  xydA 
for  an  element  on  one  side  of  the  axis  of  symmetry  there  is  an  equal 
product  of  opposite  sign  for  the  corresponding  element  on  the  other  side 

of  the  axis,  and  hence  the  expression  /  xydA  equals  zero. 

ILLUSTRATIVE   PROBLEM 

Problem  959. — Find,  in  terms  of  the  radius  r,  the  product  of  inertia  of  the  area 
of  the  quadrant  of  a  circle  (Fig.  584a)  with  respect  to  the  x-  and  y-axes. 

Solution.  First  Method. — Let  the  elementary  area  be  selected  as  shown  in 
Fig.  584(a),  and  expressed  in  terms  of  rectangular  coordinates. 

~Jo  2  ■^~2L2  4jo~8' 
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Second  Method. — Let  the  elementary  area  be  selected  as  shown  in  Fig.  584(6), 
and  expressed  in  terms  of  polar  coordinates. 


=   /      I    p  cos  9-p  sin  0-pdpdd 
Jo    JQ 

4         - 

4  Jo 


cos  6  sin  ddO 


r*  fsin-  e~\2 


=  1.4 


PROBLEMS 

960.  Find  the  product  of  inertia  of  tlu-  area  of  a  rectangle,  having  a  base  h  and 
altitude  h,  with  respect  to  two  adjacent  sides.  Ans.     Ixy  =±  \b-h-. 

961.  The  altitude  of  a  right  triangle  is  h  and  the  base  is  b.  Find  the  product  of 
inertia  of  the  area  of  the  triangle  with  respect  to  axes  coinciding  with  the  base  and 
altitude.  ^^-     ^xy  =±^b'lr. 

962.  Find  the  product  of  inertia,  with  respect  to  the  coordinate  axes,  of  the  area 
bounded  by  the  parabola  2/2  =  ax,  the  line  X  =  fe,  and  the  X-axis.      Am.    Ixy=iab^. 

963.  Find  the  product  of  inertia,  with  respect  to  the  coordinate  axes,  of  the  area 
bounded  by  the  curve  y  =  x^  the  line  x  =  a,  and  the  x-axis. 

964.  Find  the  product  of  inertia,  with  respect  to  the  coordinate  axes,  of  the  area 

of  the  triangle  bounded  by  the  line  y  =  -  x,  the  line  x  =  b,  and  the  x-axis. 

^  An3.    I^  =  Ih-b^. 

189.  Parallel- Axis  Theorem  for  "Products  of  Inertia.— When  the 
product  of  inertia  of  an  area  is  known  for  any  pair  of  rectangular  axes 
passing  through  the  centroid  of  the  area,  the  product  of  inertia  of  the 
area  with  respect  to  any  set  of  parallel  axes  may  be  determined  without 
integrating.  Thus,  in  Fig.  585,  X' X'  and  Y'Y'  are  axes  which  pass 
through  the  centroid,  C,  of  the 
area;  XX  and  YY  are  parallel 
axes  passing  through  the  point 
0.  The  coordinates  of  C  with 
respect  to  XX  and  YY  are  de- 
noted by  X  and  y.  If  the  product 
of  inertia  of  the  area  with  respect 
to  XX  and  YY  be  denoted  by  /xy 
and  the  product  of  inertia  with 
respect  to  X'X'  and  Y'Y'  be  de- 
noted by  Ixu>  tl^t'"'  l^y  definition, 

I,,=  fix'  -{■  x){y'  -\-y)dA 


Fig.  5{s6. 


=  fx'y'ilA  +  Jty  j  dA  -\-  y  j  x'dA  +  xj  y'dA. 
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Since  each  of  the  last  two  integrals  is  the  first  moment  of  the  area  with 
respect  to  a  centroidal  axis,  each  integral  is  equal  to  zero.  The  equation 
then  becomes 

That  is,  the  product  of  inertia  of  any  area  with  respect  to  any  pair  of  rec- 
tangular axes  in  its  plane  is  equal  to  the  product  of  inertia  of  the  area  with 
respect  to  a  pair  of  parallel  centroidal  axes  plus  the  product  of  the  area  and 
the  coordinates  of  the  centroid  of  the  area  with  respect  to  the  given  pair  of 
axes. 

ILLUSTRATIVE  PROBLEM 

Problem  965. — Find  the  product  of  inertia  of  the 
area  shown  in  Fig.  58G  with  respect  to  the  x-  and 
y-axes. 

Solution. — The  area  may  be  divided  into  rec- 
tangles oi  and  02  as  shown.  Using  the  formula 
Jxy  =  Ixy  +  Axy  WQ  have,  for  the  area  a\, 

/x2/  =  0  +  12  X  1  X  3  =  36  in.^ 

and  for  area  02, 

/xy  =  0  +  4  X  3  X  1  =  12  in.* 

Hence,  for  the  entire  area, 

Ixy  =  36  +  12  =  48  in.*  Fig.  586. 
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966.  Find  the  product  of  inertia  of  the  area  showTi  in  Fig.  587  with  respect  to 
the  X-  and  y-axes. 


Fig.  587. 


967.  Find  the  product  of  inertia  of  the  area  shown  in  Fig.  588  with  respect  to 
the  coordinate  axes.,  Ans.     /ij,  =  21.3  in.* 

968.  Find  the  product  of  inertia  of  the  area  of  a  right  triangle  of  base  6  and 
altitude  h  with  respect  to  axes  through  the  centroid  of  the  triangle  parallel  to  the 
base  and  altitude.  Ans.     Ixy  =±  -f^h-hr. 

969.  Find  the  product  of  inertia  of  the  area  of  the  quadrant  of  a  circle  shown  in 
Fig.  584  with  respect  to  axes  through  the  centroid  of  the  area  parallel  to  the  coordi- 
nate axes.  A71S.     r^u  =  -  0.0164r*. 
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190.  Moments  of  Inertia  with  Respect  to  Inclined  Axes. — The 
moments  of  inertia  of  an  area  with  respect  to  different  Unes  or  axes  (in 
the  plane  of  the  area)  which  pass  through  a  given  point  are  in  general 
unequal.  The  determination  of  the  moment  of  inertia  of  an  area  by  the 
method  of  integration  is  comparatively  simple  for  certain  axes  but  rather 

difficult  for  other  axes.  Equations 
(1)  and  (2)  below  make  it  possible 
to  determine  the  moment  of 
inertia  with  respect  to  any  line 
passing  through  a  given  point  in 
the  area  in  terms  of  the  moments 
of  inertia  and  product  of  inertia 
of  the  area  with  respect  to  two 
rectangular  axes  passing  through 
the  point.  The  equations  may 
be  derived  as  follows:  The  mo- 
ment of  inertia  of  the  area  shown 
in  Fig.  589  with  respect  to  OX'  is  expressed  by  the  equation 

Ix-  =  I   y'-dA  =  I   (?/  cos  0  -  :r  sin  dfdA 

=  co.s^  d  I  y'-dA  +  sin-  6  I  x'dA  -  2  sin  0  cos  d  I  xydA 

Ix'  =  h  COS"  6  +  /y  sin-  6  —  2/,^  sin  6  cos  6 (1) 


Fig.  5S9. 


In  a  similar  manner  the  following  equation  may  be  derived : 
Iy>  =  Ix  sin^  0  +  4  cos-  9  +  2Ijy  sin  9  cos  9.     .     . 


(2) 


Thus,  from  these  equations,  the  moment  of  inertia  of  an  area  with 
respect  to  an  axis  incHned  at  an  angle  6  with  one  of  a  given  pair  of  rec- 
tangular axes  may  be  found,  without  integrating,  if  the  moments  of 
inertia  and  the  product  of  inertia  of  the  area  with  respect  to  the  given 
rectangular  axes  are  known. 

By  adding  Eq.   (1)  and  (2)  the  following  important   equation   Ls 
obtained : 

Is'    -}-   ly'    =    Ix   +   lu 13) 

That  is,  the  sum  of  the  moments  of  inertia  of  an  area  with  respect  to  all 
pairs  of  rectangular  axes  having  a  common  point  of  inter.<;ection  is  con- 
stant. It  should  be  noted  also  that  each  side  of  1-a\.  (3)  is  eijual  to  the 
polar  moment  of  inertia  of  the  area  with  respect  to  an  axis  passing 
through  the  point  (Art.  181). 
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Axes  for  Which  the  Product  of  Inertia  is  Zero.— It  may  be  shown 
that  through  any  point  in  an  area  there  is  one  set  of  rectangular  axes  for 
which  the  product  of  inertia  is  zero.     Thus  from  Fig.  589, 

Ix'y'  =  /  x'y'dA  =  I  (x  cos  e  -\-  y  sin  d)(y  cos  0  -  x  sin  d)dA 
=  (cos^  d  -  sin^  Q)   I  xydA  +  cos  6  sin  6  I  {y^  -  x^)dA 

=  7,^  cos  20+  iih-  Iy)sm2d. 
Hence 

Ix'y'  =  0  when  tan  26  = 


ly-Ix 

191.  Principal  Axes. — In  the  analysis  of  many  engineering  problems 
the  moment  of  inertia  of  an  area  must  be  found  with  respect  to  a  certain 
axis  called  a  principal  axis.  A  principal  axis  of  inertia  of  an  area,  for  a 
given  point  in  the  area,  is  an  axis  about  which  the  moment  of  inertia 
of  the  area  is  either  greater  or  less  than  for  any  other  axis  passing  through 
the  given  point.  It  can  be  proved  that  through  any  point  in  an  area 
two  rectangular  axes  can  be  draw^n  for  wliich  the  moments  of  inertia  of 
the  area  are  greater  and  less,  respectively,  than  for  any  other  axes 
through  the  point.  There  are  then  two  principal  axes  of  inertia  of  an 
area  for  any  point  in  the  area.  Furthermore,  it  can  be  shown  that  axes 
for  wliich  the  product  of  inertia  is  zero  are  principal  axes.  And,  since 
the  product  of  inertia  of  an  area  is  zero  for  axes  of  sjTmnetry  it  follows 
that  axes  of  s^-mmetry  are  principal  axes.  The  above  statements  may 
be  demonstrated  as  follows: 

The  direction  of  the  principal  axes  may  be  determined  from  equation 
(1)  of  Art.  190,  which  may  be  written  in  the  form 

1  +  cos  20       ,   1  -  cos  29       r      ■    ^. 
h'  =^-^ +  ^y 2 ^xj/sm20 

=  h±Iy  +  ^^-::iicos20  -  7,,sin20. 
2  2 

The  value  of  6  which  will  make  /x-  have  a  maximum  or  a  minimum 
value  may  be  found  by  equating  the  first  derivative  of  /x-  with  respect 
to  Q  to  zero.     Thus 

%  =  sin  20(7,  -  h)  -  2hy  cos  20  =  0, 
do 

whence  or 

tan  20  =  7-3V' 

iy  ix 
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From  this  equation  two  values  of  26  are  obtained  which  differ  b}'  180°, 
the  corresponding  values  of  6  differing  by  90°.  For  one  value  of  6  the 
value  of  Ix'  will  be  a  maximum,  and  for  the  other,  a  minimum.  If 
Ixy  =  0  (which  will  always  be  the  case  if  either  the  x-  or  y-axis  is  an 
axis  of  symmetry)  the  value  of  d  is  zero,  and  hence  axes  of  sj'mmetry  are 
principal  axes. 

ILLUSTRATIVE   PROBLEM 

Problem  970. — Find  the  moments  of 
inertia  of  the  angle  section  shown  in 
Fig.  590,  with  respect  to  principal  axes 
passing  through  the  centroid. 

Solution. — The  steps  in  the  solution 
will  be  made  as  follows: 

(a)  The  centroid  of  the  area  will  be 
located,  that  is,  x  and  y  will  be  found. 

(6)  The  moments  of  inertia  and  the 
product  of  inertia  (Ix,  ly,  and  Izy)  with 
respect  to  the  centroidal  x-  and  y-axes 
will  then  be  found  by  the  methods  dis- 
casscd  in  Arts.  185  and  189. 

(r)  The  directions  of  the  principal  axes 
will  then  be  found  by  use  of  the  equations 
of  Art.  191. 

{d)  The  moment  of  inertia  with  respect  to  each  of  the  principal  axes,  »  and  r, 
will  then  be  found  by  means  of  Eqs.  (1)  and  (2)  of  Art.  190. 


Fig.  590. 


(«) 


4  X  i  X  2  +  5f  X|  X^       3.396 


4X1 


"t"  5s  X  8 


3.61 

_  Z:^ 
~  3.61 


=  0.94  m. 


=  1.94  in. 


(6) 


.  _  4  X  f  X  A  +  5^  X  f  X  3t% 
y  4X§+5|xt 

7x  =  tV  X  I  X  {blf  +  5|  X  I  X  (li)2  +  tV  X  4  X  (i)'  +  4  X  f  X  (if)' 

=  5.57  +  3.30  +  0.02  +  4.59  =  13.48  in.* 
ly  =  tV  X  5|  X  ilf  +  5i  X  t  X  (f )'  +  tV  X  I  X  4»  +  4  X  I  X  (lyV)' 
=  0.02  +  1.19  +  2.00  +  1.69  =  4.90  in.* 

To  determine  1  ly,  the  value  of  7xv  will  first  be  found  and  then  the  v.alue  of  7^ 
may  be  found  by  means  of  the  formula  in  Art  189.     Thus 


Ix'y'  =  I      I     ■rydxdy  +  /       /    xydxdy 
J^i  Jo  Jo     Jo 


=  1.26  +  0.56  =  1.82  in.* 
Using  the  formula  of  Art.  189,  we  have 

Jzy    =   /xV   -  ^*2/ 

-  1.82  -  3.61  X  0.94  X  1.94  -  -  4.76  in.* 
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(c)  The  directions  of  the  principal  axes  are  found  from  the  formula  of  Art.  191.  Thus 

2  X  (-4.76) 

tan  26  = ^ =  1.11, 

4.90  -  13.48 

.-.  26  =  48°  or  228°,     6  =  24°  or  114°. 

(d)  From  the  formula  of  Art.  190,  the  moment  of  inertia  with  respect  to  the  axis 
making  an  angle  of  24°  with  CX  (denoted  by  u)  is 

/„  =  13.48  cos2  24°  +  4.90  sin^  24°  -  2(-4.76)  sin  24°  cos  24° 

=  11.23  +  0.81  +  3.53  =  15.59  in." 

Using  6  =  114°  and  denoting  the  corresponding  axis  by  v,  we  have 

Iv  =  13.48  cos^  114°  +  4.90  sin=  114°  -  2(-4.76)  sin  114°  cos  114° 

=  2.23  +  4.08  -  3.53  =  2.78  in." 

Hence,  the  principal  moments  of  inertia  are  15.59  in."  and  2.78  in."    The  correspond- 
ing radii  of  gyration  are  2.08  in.  and  0.88  in. 

PROBLEMS 

971.  In  the  Z-section  shown  in  Fig.  591,  Ix  =  25.32  in."  and  ly  =  9.11  in." 
Find  the  principal  moments  of  inertia.  Ans.     31.3  in.";  3.09  in." 

972.  Show,  by  use  of  Eq.  (1)  of  Art.  190,  that  the  moment  of  inertia  of  the  area 
of  a  square  is  constant  for  all  axes  in  the  plane  of  the  area  which  pass  through  the 
center. 
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Fig.  591. 
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Fig.  592. 


_  973.  Fig.  592  represents  the  cross-section  of  a  standard  10-in.  25-Ib.  I-beam. 
Ix  =  122.1  in.",  ly  =  6.89  in.",  and  A  =  7.37  in.^  Find  the  moment  of  inertia  and 
radius  of  gyration  of  the  section  with  respect  to  a  line  making  an  angle  of  30°  with 
the  .c-axis.  Ans.     I  =  93.3  in.";  k  =  3.56  in. 

974.  Find  the  moment  of  inertia  of  the  area  shown  in  Fig.  586  about  an  axis 
passing  through  0  and  making  an  angle  of  60°  with  the  .-c-axis. 

Am.     /^  =  35.8  in." 
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§  2.   Moments  of  Inertia  of  Bodies 

192.  Moment  of  Inertia  of  Mass  Defined. — In  the  analj'sis  of  the 
motion  of  a  body,  the  body  is  frequently  regarded  as  a  system  of  par- 
ticles, and  expressions  are  met  in  the  analysis  which  involve  the  mass 
of  a  particle  and  the  square  of  its  distance  from  a  line  or  plane.  This 
product  is  called  the  second  moment  of  the  mass  of  the  particle  or  more 
frequently  the  mom£nt  of  inertia  of  the  mxiss  of  the  particle  (or  briefly 
the  moment  of  inertia  of  the  particle)  with  respect  to  the  line  or  plane. 
The  moment  of  inertia  of  a  system  of  particles  (mass-system  or  body) 
with  respect  to  a  line  or  plane  is  the  sum  of  the  moments  of  inertia  of  the 
particles  with  respect  to  the  given  line  or  plane.  Thus,  if  the  masses  of 
the  particles  of  a  system  are  denoted  by  nii,  m2,  m^  .  .  .,  and  the  dis- 
tances of  the  particles  from  a  given  line  are  denoted  by  r\,  r2,  ^3  .  .  ., 
the  moment  of  inertia  of  the  system  may  be  expressed  as  follows: 

/   =   nhVi-  +  ??l2''2"  +  ?"3''3"  +    •  •  • 

If  the  mass  system  constitutes  a  continuous  body  the  summation  in 
the  above  equation  ma}'  be  replaced  by  a  definite  integral,  and  the 
expression  for  the  moment  of  inertia  of  the  body  then  becomes 


=/ 


/  =   /  rdM, 

where  dM  represents  an  element  of  mass  of  the  body  and  r  is  the  distance 
of  the  element  from  the  given  lino  or  plane.  The  limits  of  the  integral 
must,  of  course,  be  so  cho.sen  that  each  element  of  ma.ss  of  the  body  is 
included  in  the  integration.  Therefore,  the  moment  of  inertia  of  a  body 
with  respect  to  a  line  or  plane  may  be  defined  as  the  sum  of  the  products 
oljtained  by  multiplying  each  elementary  mass  of  the  body  by  the  scjuare 
of  its  di.stance  from  the  given  line  or  plane.  The  moment  of  inertia  of 
the  mass  of  a  body  (or  more  briefly  the  moment  of  inertia  of  a  body)  has 
a  physical  significance,  since  common  experience  teaches  that,  if  a  body 
is  free  to  rotate  about  an  axis,  the  farther  from  the  axis  the  material  is 
placed,  that  is,  the  greater  the  moment  of  inertia  of  the  body  becomes, 
the  greater  is  the  moment  of  the  forces  i-equired  to  i)r(xluce  a  given 
angular  acceleration  of  tlie  body.  Thus,  if  a  rod  is  free  to  rotate  about 
a  vertical  axi-  ami  carries  two  spheres  which  may  be  moveil  along  the 
rod,  experience  shows  that  the  farther  from  the  a.xis  the  sphen-s  are 
placed  the  greater  is  the  torque  required  to  produce  a  definite  angular 
accelerati(Mi. 
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Units. — No  special  one-term  name  has  been  given  to  the  unit  of 
moment  of  inertia  of  a  body,  hence  the  units  of  mass  and  length  used  are 
specified.  Thus,  if  the  mass  of  a  body  is  expressed  in  pounds  and  the 
dimensions  of  the  body  are  expressed  in  feet,  the  moment  of  inertia  of 
the  body  is  expressed  in  pound-foot^  units  (written  Ib.-ft.^).  In  engi- 
neering problems,  however,  the  pound  is  generally  used  as  the  unit  of 
force,  in  which  case  the  unit  of  mass  is  g  (32.2)  times  the  mass  of  1  lb. 
and  is  called  a  slug.  (See  Art.  103.)  Therefore,  the  moment  of  inertia 
of  a  body,  in  engineering  problems,  is  expressed  in  slug-ft.^  units. 

193.  Radius  of  Gyration. — It  is  frequently  convenient  to  express 
the  moment  of  inertia  of  a  body  in  terms  of  factors  one  of  which  is  the 
mass  of  the  whole  body.  Since  each  term  in  the  expression  for  moment 
of  inertia  as  defined  above  is  one  dimension  in  mass  and  two  dimensions 
in  length,  the  moment  of  inertia  of  a  body  may  be  expressed  as  the  prod- 
uct of  the  mass,  M,  of  the  whole  body  and  the  square  of  a  length.  This 
length  is  defined  as  the  radius  of  gyration  of  the  body  and  will  be  denoted 
b}'  k.  Thus,  the  moment  of  inertia,  /,  of  a  body  with  respect  to  a  given 
hne  or  plane  may  be  expressed  by  the  product  Mk^,  and  hence 

/  =  Mk^    or     /j  =  V— • 

The  radius  of  gjTation  of  a  body  with  respect  to  any  axis,  then,  may  be 
regarded  as  the  distance  from  the  axis  at  which  the  mass  may  be  con- 
ceived to  be  concentrated  and  have  the  same  moment  of  i"nertia  with 
respect  to  the  axis  as  does  the  actual  (or  distributed)  mass. 

Viewed  differently,  the  radius  of  gyration  of  a  body  with  respect  to 
an  axis  is  a  distance  such  that  the  square  of  this  distance  is  the  mean  of 
the  squares  of  the  distances  from  the  axis  of  the  (equal)  elements  of  mass 
into  which  the  given  body  may  be  divided  (not  the  square  of  the  mean  of 
the  distances). 

194.  Parallel-Axis  Theorem  for  Masses. — If  the  moment  of  inertia 
of  a  body  with  respect  to  an  axis  passing  through  its  mass-center  is 
known,  the  moment  of  inertia  of  the  bod}^  with  respect  to  any  parallel 
axis  may  be  found,  without  integrating,  by  use  of  the  following  propo- 
sition : 

The  moment  of  inertia  of  a  body  icith  respect  to  any  axis  is  equal  to 
the  moment  of  inertia  of  the  body  with  respect  to  a  parallel  axis  through  the 
mass-center  of  the  body  plus  the  product  of  the  mass  of  the  body  and  the 
square  of  the  distance  between  the  two  axes. 

This  proposition  may  be  stated  in  equational  form  as  follows: 

7  =  7  -f  Md^, 
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where  I  denotes  the  moment  of  inertia  of  the  body  with  respect  to  an 
axis  through  the  mass-center  and  I  denotes  the  moment  of  inertia  with 

respect  to  a  parallel  axis  which  is  at  a 
distance  d  from  the  axis  through  the  mass- 
center. 

Proof. — Let  Fig.  593  represent  the  cros.s- 
section  of  a  body  containing  the  mass- 
center,  G.  Furthermore,  let  the  moment 
of  inertia  of  the  body  with  respect  to  an 
axis  through  G  and  perpendicular  to  this 
section  be  denoted  by  I  and  let  the  mo- 
ment of  inertia  with  respect  to  a  parallel 
axis  through  the  point  0  be  denoted  by  /. 


Fig.  593. 


The  expression  for  I,  then,  is 

I  =fr^dM  =f[i^  +  fO'  +  y']dM 


But 


=    A-r^  +  y')dM  +  d-  jdM  +  2d  JxdM. 
fix^  +  y^)dM  =  /       and       fi 


Therefore 


/  =  /  +  Md^. 


xdM  =  Mx  =  0. 


to    Two    Perpendicular 


This  theorem  is  frequently  called  the  parallel-axis  theoreni  for  masses. 
A  similar  relation  may  be  found  between  the  radii  of  gyration  with 
respect  to  the  two  axes.  Thus,  if  the  radii  of  gyration  with  respect  to 
the  two  parallel  axes  be  denoted  by  k  and  k,  the  above  equation  may  be 

^^■^^^^"^  Mk'  =  Mir  +  Md'. 

Hence  /e^  ^  ^^  +  d-. 

195.  Moments    of    Inertia    with    Respect 
Planes. — The  dctemiinfition  of  the  momcMit 
of  inertia  of  a  body  with  respect  to  a  lino 
is  frecjuontly  simplified  by  making  use  of 
the  following  theorem: 

The  sujn  of  the  77io7nents  of  inertia  of  a 
body  with  respect  to  two  perpendicular  planes 
is  equal  to  the  momerd  of  inertia  of  the  body 
with  respect  to  the  line  of  intersection  of  the 
two  planes. 

Probf. — If  the  monu'iit  of  inertia  of  tin 
body  (Fig.  594)  with  respect  to  xy-  and  .re 


Eiti.  594. 
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planes  be  denoted  by  hy  and  /..,  respectively,  the  expressions  for  the 
moments  of  inertia  are 

Ixy  =  fz^dM    and    hz  =  /  y~dM. 

By  adding  these  two  equations  the  resulting  equation  is 

7.,  +  /..=/(^'  +  rVi/  =  /.- 

196  Moments  of  Inertia  of  SoHds  by  Integration.— In  determining 
the  moment  of  inertia  of  a  body  with  respect  to  an  axis  by  the  method 
of  integration,  the  mass  of  the  body  may  be  divided  mto  elements  m 
various  ways  and  either  cartesian  or  polar  coordinates  may  be  used, 
leading  to  a  single,  double,  or  triple  integration,  depending  on  the  way 
the  element  is  chosen.  The  elements  of  mass  should  always  be  selected, 
however,  so  that : 

(1)  All  points  in  the  element  are  equaUy  distant  from  the  axis  (or 
plane)  with  respect  to  which  the  moment  of  inertia  is  to  be  found, 
other^-i^e  the  distance  from  the  axis  to  the  element  would  be  mdefimte. 
Or,  if  condition  (1)  is  not  satisfied,  the  element  should  be  selected  so 

'^(2)  The  moment  of  inertia  of  the  element  mth  respect  to  the  axis 
about  which  the  moment  of  inertia  of  the  body  is  to  be  found  is  known; 
the  moment  of  inertia  of  the  body  is  then  found  by  sumnnng  up  the 
moments  of  inertia  of  the  elements.     Or  so  that 

(3)  The  mass-center  of  the  element  is  kiiovm  and  the  moment  of 
inertia  of  the  element  with  respect  to  an  axis  through  its  mass-center 
and  parallel  to  the  given  axis  is  knovni,  in  which  case  the  moment  of 
inertia  of  the  element  may  be  expressed  by  use  of  the  paraUel  axis 

theorem  (Art.  194).  .    ,       .      i         r  i  (       a  • 

The  moments  of  inertia  of  some  of  the  simpler  sohds  are  found  m 

the  following  problems. 

Note:  The  symbol  5  will  be  used  in  the  following  pages  to  denote  the  density 
(mass  per  unit  volume)  of  a  body. 

ILLUSTRATIVE  PROBLEMS 

Problem  975.-Determine  the  moment  of  inertia  of  a  homogeneous  right  circular 
cyUnder  with  respect  to  its  geometrical  axis. 

SoluHon.-ln  accordance  with  the  first  of  the  above  rules  the  element  of  ma^ 
may  be  selected  as  indicated  in  Fig.  595.     The  volume  of  this  element  is  hpdpde, 
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dA-pd0dp 


and  if  the  density  be  denoted  by  6,  the  mass  of  the  element  is  bhpdpdO.     Hence  the 
expression  for  the  moment  of  inertia  becomes 

7  =  f  p-dM  =  r  f  'pHhpdpde 
J  Jo   Jo 

=  §7r5/ir*  =  ^(7rr2/t5)r2  =  \Mr^. 

Problem  976. — Determine  the  moment  of  inertia  of  a  homogeneous  sphere  with 
respect  to  a  ciiamoter. 

Solution. — The  cross-section  of  the  sphere  in  the  xj/'plane  is  sho«Ti  in  Fig.  596. 

In  accordance  with  the  second  rule  above,  the 
element  of  volume  may  be  taken  as  a  thin  circular 
lamina  included  between  two  planes  parallel  to 
the  jz-plane,  as  shown  in  cross-section.  This 
clement,  then,  may  be  regarded  as  a  circular  cyl- 
inder of  radius  x  and  altitude  dij.  The  mass  of 
the  elemental  cylinder  is  bwi'dy'axxd  its  moment 
of  inertia  with  respect  to  the  ?/-axis  is  \hTX*dif 
(Prob.  975).  Hence,  the  moment  of  inertia  of 
the  entire  sphere  with  respect  to  the  j/-a.\is  is 

I  =  \bn  j       x*dy 

(r-  -  ir)-dy 


_      8 


birr" 


Fig.  595. 


=  f  (i5,rr3)r2 

=  -  MA 
5 


Problem  977. — Show  that  the  moment  of  inertia  of  a  homogeneous  thin  circular 
lamina,  with  respect  to  an  axis  through  the  mass-center,  parallel  to  the  bases  of 


i«  t  •\ 


Y 

/^ 

-< — -a>5!*^ 

1                    -■ 

1       ^ 

y\ 

X 

Fui.  59(). 


Fio.  697. 


the  lamina,  is  approximately  \Mr',  in  which  .U  is  the  m!i.s.s  of  the  liuniiin  and  r  is 
the  radius. 
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Solution. — A  top  view  and  an  end  view  of  the  lamina  are  shown  in  Fig.  597. 
The  element  of  volume  will  be  taken  as  a  prism  of  altitude  i  and  cros.s-section  pdpdd, 
as  indicated  in  the  figure.  The  mass  of  the  element  is  dtpdpdO.  Now  if  the  thickness 
t  is  relatively  small,  all  points  in  any  e'ementary  pri.sm  are  approximately  at  the 
same  distance  (y  =  p  sin  6)  from  the  x-axis  except  for  those  prisms  which  are  near 
the  axis,  and  these  prisms  contribute  little  to  the  moment  of  inertia  of  the  lamina 
with  respect  to  the  x-axis.  Thus,  the  moment  of  inertia  of  the  lamina  with  respect 
to  an  axis  through  its  mass-center  parallel  to  the  bases  of  the  lamina  is  approximately 

.2ir 


.rr 

Jo   Jo 


5tp^  sin-  edpde 


=  IStTTi^  =  |(«7rr2)r2  =  -  Mr\ 

It  should  be  noted  that  the  smaller  the  value  of  t  becomes,  the  closer  is  the  approxi- 
mation. The  above  expression  is  also  a  close  approximation  to  the  moment  of 
inertia  of  the  lamina  with  respect  to  a  diameter  of  either  base  of  the  lamina. 

Problem  978. — Determine  the  moment  of  inertia  of  a  homogeneous  right  circular 
cone  with  respect  to  a  diameter  of  the  base. 

Solution. — In  accordance  with  the  third  of  the 
above  rules  the  element  of  volume  may  be  taken  as  a 
thin  cylindrical  lamina  parallel  to  the  base,  as  indi- 
cated in  Fig.  598.  The  mass  of  this  element  is  birx^dz, 
and  its  moment  of  inertia  with  respect  to  its  cen- 
troidal  axis  parallel  to  the  x-axis  is  jSttx'^c/z.  (See 
Prob.  977.)  The  moment  of  inertia  with  respect  to  the 
X-axis,  according  to  the  parallel  axis  theorem  (Art. 
194),  is  \hTTx'^dz  +  bTvx-z~dz.  Hence  the  moment  of 
inertia  of  the  entire  cone  with  respect  to  the  x-axis  is 


=  f  \bTvx^dz  +  f  Sirxh^dz. 
Jo  Jo 


From  similar  triangles,  x  =  -  (h  —  z). 

h 

Hence 


/x  =  i5 


(/i  -  z)^dz  +  8 


''  r' 

h-Jo 


z^{h  —  z)-dz 


=  3/ (^,-2  +  Jo/,2)  =  1  .l/(3r2  +  2/^2). 

Problem  979. — Determine  the  moment  of  inertia  of  a  homogeneous  right  circular 
c}-linder  with  respect  to  a  diameter  of  one  of  the  bases. 

Solution.  First  Method. — In  accordance  with  the  third  of  the  above  rules,  the 
element  of  volume  may  be  taken  as  a  thin  circular  lamina  parallel  to  the  base  as 
indicated  in  Fig.  599.  The  mass  of  the  element  is  bwrdz  and  the  moment  of  inertia 
of  the  element  with  respect  to  a  centroidal  axis  parallel  to  the  x-axis,  as  found  in 
the  preceding  problem,  is  \bTrr^dz.  The  moment  of  inertia  of  the  element  with 
respect  to  the  .c-axis,  then,  as  found  bj^  the  parallel  axis  theorem  (Art.  194),  is 

\bTrr^dz  +  hirr-z"dz. 
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Hence  the  moment  of  inertia  of  the  entire  cj-Hndcr  with  respect  to  the  x-axis  is 
I  =    f  IbTrr'^dz  +   f  SrrrVdz 

=  —  M(3r2  +  4/r). 
12 


;FiQ.  599. 


Fig.  600. 


Second  Method. — The  moment  of  inertia  with  respect  to  the  x-axis  may  also  be 
found  b}'  adding  the  moments  of  inertia  with  respect  to  the  xij-  and  j2-phuii*s  (Art. 
195).     Thus,  in  Im<;.  (iOO, 

^  X   —    '  ry  "T  i  It- 

The  moment  of  inertia  with  respect  to  the  end  {xy)  plane  is 

I XV  =  ^3//i2.     (See  Prob.  988) 

To  find  the  moment  of  inertia  with  respect  to  the  j-2-plane  an  element  of  ma^  may 
be  selected  as  intiicatod  in  Fip.  (500.     Thus 

Ixz  =  f  inIM  =  [^  \j\bh2xdij) 

=  26/.  f    'y-Vr-  -  i/dy  =  \6hin^  =  \Mr^. 


Therefore 


/.  =  I  Mir-  +  \Mr-  =  -  .U(3r-  +  4//-). 


PROBLEMS 

980.  A  Holid  of  revolution  is  Kenerat<'d  l)y  rotntinK  alnuit  the  j-nxis  the  urea 
houiMicd  liv  I  lir  p.iral)nla  ;/*  =  itx,  tlic  line  x  =  b,  mid  the  x-jixis.     .\  h(>niof!;(>n(M)(Ls 
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body  ha,s  tho  samn  form  as  th(>  solid  so  generated.     Find  the  moment  of  inertia  of  the 
body  about  its  axis  of  symmetry. 

981.  Determine  the  moment  of  inertia  of  a  steel  cylinder  6  in.  in  diameter  and 
12  in.  high,  about  its  geometric  axis.     Assume  the  weight  of  steel  to  be  490  Ib./cu.  ft. 

982.  Show  that  the  moment  of  inertia  of  a  homogeneous  slender  rod  with  respect 
to  an  axis  through  the  mid-point  of  the  rod  and  perpendicular  to  the  rod  is  approxi- 
mately Y^Ml^. 

983.  Determine  the  moment  of  inertia  of  a  homogeneous  rectangular  parallelo- 
l)iped  with  rc^spect  to  a  central  axis  parallel  to  an  edge,  selecting  the  element  of  ma.ss 
as  indicated  in  Fig.  601.  Am.     Ig  =  ^M(a^  +  b^). 


rclA^dxdy 


^dk-pdOdp 


Fig.  601. 


Fig.  602. 


984.  Determine  the  moment  of  inertia  of  a  homogeneous  right  circular  cone  about 
its  geometrical  axis,  selecting  the  element  of  mass  as  indicated  in  Fig.  602. 

Ans.     Iz  =  YoMr^. 

985.  Find,  by  the  parallel-axis  theorem,  the  moment  of  inertia  of  the  parallelo- 
piped  in  Fig.  601  about  the  axis  MN. 

986.  Determine  the  moment  of  inertia  of  a  sphere  with  respect  to  a  central  axis 
if  the  density  at  any  point  varies  directly  as  the  distance  of  the  point  from  a  central 
plane  perpendicular  to  the  axis.  Ans.     I  =  ^Mr-. 

987.  Find  the  moment  of  inertia,  with  respect  to  a  central  axis,  of  a  cast-iron 
sphere  10  in.  in  diameter.     Assume  the  weight  of  cast  iron  to  be  450  Ib/cu.  ft. 

Am.     I  =  0.296  slug-ft.^ 

988.  Show  that  the  moment  of  inertia  of  a  homogeneous  right  prism  (Fig. 
603)  having  a  cross-section  of  any  shape,  with  respect  to  a  pla7ie  coinciding  with 
one  of  the  bases  of  the  prism,  is  /  =  ^Ml',  in  which  M  is  the  mass  of  the  rod 
and  I  is  the  length  of  the  rod.     Furthermore,  show  that  for  a  slender  rod  the  above 
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expression  represents,  with  slight  error,   the  moment  of  inertia  of  the  rod  with 
respect  to  an  axis  passing  through  one  end  of  the  rod  and  perpendicular  to  the  rod. 


Fig.  603. 


989.  A  homogencoiLs  cylindrical  rod  is  2  ft.  long  and  the  radias  is  2  in.  If  the 
moment  of  inertia  is  found  with  respect  to  a  line  through  one  end  of  the  rod  perjx'n- 
dicular  to  its  axis  by  using  the  approximate  formula  of  Prob.  988,  what  is  the  error 
in  the  result,  in  per  cent?  Am.     0.52  per  cent. 

990.  Determine  the  moment  of  inertia  of  a  homogeneous  right  circular  cone  alx)ut 
an  axis  through  the  center  of  gravity  perpendicular  to  the  geometrical  axis. 

Am.     ^V^(r2  +  i/,2). 

991.  Determine  the  moment  of  inertia  of  a  homogeneous  ellipsoid,  the  principal 
axes  of  which  are  2(i,  2b,  and  2c,  about  the  axis  2o.  Ans.     I  =  -g^Iib-  +  c-). 

992.  Determine  the  moment  of  inertia  of  a  homogeneous  elliptic  cylinder,  in 
which  the  principal  axes  of  the  cross-section  are  2a  and  26,  with  respect  to  (a)  the 
geometrical  axis,  and  (b)  an  axis  through  the  center  of  gravity  coincident  with  the 
axis  2a  of  the  cross-section.     Ans.  (a)  I  =  \M(a-  +  b-);   (b)  I  =  ^Mifr  +  Sb-). 

197.  Moments  of  Inertia  of  Composite  Bodies. — If  a  body  can  be 
divided  into  several  finite  parts,  the  moment  of  inertia  of  each  of  wliich 
is  known,  the  moment  of  inertia  of  the  given  body  may  be  obtained 
by  adding  the  moments  of  inertia  of  the  several  parts.  In  like  manner, 
if  parts  of  a  body  are  removed,  the  moment  of  inertia  of  the  remaining 
part  may  be  obtained  by  subtracting  from  the  moment  of  inertia  of  the 
original  body  the  sum  of  the  moments  of  inertia  of  the  parts  removed. 


ILLUSTRATIVE  PROBLEMS 

Problem  993. — Determine  the  moment  of  inertia  of  a  homogeneou.'',  hollow, 
circular  (yliiidcr  with  respect  to  its  geometric  axis,  in  terms  of  its  ma.ss  .U  and  its 
inner  and  outer  radii,  r\  and  r2. 

Solulion. — Let  1 2  and  .U2  denote  the  moment  of  inertia  and  the  ma.ss  of  a  solid 
cylinder  of  radius  rz  and  let  I\  and  .Ui  have  similar  meanings  for  the  e3linder  of 
radius  ri  which  is  removed.     Then 

I  =  I^-  1^  =  iM^n-  -  -J.Uirr 

=  ^«7rr2*/i  -  ^5irriVi   =   J5ir/i(r2*  -  n*) 


\hn1>(t 


-r,^Vro2  -f  r,2)   -  -  .V(r,2  -|- r,^). 
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Problem  994. — Determine  the  moment  of  inertia  of  the  cast-iron  flywheel  shown 
in  Fig.  G04  with  respect  to  the  axis  of  rotation.  Assume  the  weight  of  cast  iron  to  be 
450  11). /cu.  ft. 


Fig.  604. 

Solution. — The  rim  and  hub  are  hollow  cylinders  and  the  spokes  may  be  regarded 
as  slender  rods. 

r/24\2      /22\2"|       12 
The  weight  of  the  rim        =  tt     (  —  j  -  I  —  )       X  —  X  450  =  903  lb. 

The  weight  of  the  hub        =  '^     (t^)  ~  (f^)       X  —  X  450  =  172  lb. 

15        2        17 
The  weight  of  each  spoke  =  7rX—  X—  X—  X450  =  41.7  lb. 


For  the  rim, 
For  the  hub, 
For  the  spokes, 


"  1      41.7     /17\2     41.7     /13.5\-"I  ,      , 

=  6X    —  X^ X    —  JH X    =11.1  slug-ft. 

Ll2     32.2     \12/      32.2     \  12  /  J 


Hence  the  moment  of  inertia  of  the  flywheel  is 

/  =  102.3  +  0.54  +11.1  =  113.9  slug-ft.^ 

PROBLEMS 

995.  Determine  the  moment  of  inertia  of  the  frustum  of  a  homogeneous  right 
circular  cone  with  respect  to  the  geometrical  axis,  the  radii  of  the  bases  being  rz  and  ri. 

Ans.     I 


r^"  -  n" 


_3_lf 

1  0-"   ^3  „  3 

996.  The  head  of  the  mallet  shown  in  Fig.  605  is  a  rectangular  parallelepiped 
and  the  handle  is  a  right  circular  cylinder.  If  the  weight  of  the  material  is  |  Ib./cu.  in., 
find  the  moment  of  inertia  of  the  mallet  with  respect  to  the  line  YY. 

Am.     I  =  3.81  slug-ft.2 
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997.  '^riic  whcol  shown  in  Fig.  GOf)  is  made  (if  ca.«t  injn  and  has  a  soUd  woh. 
Determine  the  moment  of  inertia  of  the  wheel  with  respect  to  the  axis  of  rotation. 
Assume  the  weight  of  cast  iron  to  be  450  ll>./cu.  ft. 


S 


k 


F=^ 


r^^-j^i 


Fig.  605. 


Fig.  606. 


998.  From  a  round  steel  disk  which  is  20  in.  in  diameter  and  4  in.  thick  are  bored 
four  holes,  each  4  in.  in  diameter.  The  axes  of  the  holes  arc  parallel  to  the  geometric 
axis  of  the  disk  and  5  in.  therefrom.  Find  the  moment  of  inertia  of  the  remainder 
of  the  disk  with  respect  to  its  geometric  axis,  assuming  the  weight  of  steel  to  be 
490  Ib./cu.  ft.  Am.    I  =  3.51  slug-ft.2    • 

999.  Two  spheres  are  connected  by  a  horizontal  rod  and  are  free  to  rotate  about 
a  vertical  axis  midway  between  the  spheres.  The  diameter  of  each  sphere  is  9  in., 
the  distance  between  their  centers  is  2  ft.,  and  the  diameter  of  the  rod  is  2  in.  Find 
the  moment  of  inertia  of  the  rod  and  sphert^s  with  respect  to  the  axis  of  rotation. 
Assume  that  the  rod  and  spheres  are  made  of  cast  iron  which  weighs  450  Ib./cu.  ft. 

1000.  A  wood  block  has  a  rectangular  cro.s.s-section  8  in.  by  10  in.  and  a  height  of 
2  ft.  A  cylindrical  hole  2  in.  in  diameter  is  cut  from  the  IJock,  the  axis  of  the  hole 
being  parallel  to  the  longitudinal  centroiilal  axis  of  the  block.  The  distance  betwet^n 
the  two  axes  is  3  in.  The  wood  weighs  40  Ib./cu.  ft.  Find  the  moment  of  inertia  of 
the  remaining  portion  of  the  block  with  respect  to  the  longitudinal  axis  of  the 
original  block.  Ans.     I  =  0.128  slug-ft.- 

1001.  In  Fig.  607,  a  sphere  A  is  attached  to  a  cylinder  B  by  a  slender  rod  C. 
The  weights  of  A,  B,  and  C  arc  9V).V,  lb.,  <J4.4  11).,  and  32.2  lb.,  respectively.  Calcu- 
late the  moment  of  inertia  of  the  whole  bodv  about  the  axis  YY. 
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1002.   In  Fig.  008,  A  is  a  wooden  block.     Cjilcul.-ite  the  moment  of  inertia  of  the 
block  with  resi)ect  to  the  plane  1'}',  a.'j.>*uming  the  weight  of  wikkI  to  1h>  40  Ib./cu.  ft. 

An».     I  =  41.S  sluK-ft.= 
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1003.  A  slondcr  rod  8  ft.  long  rotates  about  an  axis  perpendicular  to  the  rod  2  ft. 
from  one  end.  The  rod  weighs  20  lb.  Find  the  moment  of  inertia  of  the  rod  aljout 
the  axis  of  rotation. 

1004.  Two  spheres  each  weighing  16.1  lb.  and  having  a  diameter  of  8  in.  are  con- 
nected by  a  cylindrical  rod  16  in.  long  and  4  in.  in  diameter,  the  distance  between 
the  centers  of  the  spheres  being  24  in.  The  rod  weighs  0.25  Ib./cu.  in.  Find  the 
moment  of  inertia  of  the  spheres  and  rod  with  respect  to  an  axis  perpendicular  to  the 
rod  and  midway  between  the  spheres.  Ans.     I  =  1.27  slug-ft.^ 

1005.  A  right  circular  cone  has  an  altitude  of  16  in.  and  a  base  of  radius  4  in.  Its 
weight  is  0.20  Ib./cu.  in.  Find  the  moment  of  inertia  of  the  cone  with  respect  to  a 
line  that  is  parallel  to  its  geometric  axis  and  passes  through  a  point  on  the  circum- 
ference of  the  base. 

1006.  The  density  at  any  point  of  a  right  circular  cylinder  varies  directly  as  the 
distance  of  the  point  from  the  geometric  axis.  Derive  the  expression  for  the  moment 
of  inertia  of  the  cylinder  with  respect  to  the  geometric  axis.         Afis.     I  =  ^Mr^. 

198.  Moments  of  Inertia  of  Bodies  by  Experimental  Methods. — 

If  a  bod}^  is  irregular  in  shape,  the  moment  of  inertia  cannot  be  found 
by  methods  of  integration,  since  it  is  impossible  to  determine  the  limits 
of  the  integral.  The  moments  of  inertia  of  such  bodies  maj^  be  deter- 
mined experimentally,  however,  by  methods  which  make  use  of  the  laws 
of  motion  of  a  pendulum  (Art.  155). 
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Moment  of  Inertia  of  Areas 

1007.  Define  the  moment  of  inertia  of  an  area  with  respect  to  a  line  (a)  in  a  word 
statement  and  (6)  as  a  mathematical  expression. 

1008.  What  are  the  dimensions  of  the  moment  of  inertia  of  an  area?  Can  the 
moment  of  inertia  of  an  area  be  zero  or  negative?     Explain. 

1009.  Complete  the  following  statement:  The  radius  of  gjTation  of  an  area  with 
respect  to  an  axis  may  be  thought  of  as  a  distance  from  the  axis  at  which  the  area 
may  be  considered  to  be  concentrated.  .  .  . 

1010.  Correct  the  following  statement:  The  radius  of  gATation  of  an  area  with 
respect  to  an  axis  is  equal  to  the  square  of  the  quotient  foimd  by  dividing  the  moment 
of  inertia  of  the  area  about  the  given  axis  by  the  area. 

1011.  Prove  and  give  a  word  statement  of  the  formula  Jz  =  Ix  +  ly- 

1012.  State  and  prove  the  parallel-axis  theorem  for  areas. 

1013.  In  deriving,  by  the  calculus  method,  an  expression  for  the  moment  of  inertia 
of  an  area  about  a  line,  what  are  the  three  general  ways  of  selecting  the  element  of 
area? 

1014.  Determine  by  integration  the  moment  of  inertia  of  a  quadrant  of  a  circle 
of  radius  r  about  one  of  the  bounding  radii.  Then  by  the  parallel-axis  theorem  find 
the  moment  of  inertia  about  a  parallel  axis  through  the  centroid  of  the  area. 

Ans.     I  =  iV^r^  /  =  0.055rl 
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SECOND   MOMENT.     MOMENT  OF   INERTIA 


1015.  Determine  the  position  of  the  centroid,  0,  of  the  shaded  area  showii  in 
Fig.  609  and  then  find  the  moment  of  inertia  of  the  area  about  the  x-axi.s. 

Ans.     Jx  =  272  in.* 


Fig.  GIO. 


1016.  In  Fig.  610  a  semi-circular  area  is  removed  from  a  eireulnr  area.  Calculate 
the  polar  moment  of  inertia  of  the  remaining  (shaded)  area  with  respect  to  an  axis 
passing  through  0.  Ans.     J  =  5420  in.-* 

1017.  Calculate,  without  integrating,  the  moment  of  inertia  of  the  shaded  area 
in  Fig.  588  with  respect  to  the  y-axis.  Ans.     ly  =  71.6  in.* 

Product  of  Inertia  and  Principal  Axes  for  Areas 

1018.  Define  the  product  of  inertia  of  an  area  (o)  in  a  word  statement  and  (6)  as 
a  mathematical  expression. 

1019.  Can  the  jiroduct  of  inertia  of  an  area  be  zero  or  negative?  \Miat  are  the 
dimensions  of  the  product  of  inertia  of  an  area? 

1020.  Is  the  following  statement  correct:  The  product  of  inertia  of  an  arei.  with 
respect  to  two  rectangular  axes  is  zero  if  either,  or  both,  of  the  axes  is  an  axis  of 
.symmetry?     Give  reasons  for  your  answer. 

1021.  State  in  words  and  prove  the  parallel-axis  theorem  for  the  product  of 
inertia  of  an  area. 

1022.  Exi)l;un  all  the  terms  in  the  formula 

Ix'  =  1 1  cos-  0  -\-  ly  sin-  d  —  21  xy  sin  d  cos  d. 

1023.  Interpret  the  formula  Ix'  -\-  ly'  =  h  +  ly 

1024.  Define  a  principal  axis  of  inertia  of  an  area. 

1025.  An  axis  of  symmetry  is  always  a  principal  axi.s.  Is  a  principal  axis  always 
an  axis  of  symmetry?     Explain. 

1026.  Are  the  following  statements  correct:  («)  If  the  product  of  inertia  of  an 
area  with  respect  to  a  s<'t  of  rectangular  axes  is  zero,  the  axes  are  principal  axes; 
(6)  any  two  rectangular  axes  one  of  which  is  an  axis  of  synmietry  are  principal  a.\es? 


Moment  of  Inertia  of  iioDiEs 

1027.  Define  the  moment  of  inertia  of  a  body  with  resjx'ct  to  a  line  or  piano 
(«)  in  a  word  statement  and  {b)  lus  a  mathematical  expression. 

1028.  What  are  the  dimensions  of  the  moment  of  inertia  of  a  nin«s? 

1029.  Point  out  and  correct  the  error  in  the  following  statement:    The  moment 
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of  inertia  of  a  mass  with  respect  to  a  line  or  plane  is  the  product  of  the  mass  and  the 
square  of  the  distance  of  the  mass-center  from  the  line  or  plane. 

1030.  Criticize  the  following  statement:  The  radius  of  gyration  of  a  body  with 
respect  to  a  line  or  plane  is  the  distance  from  the  line  or  plane  at  which  the  mass 
of  the  body  may  be  considered  to  be  concentrated. 

1031.  State  in  words  and  prove  the  parallel-axis  theorem  for  the  moment  of 
inertia  of  a  mass. 

1032.  In  determining  by  integration  an  expression  for  the  moment  of  inertia  of  a 
mass,  what  are  the  three  general  methods  of  selecting  the  element  of  mass? 

1033.  Find,  by  integration,  the  moment  of  inertia  of  one  half  a  right  circular 
cylinder  with  respect  to  a  plane  containing  the  central  longitudinal  axis  of  the 
cylinder.  Express  in  terms  of  M,  the  mass  of  the  half-cylinder,  and  r,  the  radius 
of  the  cylinder.  Ans.     I  =  iMr^ 

1034.  The  body  shown  in  Fig.  611  consists  of  a  cylinder  A  that  weighs  96.6  lb. 
and  a  slender  rod  B  that  weighs  16.1  lb.  Calculate  the  moment  of  inertia  of  the 
body  about  the  axis  YY.  Ans.     I  =  12.63  slug-ft.^ 


lY 


y^ 

-  -■  -<;r 

r 

^\ 

k- 

> 

{ 

0            V   0 

\ 

r^ 

V 

/ 

B-> 

"^ 

^___v     _. 

- 

Fig.  611. 


Fig.  612. 


1035.  In  Fig.  612,  a  circular  disk  A  has  its  mass  increased  by  the  addition  of  a 
semi-circular  disk  B.  The  weight  of  A  is  100  lb.  What  is  the  weight  of  B  if  the 
moment  of  inertia  about  an  axis  through  0  perpendicular  to  the  disk  is  increased 
50  per  cent  by  the  addition  of  B?  Ans.     ^y b  =  50  lb. 

1036.  Calculate  the  moment  of  inertia  of  a  sphere  having  a  radius  of  6  in.  and  a 
weight  of  64.4  lb.  about  a  line  tangent  to  the  sphere.  Ans.     I  =  0.7  slug-ft.- 

1037.  The  dimensions  of  a  rectangular  parallelopiped  are  4  in.  by  4  in.  by  18  in. 
and  the  weight  of  the  parallelopiped  is  16.1  lb.  Calculate  the  moment  of  inertia  of 
the  parallelopiped  with  respect  to  a  central  axis  perpendicular  to  one  4  in.  X  18  in. 
face;  (a)  by  the  approximate  formula  (see  Prob.  982),  and  (b)  by  the  exact  formula 
(see  Prob.  983).  Ans,    I  =  0.0937  slug-ft.^;  /  =  0.0984  slug-ft.^ 
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Equations  of  motion,  defined,  221 

for  a  particle,  225 
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rotation,  250  • 
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Equilibrium,  7,  64 
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—  effective,  237 

—  external  effect  of,  3 
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—  resolution  of,  1 1,  21 
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—  vector  representation  of,  5 
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Forces,  classification  of,  6 

—  composition  of,  7 

—  impulsive,  313 

—  resultant  of  a  sj'stem  of,  7,  34 

—  system  of,  7 
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Free-body  diagram,  00,  07 


Free  vibrations,  232,  339,  347 

by  work  and  energj',  352 

with  viscous  damping,  355 

Frequency,  187,  339 
Friction,  defined,  121 

—  angle  of,  123 

—  belt,  136 

—  coefficient  of,  122 

—  laws  of,  124 

—  limiting,  122 

—  pivot,  132 

—  rolling,  141 
Funicular  polygon,  41 

Geepound,  224 
Governors,  396 

—  centrifugal  shaft,  400 

—  inertia  shaft,  401 

—  loaded,  398 

—  Porter,  399 

—  Rites'  inertia,  402 
Guldinus,  theorems  of,  157 
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—  analysis  of  forces  m,  378 
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Harmonic  motion,  186 
Hoop  tension,  259 
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hour,  285 

Impact,  314,  335,  336 
Impidse,  313,  314 

—  angular,  315 

—  components  of,  315 

—  linear,  314 

—  moment  of,  315 

Impulse  and  momentum,  principles  of, 

323,  324 
Inertia,  defined,  222 

—  couple,  257,  258 

—  forces,  231,244,  250 

—  moment  of,  413,  432 

—  product  of,  425 
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Joule,  278 
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Kinematics,  2,  164 
Kinetic  energy,  287,  298 

of  a  body  having  plane  motion,  293 

rotation,  293 

translation,  292 

particle,  291 

Kinetics,  2,  220,  237 


Magnification  factor.  362 
Mass,  144,  222 
Mass-center,  147 

—  motion  of,  239 
Mechanical  vibrations,  339 
Moment-arm,  15,  20 
Moment-center,  15,  84 
Moment  of  a  couple,  19 
force,  15 

inertia,  413,  432 

about  inclined  axes,  428 

by  experiment,  443 

of  composite  areas,  421 

bodies,  440 

by  graphical  methods,  424 

integration,  416,  435 

parallel  axis,  theorem  for,  415, 

433 

about  perpendicular  planes,  434 

polar,  414 

principal  axes  of,  429 

Momentum,  317 

—  angular,  317,  318,  319,  320,  323,  330, 

383 
a  vector  quantity,  383 

—  components  of,  318 

—  conservation  of,  330 

—  linear,  317,  330 

—  moment  of  (see  angular  momentimi) 
Motion  cui-ves,  169,  179 

—  curvilinear,  165 

—  gyroscopic,  378 

—  Newton's  laws  of,  220,  223 

—  of  a  projectUe,  183 

mass -center,  239 

rigid  bodies,  206 

—  rectilinear,  165,  178 

—  relative,  199 

—  simple  harmonic,  186 

—  uniformly  accelerated  circular,  193 
rectilinear,  182 


Newton's  laws  of  motion,  220,  223 

NiKlal  point,  348 
Normal  pressure,  121 

Pappus,  theorems  of,  157 
Parabolic  cable,  104 
Parallelogram  law,  7 
Particle,  164 

—  equations  of  motion  for,  225 

—  kinetic  energy  of,  291 
Pendulum,  compound,  346 

—  conical,  397 

—  simple,  345 

—  torsion,  347 

Period  of  oscillation  or  vibration,  339, 

346,  347 
Phase  angle,  342 
Pivot  friction,  132 
Plane  motion,  208,  264 
Polar  moment  of  inertia,  414 
Pole  of  force  polygon,  41 
Potential  energy,  288 
Power,  284 

—  special  equations  for,  285 
Precession,  axis  of,  382 

—  velocity  of,  382 
Principal  axis,  429 

Principle   of    impulse   and  momentum, 
323,  324 

—  —  moments,  17,  43,  49 

transmissibilitj^  4 

work  and  energy,  297 

Product  of  inertia,  425 

parallel-axis,  theorem  for,  426 

Projectile,  motion  of,  183 
Prony  brake,  308 

Radius  of  gyration,  4l4,  433 
Rays  of  force  polygon,  41 
Reaction,  types  of,  67 
Relative  motion,  199 
Resolution,  7 

—  of  a  force,  11,  21 

—  directions  of,  84 
Resonance,  363 

Resultant  of  a  force  system,  7,  34 

a  system  of  couples,  58 

collinear  forces,  34 

coplanar,  concurrent  forces,  35 

coplanar,  parallel  forces,  39 
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Resultant  of  coplanar,  non-concurrent, 
non-parallel  forces,  48 

non-coplanar,  concurrent  forces,  53 

non-coj)lanar,  parallel  forces,  55 

non-coplanar,  non-concurrent,  non- 
parallel  forces,  61 

Reversed  effective  force,  244 

Rigid  body,  2 

Rolling  resistance,  140 

Rotation,  207,  249 

Scalar  quantity,  5 

Screw,  134 

Second  moment,  413,  432 

Slug,  224 

Space  diagram,  6 

Speed,  167 

Spring  constant,  233,  339,  343 

Statically  indeterminate  force  system,  64 

Statics,  2 

Steady-state  forced  vibration,  36^ 

Stresses  in  trusses,  95 

String  polygon,  40,  41 

Superelevation  of  railroad  track,  260 

Translation,  206,  242 
Triangle  law,  8 
Trusses,  analysis  of,  95 

—  graphical  analysis  of,  101 

—  method  of  joints,  96 

sections,  96 

Two-force  meml  ers,  71 


Units,  absolute  system  of,  225 

—  gravitational  system  of,  224 

—  kinetic  system  of,  224 


Varignon's  theorem,  17 
Vector,  5 

—  addition  and  subtraction,  164 

—  diagram,  5,  41 

—  quantity,  5 
Velocity,  angular,  169,  172 

—  components  of,  174 

—  linear,  167,  172 

—  relative,  201 

—  time  curve,  169,  179 
Vibration,  amplitude  of,  187,  340 

—  damped,  343,  355,  363 

—  forced,  343,  359,  363,  364 

—  free,  232,  339,  347,  352,  355 

—  frequencj'  of,  187,  339 

—  period  of,  339,  346,  347 


Watt,  285 
Work,  275 

—  done  by  force  system,  277 
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—  units  of,  277 

—  and  energj',  principle  of,  297 


